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Abstract: Recently measure-free versions of the Brezis-Lieb lemma were proved for unbounded order convergence in

vector lattices. In this article, we extend these versions to convergence vector lattices.

Key words: Vector lattice, unbounded order convergence, almost order bounded set, Brezis—Lieb lemma, convergence

vector space, convergence vector lattice

1. Introduction

The Brezis-Lieb lemma [4, Theorem 2] has numerous applications mainly in calculus of variations (see for
example [5, 9]). We begin with its statement. Let j : C — C be a continuous function with j(0) = 0. In
addition, let j satisfy the following hypothesis: for every sufficiently small € > 0, there exist two continuous,

nonnegative functions . and . such that
i(a+0b) —j(a)| < ep-(a) + ¥e(b) (1)

for all a,b € C. The following result has been stated and proved by Brezis and Lieb in [4].

Theorem 1.1 (Brezis—Lieb lemma, [4, Theorem 2]). Let (0,2, ) be a measure space. Let the mapping j
satisfy the above hypothesis, and let f, = f+ g, be a sequence of measurable functions from Q to C such that:

(i) gn =0

(i) jof€lLy;
(iii) [ ¢z 0 gndp < C < oo for some C independent of € and n;
(iv) [0 fdu < oo for all e > 0.

Then, as n — o0,

/ G+ gn) — (am) — §(Pldp — 0. @)
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Recall that a subset A in a normed lattice (X, |-||) is said to be almost order bounded if for any € > 0
there is u. € X4 such that sup,c 4 |||al — uc A lal|| < e. Motivated by the proof of Theorem 1.1 the following

results were proven in [7].

Proposition 1.2 [7, Proposition 1.2] ( Brezis—Lieb lemma for mappings on Lo ). Let (Q,3,u) be a measure
space, fn = f+gn be a sequence in Lo(u) such that g, =250, and J : Lo(u) — Lo(i) be a mapping satisfying
J(0) = 0 that preserves almost everywhere convergence and such that the sequence (J(fn) fJ(gn))nEN is almost

order bounded. Then, as n — 0o,
J1+ ) = (Tlga) + Tl 0. 3)

Proposition 1.3 [7, Proposition 1.3] ( Brezis-Lieb lemma for uniform integrable sequence (J(fn)_J(gn>)n€N ).

Let (0,2, 1) be a finite measure space, f, = f + gn be a sequence in Lo(u) such that g, =% 0, and
J o Lo(u) = Lo(p) be a mapping satisfying J(0) = 0 that preserves almost everywhere convergence and
such that the sequence (J(f,) — J(g"))neN is uniformly integrable. Then

lim /|J(f+gn) = (J(gn) + J(f))|dn=0. (4)

n—r oo
Recall that a sequence (z,) in a vector lattice X is order convergent (or o-convergent, for short) to
x € X if there is a sequence (z,) in X satisfying z, | 0 and |z, — 2| < z, for all n € N (we write z,, = z);
see e.g. [10, Theorem 16.1]. In a vector lattice X, a sequence (zy) is unbounded order convergent (or uo-
convergent, for short) to x € X if |z, —x|Ay 2 0 for all y € X, (we write z,, — ). Tt is well known that if

(Q,%, ) is a measure space, then in L, spaces (1 < p < 00), uo-convergence of sequences is the same as the

almost everywhere convergence; see e.g. [8].

Definition 1.1 [7, page 23] A mapping f : X — Y between vector lattices is said to be o-unbounded order

continuous (in short, ouo-continuous) if T, — x in X implies f(x,) - f(x) in Y.

In [7] we gave two variants of the Brezis—Lieb lemma in vector lattice setting by replacing a.e.-convergence
by uo-convergence, integral functionals by strictly positive functionals, and the continuity of the scalar function
j (in Theorem 1.1) by the o-unbounded order continuity of the mapping J : X — Y between vector lattices
X and Y. As standard references for basic notions on vector lattices we adopt the books [1, 10, 14] and on
unbounded order convergence the paper [8]. In this article, all vector lattices are assumed to be Archimedean.

Let Y be a vector lattice and [ be a strictly positive linear functional on Y. Define the following norm
on Y:

lylle = U(ly])- ()

Then the ||-||;-completion (Y7, ||-|l;) of (Y, ||-|l;) is an AL-space, and so it is an order continuous Banach

lattice. The following result is a measure-free version of Proposition 1.2.
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Proposition 1.4 [7, Proposition 2.2] (A Brezis—Lieb lemma for strictly positive linear functionals). Let X be
a vector lattice and Y] be the AL-space constructed above. Let J : X — Y, be cuo-continuous with J(0) =0,

and (x,) be a sequence in X such that:

1. zp 2 in X ;
2. the sequence (J(xn) — J(Tn — T))nen is almost order bounded in Y.

Then
lim ||J(zy,) — J(x, — ) — J(z)||; = 0. (6)

n—oo

Similar to Proposition 1.4 one can easily show the following result.

Proposition 1.5 Let X and Y be vector lattices and | be a strictly positive linear functional on Y . Let

J: X =Y be ouo-continuous with J(0) =0, and (x,) be a sequence in X such that:

1.z, =2 in X ;
2. the sequence (J(xn) — J(Tn — x))nen is almost order bounded in Y .

Then
lim ||J(zy,) — J(xy, — ) — J(z)||; = 0. (7)

n—oo

The next result is another measure-free version of Proposition 1.2.

Proposition 1.6 [7, Proposition 2.3] (A Brezis—Lieb lemma for ouo-continuous linear functionals). Let X,Y

be vector lattices and I be a ouo-continuous functional on Y . Assume further J : X — Y is a ouo-continuous
mapping with J(0) =0 and (z,,) is a sequence in X such that x,, > x. Then

lim I(J(zy) — J(z, —2) — J(x)) =0. (8)

n—oo

2. Two variants of the Brezis—Lieb lemma in convergence vector lattices

Recently, order convergence in vector lattices has been studied from the viewpoint of convergence structures;
see e.g. [2, 12, 13], and in this section we recall basic notions related to convergence structures and use them to
investigate variants of the Brezis—Lieb lemma. For unexplained notions and results we refer the reader to the
monograph [3].

A filter F on aset X is a nonempty collection of subsets of X that does not contain the empty set and
is closed under the formation of finite intersections and supersets. A subset B of a filter F is called a basis of
F and F the filter generated by B if each set in F contains a set of B. If B is a collection of nonempty subsets
of X that is directed downward with respect to inclusion, then [B] = {F C X : B C F for some B € B} is the
filter generated by B. If B = {x} then we write [z] for [{z}]. If f: X — Y is a mapping then {f(F): F € F}
is the basis of a filter called the image filter of F under f and denoted by f(F).

Definition 2.1 Let X be a set. A mapping A from X into the power set of the set of all filters on X 1is called

a convergence structure on X and (X, \) a convergence space if the following hold for all x € X :
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1. [z] € A(z);
2. for all filters F,G € A(z) the intersection F NG € A(x);
3. if F € A(z), then G € X(x) for all filters G on X for which G O F.

Let (X, ) be a convergence space. A filter F on X converges to x in the space X if F € A(z). We
write F — 2 in (X,A) or F — = in X. The element z is called the limit of F.

Every topological space is a convergence space; see e.g. [3, Examples 1.1.2(i)], but the converse is not
necessarily true; see e.g. [3, Examples 1.1.2(iii)]. Throughout this article, R refers to the convergence space
induced by its standard topology. That is, a filter F — « in R iff F D U, , where U, is the neighbourhood
filter of x (the collection of all topological neighbourhoods of ).

Let X and Y be convergence spaces. A mapping f : X — Y is called continuous at a point x € X if
f(F) = f(z) in Y whenever F — x in X. The mapping f is called continuous if it is continuous at every
point of X .

If F is a filter on X; and G is a filter on Xy then the product filter F x G is the filter on X; x X5
generated by {FF x G : F € F, G € G}. Let X; and X, be convergence spaces; then a filter F on X; x Xs
converges to (x1,z2) iff p;(F) converges to p;((x1,x2)), for each i € {1,2}, where p; is the projection of
X1 x X9 onto Xj.

Given a convergence space (X, \), for a sequence (z,) in X the Fréchet filter of (x,) denoted by

< (xy) > is the filter generated by {Ax}ren, where Ay = {z, : n > k}. A sequence (x,) converges to a point

x € X if the Fréchet filter < (x,) > converges to z in X . In this case we write z, NS
Let X be a real vector space. A convergence structure A on X is called a vector space convergence

structure and (X, \) a convergence vector space if addition and scalar multiplication are continuous.

Definition 2.2 Let X be a vector lattice. A vector space convergence structure A on X is called a vector

lattice convergence structure and (X, \) a convergence vector lattice whenever lattice operations are continuous.

It is obvious by definition that every convergence vector lattice is a convergence vector space. The converse
is not necessarily true. Let X = (L1[0,1],7,), where 7, denotes the weak topology on L;[0,1]. Then X is
a linear topological vector space and so it is a convergence vector space, but X is not a convergence vector
lattice.

Definition 2.3 Let (X, )\) be a convergence vector lattice. A sequence (x,) in X is unbounded convergent to
xeX if v, — x| Ay 0 forall y € X, . We write z, A 2 and say x, u\-converges to x.

Given a locally solid vector lattice (X,7) and a sequence (z,) in X, then X is a convergence vector

lattice and x,, uX-converges to x € X iff x,, ur-converges to x; see [6]. The following notion is motivated by
Definition 1.1.

Definition 2.4 Let X and Y be two convergence vector lattices. A mapping f : X — Y s called ou-

continuous if f(xy) SEN f(z) in'Y whenever x, 2 in X

The next result should be compared with Proposition 3.7 in [8].
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Lemma 2.1 Let (X,)\) be a convergence vector lattice and ||-|| : X — R be a continuous lattice norm. If a

sequence (x,) is almost order bounded in (X, |-||) and z, SN x, then x, L

Proof It is easy to see that the sequence (|x, — x|)nen is almost order bounded. Since z, 22 2 then

|n — x| Ay 20 for all y € X4+. The continuity of the lattice norm assures that |z, — x| Ay o for an
y € Xy . The remaining part of the proof is the same as in [8, Proposition 3.7]. O

The following two results generalize Propositions 1.5 and 1.6, respectively.

Theorem 2.2 Let X and Y be convergence vector lattices and | :' Y — R be a continuous strictly positive
linear functional. Suppose J : X — Y is ou-continuous mapping with J(0) =0 and (x,) is a sequence in X
such that:

A .
1. z, =z in X;

2. the sequence (J(x,) — J(Zn — x))nen is almost order bounded in (Y, ||||;)-

Then
lim || J(zy,) — J(z,, — ) — J(2)||; = 0. (9)

n— oo

Proof Since z, “% z and J is cu-continuous, then J(z,) ALN J(x) and J(z,, — x) A, J(0) = 0. Thus,

J(xn) — J (2 — x) SN J(x). Since [ : Y — R is a continuous linear functional then the norm ||-||; given by (5)

is continuous on Y. Thus it follows from Lemma 2.1 that ||J(z,) — J(xp —2) — J(z)|} =0 as n - o00. O

Theorem 2.3 Let X and Y be convergence vector lattices. Supposing 1 :' Y — R is a ou-continuous linear

functional, J: X =Y is ou-continuous mapping with J(0) =0 and x, X 2 in X. Then

lim I(J(zp) — J(xn —2) — J(2)) =0. (10)
n—o0
Proof Since 2, > z and J is ou-continuous with J(0) =0, then J(x,) — J(x, — ) — J(x) 22,0, The
conclusion now follows from the owu-continuity of the linear functional [. O
Finally, we show that Propositions 1.5 and 1.6 follow from Theorems 2.2 and 2.3.

Let X be a vector lattice and = € X . The following relation
F € Xo(z) & {[un,vn] : n €N} C F, (11)

with (uy), (v,) € X increasing and decreasing to x, respectively, defines a vector lattice convergence structure
on X and so (X,),) is a convergence vector lattice; see [12, Corollary 12, Theorem 14, and Proposition 15].
Moreover, a sequence (x,) in X converges to x € X iff (x,) order converges to x; see e.g. [12, Corollary 12,

[2, Theorem 16(iii)], or [11, Definition II1.1.7].

Let X and Y be vector lattices equipped with the vector lattice convergence structure A, given in (11).

Then z, YA 4 in (X, M) iff a, 2% 2 in X and a mapping f : X — Y is cu-continuous iff it is cuo-continuous
(in the sense of Definition 1.1).
Therefore, if we equip the vector lattices X and Y in Theorems 2.2 and 2.3 with the vector lattice

convergence structure ), , then we obtain Propositions 1.5 and 1.6, respectively.
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