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Abstract: In this paper, we use the Lyapunov’s second method to obtain new sufficient conditions for many types of
stability like exponential stability, uniform exponential stability, h-stability, and uniform h-stability of the nonlinear
dynamic equation

22 (t) = Atz (t) + f(t,z), t € TS := [, 00)1,
on a time scale T, where A € Cp-q(T, L(X)) and f: T x X — X is rd-continuous in the first argument with f(¢,0) = 0.

Here X is a Banach space. We also establish sufficient conditions for the nonhomogeneous particular dynamic equation
22(t) = A(t)a(t) + (), t € TF,

to be uniformly exponentially stable or uniformly h-stable, where f € C,q(T, X), the space of rd-continuous functions
from T to X. We construct a Lyapunov function and we make use of this function to obtain our stability results.

Finally, we give illustrative examples to show the applicability of the theoretical results.
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1. Introduction and preliminaries

One of the most important and useful tools for investigating the behavior of solutions of dynamic equations on a
general time scale is Lyapunov’s second method (Lyapunov’s direct method), which was introduced by Lyapunov
in 1892. Many studies used the Lyapunov technique to investigate various types of stability for the systems of
dynamic equations on time scales; for instance, see [5-9, 11-17, 20]. Mukdasai and Niamsup [18] constructed
appropriate Lyapunov functions and derived sufficient conditions for uniform stability, uniform exponential
stability, ¢ -uniform stability, and h-stability for linear time-varying systems with nonlinear perturbation on
time scales. Cui [7] gave generalizations for the boundedness theorems on R™. Nasser et al. [19] established some
sufficient conditions for the existence of the quadratic Lyapunov function that ensure the desired asymptotic
convergence of trajectories. The difficulty of the Lyapunov technique is to construct a Lyapunov function. For
equations with solutions with values in the Euclidean space R"™, the situation is simpler. The Lyapunov function

is usually chosen to be
V(t,z) = 2" P(t),
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where P(t) is an n x n matrix and x7 is the transpose of 2 € R™. See [5, 19]. In the Hilbert space setting,
the Lyapunov function is chosen to be
V(t,z) =< P(t)z,z >,

where P(t) is a bounded linear operator on a Hilbert space and < .,. > is its inner product. See [9]. In this
paper, we define an appropriate Lyapunov function for the Banach space situation. See Section 3.

Throughout this paper we denote by
Cra(T, X)={f:T — X|f is rd-continuous },

CH(T,X)={f:T — X| f, f~ are rd-continuous },
CH(Tx X, X)={f:TxX — X| f, f* are rd-continuous in the first variable },
Cra = Cra(T,R),
Cra = Crq(T,R),
R={f:T — R|f is regressive, i.e. 1+ u(t)f(t) #0,t € T},
Rt ={f:T — R| f is positively regressive, i.e. 1+ u(t)f(t) > 0,t € T},

and
RYCrqg = {f : T — R| f is positively regressive and rd-continuous }.

The paper starts with the investigation of sufficient conditions for the boundedness of solutions and the
exponential stability, uniform exponential stability, h-stability, and uniform h-stability of the abstract dynamic
equation

22 (t) = F(t,z), 2(7) =2, € X, t € TS := [r,00)T, (1.1)

where F': T x X — X is rd-continuous in the first argument with F(¢,0) = 0. Here, T is a time scale and X
is a Banach space. Thereafter, we construct a Lyapunov function and make use of this function to study the

stability of the abstract homogeneous equation
z2(t) = A(t)x(t), t € TF, (1.2)
and its perturbed equation of the form
z2(t) = A(t)x(t) + f(t,z), t € TS, (1.3)

where A(:) € Crq(T,L(X)) and f: T x X — X is rd-continuous in the first argument with f(¢,0) = 0. Also,

we establish sufficient conditions for the nonhomogeneous particular dynamic equation
22 (8) = A(®)a(t) + (), t € T, (1.4)

where f € C,4(T, X), to be uniformly exponentially stable or uniformly h-stable. For the theory of dynamic
equations on time scales, we refer the reader to the very interesting monographs [2] and [3]. We organize
this paper as follows. Section 2 is devoted to establishing characterizations for many types of stability like
exponential stability and uniform exponential stability in the sense of Lyapunov’s second method. These

characterizations are inspired by those in [17] and [21], but for Eq. (1.1) in Banach spaces with small
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modifications. We end this section by obtaining new sufficient conditions for h-stability and uniform h-stability
of the abstract Eq. (1.1). In Section 3, we obtain our main results. We construct a Lyapunov function to study
the uniform exponential stability and uniform h-stability for Egs. (1.2), (1.3), and (1.4). We supply this paper

with illustrative examples to demonstrate the applicability of the theoretical results.

2. Lyapunov stability theory

In this section, we introduce the concepts of exponential stability, uniform exponential stability, h-stability,
and uniform h-stability. See [1, 2, 4, 5, 8, 10, 17]. These concepts involve the boundedness of solutions of the
nonregressive dynamic equations. We develop the theory of stability of systems of dynamic equations on time
scales to dynamic equations in Banach spaces. We obtain new sufficient conditions for the types of stability

mentioned above.
Definition 2.1 Consider the dynamic equation

2 (t) = F(t,z), 2(1) =2z, € X, t € TS, (2.1)
where F : T x X — X is rd-continuous in the first argument with F(t,0) = 0.

(i) A solution x(t) of Eq. (2.1) is said to be bounded if there is a constant 9(1,x.) that depends on T and
z, such that
| 2(t) |I< 9(r,2,). t € T

(ii) We say that the family of solutions of Eq. (2.1) is uniformly bounded if ¥ is independent on .

(i1i) Eq. (2.1) is called exponentially stable if there exists o > 0 with —a € R™ and there is f: X x T — R*

nonnegative function such that any solution x(t) = x(t,7,z,) of Eq. (2.1) satisfies
| 2(t) < Blar, T)e—al(t,T), t € TT.

(iv) Eq. (2.1) is called uniformly exponentially stable if § is independent on T € T.

(v) Let h : T — R be a positive bounded function. We say that Eq. (2.1) is h-stable if there exists
0:X x T — R such that any solution z(t) of Eq. (2.1) satisfies

| 2(t) < O(zr, T)R(H)A(T) ™", t € TS
for any initial value x.

(vi) Let h : T — R be a positive bounded function. We say that Eq. (2.1) is uniformly h-stable if 0 is

independent on 7 € T.

2.1. Boundedness of solutions
Liu in [17] showed that the results of [20] are true when X = R™. In this section our aim is to ensure that these

results are true when X is a general Banach space. We generalize and improve the results of [9, 17, 20, 21].

Theorem 2.2 Let p and s be positive constants. Assume there exists a positive definite function V €
CH (T x X,RT) that satisfies the following conditions:
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(i) AX@)||z||P < V(t,x), for some positive nondecreasing function X;
(ii) VA(t,x) < —b(t)V3(t,x) +1(t), for some positive function b with —b € RTCrq and | € Crq;

(i) V(t,x) —V3(t,x) <~, for some v>0;
t
(iv) / lu)eg(—w)(o(u),t)Au < L, for some nonnegative constant L, where w := %Ielﬁfr b(t) > 0.

Then all solutions of Eq. (2.1) are bounded.
Proof Let x(t) be a solution of Eq. (2.1). Conditions (ii) and (iii) imply
[V(ta 95)69(—@(157 T)]A = VA(ta l’)ee(—w) (J(t)v T) + 9(*“)‘/(@ 1')69(—0.)) (ta T)

6@(,(0)(75,7')

< [— s 2.2
< MOV () +1(0) + oV (1.0) TEL T (22)
< [=b(O)VE(tz) + () + w(Vo (¢, 2) +7)]M
— b b) 1 _ wu(t)
I(t) +yw
_— —_u) (2 teTF.
= 1_wu(t)69( w)(vT)a el
Then
t
V(ta x)ee(—w)(tv 7_) < V(Tv x‘r)e@(—w) (7—7 T) + 7(69(—w) (ta T) - 1) + / Z(U)ee(—w)((’(u)v T)Au
t
SV(1,27) +veg(—w) (t,T) + / l(u)es(—w(o(u), 7)Au.
Hence, by using (iv), we get
Vt,z) <V(r,z;)+~v+ L.
Consequently, (i) implies
1
P L
@17 < 55V (me) + 1),
where L* =~ + L. It follows that
1 1
e < [57= (V(r2-) + L7)]7, t € TT. (2.3)
A(T)
Therefore, all solutions of Eq. (2.1) are bounded. O

Corollary 2.3 Let p, q, s, m1, and 12 be positive constants. Assume there exists a positive definite function
V e CH(T x X,RT) that satisfies the following conditions:

(1) mlll|P <Vt z) < nalle]%

(i) VA(t,x) < =bt)VE(t,x) +1(t), for some positive function b with —b € R Crq and 1 € Cpq;
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(i) V(t,x) — V3(t,x) <7, for some v > 0;

t
(iv) / lu)eg(—w)(o(u),t)Au < L, for some nonnegative constant L, where w := ianr b(t) > 0.
- €

Then the family of all solutions of Eq. (2.1) is uniformly bounded with respect to the initial point 7.

Proof From the inequality (2.3) and by using (i), we obtain

1 waql
=(@)]| < [nfl(nzllwfﬂq +LY)]7, t € Ty,

where L* =+ L. Then the family of all solutions of Eq. (2.1) is uniformly bounded with respect to the initial

point 7. O

Corollary 2.4 Let p, q, r, 11, and 12 be positive constants. Assume there exists a positive definite function

V e CH(T x X,RT) that satisfies the following conditions:

(1) mlzl[" < V(¢ z) < nalz]|%;

B(-
(ii) VA(t,x) < —=b@)||z|" +1(t), for some positive function b with —(—I) ERTCrqg and L € Cry;

aq

"2
(iii) V(t,x) —Vi(t,z) <7, for some v > 0;
t b(t)
(iv) l(u)eg(—w)(o(u),t)Au < L, for some nonnegative constant L, where w := %anr — > 0.
S q
T 72

Then the family of all solutions of Eq. (2.1) is uniformly bounded with respect to the initial point T.

Proof Let x be a solution of Eq. (2.1). By using (7) and (i), we obtain

VAL 2(t)) < fb(?Vg(t,x(t)) ).
Ub)

By Corollary 2.3, the family of all solutions of Eq. (2.1) is uniformly bounded with respect to the initial point

T. =

Corollary 2.5 Assume there exists a positive definite function V € C!,(T x X,R™) that satisfies the following

conditions:

(i) mlz)* < V(t,z) < nel]?
(ii) VA(t,x) < =b(t)||z]|?, for some positive function b with —% € RTCra.
Then the family of all solutions of Eq. (2.1) is uniformly bounded with respect to the initial point T.
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2.2. Exponential stability

Now we develop and generalize the results of Liu [17] by establishing new sufficient conditions for the (uniform)
exponential stability of Eq. (2.1) in a Banach space X in terms of e_g(¢,7) (with constant § > 0 and —6 € R™)

instead of ecs(t, 7), by using Lyapunov’s second method.

Theorem 2.6 Assume that T is a time scale with bounded graininess. Let p and s be positive constants.

Assume there exists a positive definite function V € C!,(T x X,R") that satisfies the following conditions:
(i) AX@)||x||? < V(t,z), for some positive nondecreasing function X;
(ii) VA(t,x) < —bt)Vi(t,x) +1(t), for some positive function b and some function | € Crq;

(iii) V(t,x) — V*(t,z) < ve_s(t,7), for some v >0 and § > w := infser b(t) >0, with —§ € R™;
t

(iv) / l(u)eg(—w)(o(u), 7)Au < K, for some nonnegative constant K.

Then Eq. (2.1) is exponentially stable and every solution x satisfies

o0 < [ (V) + K ecaltr) t €T,
Proof Let z be a solution to Eq. (2.1). By using (ii)—(iii) and inequality (2.2), we have
V0006 < OV (n(0) 4100 + V(1 0(0) + et )) 220

eo(—w)(tT) Yw
L—wp(t) — 1—wp(t)

e,(;e(,w)(t7 T).

<1(t)
This implies that

V(t2(t)eow)(t,7) < V(ne,) + 70— + K.

Using (i), we obtain
Az < V(E, 2(t))
< (V(ryzr) + K¥)e_y(t, 1),

where K* = - + K. Hence,

2O < 55V () + K Jeos(t,7),
and
()] < (55 (V () + K7 e (7).
In view of
o2 v
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we obtain eg« (t,7) < e—q(t,7), where a =2 /(1 + 2||pf|sc). It follows that
1
IOl < (575 (V (rwe) + K)recaltir), t€ T
Therefore, Eq. (2.1) is exponentially stable. O

Corollary 2.7 Assume that T is a time scale with bounded graininess. Let p, q, and r be positive constants.

Assume there exists a positive definite function V € C!,(T x X,R") that satisfies the following conditions:
(i) M@)|z]|P <V (t,x) < Aa2(t)||z]|9, for some positive functions A1, A2 with nondecreasing Ai;

(i) VA(t,xz) < —b@)||z|" +1(t), for some positive function b and some function | € Cry;

(iii) V(t,x) — Vi(t,z) < ye_s(t,7), for some v >0 and 6 > w := inf,er -2 > 0, with —6 € RT;
A (1)

(iv) / u)eg(—w)(o(u), 7)Au < K, for some nonnegative constant K .

Then Eq. (2.1) is exponentially stable.

Proof Let x be a solution of Eq. (2.1). By using (i) and (ii), we have

VAt a(t) < - Vi (t,a(t)) + 1),

By Theorem 2.6, Eq. (2.1) is exponentially stable. O

Corollary 2.8 Assume that T is a time scale with bounded graininess. Let p, q, s, m1, and ns be positive
constants. Assume there exists a positive definite function V € C’ld(T x X,RT) that satisfies the following

conditions:

(i) mllzl|P < V(¢ 2) < nallf|?;
(i) VA(t,z) < —bt)Vi(t,x) +1(t), for some positive function b and some function | € Crq;

(iii) V(t,z) — V*(t,z) < ve_s(t,7), for some v >0 and § > w := inferb(t) >0, with —§ € R™T;
(iv) / u)eg(—w)(o(u), 7)Au < K, for some nonnegative constant K .

Then Eq. (2.1) is uniformly exponentially stable.

Proof Let x be a solution of Eq. (2.1). By using (¢) and Theorem 2.6, we obtain

1 waql
()] < [nfl(nzllzfllq +E)]7e_al(t,T), t € T,

where K* = - 4+ K. Then Eq. (2.1) is uniformly exponentially stable. O

847



HAMZA and ORABY/Turk J Math

Corollary 2.9 Assume that T is a time scale with bounded graininess. Let p, q, r, n1, and 1o be positive
constants. Assume there exists a positive definite function V. € C},(T x X,RT) that satisfies the following

conditions:
(i) mllzl[” <V (t,z) < nolz]|;
(ii) VA(t,x) < —=b@)||z|" +1(t), for some positive function b and some | € Crq;

)>0 with —§ € R™T;

(iii) V(t,x) —Vi(t,z) < ~ye_s(t,7), for some v >0 and § > w := infer 2%
5

(iv) / u)eg(—w)(0(u), 7)Au < K, for some nonnegative constant K .

Then Eq. (2.1) is uniformly exponentially stable.

Proof Let z be a solution of Eq. (2.1). By using (i) and (ii), we have

b(ﬁ)vi(t, x(t)) +1(t).

M2

VAt z(t) < —

Then, by Corollary 2.8, Eq. (2.1) is uniformly exponentially stable. O

Theorem 2.10 Assume that T is a time scale with bounded graininess. Let p and s be positive constants.
Assume there exists a positive definite function V € C!,(T x X,R") that satisfies the following conditions:
(i) AX@O)||z||P < V(t,z), for some positive nondecreasing function X;
(ii) VA(t,x) < —b(t)V*(t,x) +1(t), for some positive function b, that satisfies w = infierb(t) > 0 and
—w € RT, and some function 1 € Cyq;

(its) V(t,x) —V3(t,x) <0;

(iv) / u)eg(—wy(o(u), T)Au < K, for some nonnegative constant K.

Then Eq. (2.1) is exponentially stable.

Proof Let z be a solution of Eq. (2.1). By using (ii)—(iii), and inequality (2.2), we have
. . eo(—w)(t, T)
[Vt (O)ecw (71 < [SHOV (a(0) +18) + V(1 2(0) 75 2

€o(—w) (t7 T)

O

This implies that
V(t,z(t))eg—w(t,7) < V(T 2,) + K.

Using (i), we obtain
AD [z <V (E, (1))
< (V(r,z:) + K)e_,(t, 7).
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Hence,

Again we can see eg« (1,7) < e_q(t,7), where av =2 /(1 + 2||ul|c). It follows that

lz(t)]| < [ (V(r,27) + K)[Fe_a(t,7), t € TS

1
A(T)
Therefore, Eq. (2.1) is exponentially stable. O

Corollary 2.11 Assume that T is a time scale with bounded graininess. Let p, q, T, 11, and 1o be positive

constants. Assume there exists a positive definite function V € C},(T x X,RT) that satisfies the following
conditions:

(1) mllzl[” < V(¢ z) < nollz]%;

(i) VA(t,z) < —bt)||z|" +1(t), for some positive function b, that satisfies w := infyer "8 > 0 and —w €

nzq
RT, and some | € Crq;
(iii) V(t,x) —Vi(t,z) <O0;
¢
(iv) / l(u)eg(—w)(o(u), 7)Au < K, for some nonnegative constant K .
Then Eq. (2.1) is uniformly exponentially stable.
Proof Let x be a solution of Eq. (2.1). By using (i) and (ii), we have
b(t)  r
VAL a) <~ DV, a) +10).
)
By using (4) and Theorem 2.10, we obtain
1 1
()] < [a(nz\lwfllq +K)re_alt,7), t €T}
Then Eq. (2.1) is uniformly exponentially stable. a

Corollary 2.12 Assume that T is a time scale with bounded graininess. Let n1 and ne be positive constants.

Assume there exists a positive definite function V € C!,(T x X,R") that satisfies the following conditions:
(i) mllz|* < V(t,z) < n2ll|*;
(i) VA(t,xz) < —b(t)||z|?, for some positive function b with —% € RTCra.

Then Eq. (2.1) is uniformly exponentially stable.
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Example 2.13 Consider the dynamic equation
22 (t) = A{t)x(t) + f(t), t € TS, (1) =z, € H, (2.4)

where f € Cpq(T,H), H is a Hilbert space, and A : T — L(H), which satisfies n1||z||* < (A(t)x, z) < nof|z||?,
for some m1, no € R. If the following conditions hold:

1

1 1
1) —= — (> + = ||p)| s N2 —(=
(1) =5 = (7 + 5l < 12 < —(

[1lloe = 0);

1
+§||MHOON2),7§ € T for some § € (0 ) (6 € (0,00) when

_1
" lelloo

2) [l + 200+ |llca N2 F DN < U(t), for some I € Crq and N is any bound of {||A(t)|| : t € T};
(3) / weg(—e)(o(u), 7)Au < K, for some nonnegative K, where ¢ = —(2n2 + & + || ulloo N?),

then Eq. (2.4) is uniformly exponentially stable.

Proof We show that, under the assumptions, the conditions of Corollary 2.8 are satisfied. Let V (¢, z) = (z, x).
Then

VA(t,2(1)) = (x(t), 2(1))
= (@ (t), 2(t)) + p(t) (@ (), 22 (1)) + (2 (1), 22 (2)) (2.5)
= (A (1), 2(1)) + (f(1), () + p@)|A@®)z(E) + FO)I* + (2(t), Az (1)) + (x(t), F(1))
< @m2 + lulloo N2 @12 + CIFON + 21 F Ol Nl @1 + 1L 11| 1]l -

By using Young’s inequality (wz < “}’Tp + % if % + % =1), we get
2 @2lf 2 £(t woN)?
@O+ 210 lo) < O CUOTE 2 Ol X7

This implies that

QIS+ 21 Ol N)?

) £ 1l o]

VAL 2(0) < 20+ Il N2 + ) ()] + ]

< —c|lz@))* + 1(t) = —cV (t, (1)) + 1(t).
Condition (1) implies that 6 > ¢ > 0. Therefore, by Corollary 2.8, Eq. (2.4) is uniformly exponentially stable.

We consider the following concrete cases:
Case 1: If T = R2°, then u(t) =0 and ||u)s = 0. Therefore, Eq. (2.4) is uniformly exponentially stable if
1

<y < ——,
=12 1

|
w\o,
.N»—'

21F®N1? <),
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and

¢
/ I(w)e ™ du < K.

Case 2: If T = hZ=° h > 0, then u(t) = h and ||p||co = h. Therefore, Eq. (2.4) is uniformly exponentially

stable if
5 1 ho, 1 ho,
(= < (==
and conditions (2) and (3) hold.
Case 3: T = g olk(l + h),k(l + h) 4+ 1], 1, h are positive constants. Then infier p(t) = 0 and ||ul|e =

sup,er p(t) = h. Therefore, Eq. (2.4) is uniformly exponentially stable if

5 1 h_, 1 h, .,
__— _ (= — < (= —
5 (4+2N)7n2< (4+2N),

and conditions (2) and (3) hold.

For example, assuming H = R? and

6@8(t7 O) —4 0
A(t) = t € hzZ=",
0 €os (t, 0) —4
one can see that —4[|z||? < (A(t)z,z) < —3||z||?, and [|A()|] < 4. Then Eq. (2.4) is uniformly exponentially
stable when h < 11/32. O

2.3. h-Stability

In this part, under appropriate conditions, we establish certain estimate of solutions of Eq. (2.1). The following

results are more general than the boundedness theorems. We extend and generalize the results of [7].

Theorem 2.14 Let p, s be positive constants. Assume there exist a positive definite function V € C! (T x
X,R%) and a bounded positive differentiable function h : T — RY with nonnegative (nonpositive) derivative

h® that satisfy the following conditions:
(i) A@t)||x(t)]|P < V(t,x(t)), for some positive nondecreasing function A;

hA (V3 (t, x)

(ii) VA(t, x(t) < 10

+1U(t), for some l € Cpy;

fiii) V*(t(t) = V(ta(®) <7 (V(Ea(t) = VL a(t) = 7), for some 5 > 0;

t
l(u)h
(iv) / MAu < L, for some nonnegative constant L.

h(o(u))

Then all solutions of Eq. (2.1) satisfy the estimate

(@) < ( )7, te T (2.6)
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Proof Let x be a solution to Eq. (2.1). Then we have

V(t,z),n VAt 2)h(t) — V(t,z)h
[t = 5

h(t)

) [W + 1()]h(t) — V (t,z)h2 (1)

= WO () 27)
hA(t) I(t)
= V(o) " hio(t)
I I(t)
)™+ wow)
It follows that
V(t,x) Vit z,;) ¢ I(u)
ey = k) R +f o (u))
This implies that
V(t,z) < h((f_))[V(T, xr)+y+ L]
Consequently,
A 2 (@)]” < "((j))[wf, 22)+ v+ I
Since A(t) > \(7), t € TS, then
MOW () +y+ L],
lz(®)] < (h“)[ ( A(T)) ! ])p teT?.
O

1 1
Corollary 2.15 Let p, q, n1, 12, s be positive constants be such that — + — = 1. Assume there exist a positive
p q

definite function V € Cﬁd('ﬂ‘ x X,R%) and a bounded positive differentiable function h : T — RY with

nonnegative (nonpositive) derivative that satisfy the following conditions:
(1) mlz=@)[[" < V(t,2(t) < nzllz@)];

hA (V3 (t, x)

(i) VA(t,z(t)) < o

+1(t), for some l € Cyq;
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(iii) V*(ta(t) — V(ta(®) <7 (V(La(t) - VEa(t) > ), for some y > 0;

t

(iv) / mAu < L, for some nonnegative constant L.
. h(o

Then Eq. (2.1) is uniformly h-stable.

Proof By using conditions (i)—(%v) and Theorem 2.14, we obtain

h
lz(t)l| < (X

2]z [+ L + ]
Uit

(t)
()

)r,teTh.

Then Eq. (2.1) is uniformly h-stable. O

Corollary 2.16 Assume there exist a positive definite function V € C},(T x X,R*) and a bounded positive
differentiable function h: T — Rt that satisfy the following conditions

(i) mllz@)|* < V(£ x(t) < n2llz@®)];

RAV (L, )

(i) VA(t,x(t)) < "0

Then Eq. (2.1) is uniformly h-stable.

Example 2.17 Consider the dynamic equation
z2(t) = A(t)x(t), t € TS, x(7) = 2, € H, (2.8)

where A : T — L(H), which satisfies p1||z||* < (A(t)z,z) < pa||z||?, for some p1, p2 € R. Assuming there is a
positive bounded differentiable function h: T — RT such that

(202 + [ ulloo N*)h() < hE(2), (2.9)
holds, then Eq. (2.8) is uniformly h-stable. Here, N > 0 is any bound of {||A(¢)|| : t € T}.

Proof We show that, under the assumptions, the conditions of Corollary 2.16 are satisfied. Let V (¢, z) = (z, z).
Conditions (i)—(#) are satisfied when 1 = 1, 2 = 1. In view of equality (2.5) and relation (2.9), we have

VAt x) = (Ax, x) + p(t)(Az, Az) + (z, Az)

< (202 + [l N®) 2

h2 ()
< 0 V(t,x).

Therefore, by Corollary 2.16, Eq. (2.8) is uniformly h-stable. O
We consider the following concrete cases:

Case 1: If h(t) =5, then Eq. (2.8) is uniformly 5-stable if

—2p2

0< flulleo < N
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Case 2: If h(t) = e_x(t,0), A > 0, then Eq. (2.8) is uniformly e_y -stable if the following condition holds:
2p3 + |ullooN? < =X
For instance, let T =Po.60.4 = Ugeolk, k + 0.6]. In this time scale

0, ifteUisylk,k+0.6),

pu(t) =
0.4, ifteUpo{k+0.6}.

Assume A(t) = —a(t)I, where —ps < a(t) < —p1, t € T, a() € Cra(T,RT), and p1, p2 < 0. One can see that
pillz||? < (Ax,z) < po|x||?. Therefore, Eq. (2.8) is uniformly e_y -stable when

1
2(pa2 + gP%) < -A

3. Main results
Our aim in this section is to establish the boundedness, the exponential stability, and the h-stability of the

abstract homogeneous equation

22 (t) = A(t)x(t), t € TF, (3.1)
and its perturbed equations of the form
22 (t) = A@t)x(t) + f(t,z), t € TS (3.2)
and
aB(t) = A(t)z(t) + f(1), t € TS, (3.3)

under the initial condition z(7) = x, € X, where A € Cyq(T, L(X)) and f: T x X — X is rd-continuous in
the first argument with f(¢,0) = 0.
In the rest of the paper, we consider the operators S(t), W(t), Si(t) € L(X, X*) are defined as follows:

(S)x)y = PA(D)a(y) + p(t) PA ) (A1) (y) + ut) PR (D (A(t)y) + 1 () P2 (1) (A(t)z) (A(t)y),
(W(t)z)(y) = P(t)(A()z)(y) + u(t)P()(A()z)(A(t)y) + (P()z)(A(t)y),
and

(S1(H)z)y = P2 ()z(y) + P2 (t)y(z) + u(t) P2 () (A(t)x)(y) + u(t) P2 ()y(At)z) + u(t) P2 () (1) (),

for z,y € X, where P(t) : X — X* is a linear mapping and P is differentiable with respect to ¢t € T. Here
X* is the dual space of X. As usual, we say that an operator P(t) : X — X* is greater than or equal to (resp.
less than or equal to) a real number 7 if P(t)z(z) > n||z||* (resp. P(t)z(x) < nljz||?). In this case we write
P(t) > n (resp. P(t) <n). In this section we denote the Lyapunov function by

V(t,z) = (P(t)z)z.
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Theorem 3.1 Assume that T is a time scale with bounded graininess. Let 11, n2 be positive constants and [
be a positive function with —7% € RYC,q. Assume there exist Q € Crq(T,L(X,X*)) and P € C},(T,L(X, X*))
such that the following conditions hold:

(1) m < P(t) <ng,
(1) W(t) < =Q(t) < —p(1),
(i) S(t) <0,
Then Eq. (3.1) is uniformly exponentially stable.
Proof Let x be a solution of Eq. (3.1) and ¢(¢) = V(¢,2(¢)). Condition (i) implies that
mllz?* < V(t () < |l
The delta derivative of ¢(t) is given by

g2 (1) = (P()z(t) 22 (o (1) + (P(H)z (1) (22(1))
= P2a(t)(z(t) + u(t) P2 ()22 (D)2 (t) + n(t) P2 ()2 ()22 (t) + p® (8) P2 () (8 (2)

+ P22 ()2 (t) + p(t) P()2 ()2 (1) + (P(t)a(t)) (22 (1) (3-4)
= (S(®)z(1))(x(t) + (W ([)z () (2(1)) (3.5)
< —Q()z(t)(=(t))

< =B)ll=(@)]*.

Then, by Corollary 2.12, Eq. (3.1) is uniformly exponentially stable. a

Theorem 3.2 Assume there exists an operator P € C},(T,L(X,X*)) and a bounded positive differentiable
function h: T — RT that satisfy the following conditions:

(i) m < P(t) <9, for some n1, na € RT;

(ii) W (t)h(t) < ah®(t), where

m, hA(t) >0,

72, hA(t) < O,

(iii) S(t) < 0.

Then Eq. (3.1) is uniformly h-stable.
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Proof Let x be a solution of Eq. (3.1). Then in view of equality (3.5) and conditions (ii)—(iii), we have

VA (1)) = (SOz) () + (W0(t) (1)
A@la)?

Then, by Corollary 2.16, Eq. (3.1) is uniformly h-stable. a

Theorem 3.3 Assume that T is a time scale with bounded graininess. Let 11, n2 be positive constants and (3
be a positive function with —n% € RYCyq. Assume there exist Q € Crq(T,L(X,X*)) and P € C},(T,L(X, X*))
such that the following conditions hold:

(i) m < P(t) < g,
(i) W(t) < -Q(t) < -B(),
(i) (S(t)x)(x)+ p(t)(S1(t)x)(f(t,x)) <0, z € X,

A
() |[f(t,2)|| < M|z||, z € X, for some X > 0, which satisfies b(t) =: B(t) — 2| P(¢)||[1 + ||plloo (|| A@)] + 5)] >0,

Then Eq. (3.2) is uniformly exponentially stable
Proof In view of equality (3.4) and using (ii)—(iv), we obtain

VAL a(t) = (PR (1) (2(1) + p(t) (P2 ) (A)a(t) + f(t, () (@(1) + pt) (P2 Oz () (A)2(t) + f(t,2(1)))
+ P () (PR A2 (t) + £, 2(0))) (A@)(t) + [t 2(t)) + (POA@)2(t) + f(t,2(1))) (1)
+p@)(PE)(A@)z(E) + £t x() (A#)z(t) + f(t,x(t)) + (P)z(t) (A)x(t) + f(t, (1))

= (S@z(0)(x(t)) + (W (B)z () (2(t)) + p)(S1(O)x @) ([t 2(@))) + (P@) (¢, (1)) (x(t))
+ (POz@)(f(E,2(2)) + u(®) (P AG)z () (f(E,2(t) + () (PE)f(E (1)) (A(t)x(t))
+p@)(P@)f(E,2(0)(f(E 2(1))) (3.6)
< —(QW)x () (x(t) + 2P + ll1llo (A + %)]Ilfﬂ(t)ll2

< =18 = 2APON A + llpllo (IA@] + %))]Hw(t)IIQ,

A
where B(t) > 2A||P(#&)||(1 + ||lloo (JA®) || + 5)) In view of —n—bz € RTC,q, using Corollary 2.12, we conclude

that Eq. (3.2) is uniformly exponentially stable. O
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Theorem 3.4 Assume there exists P € C!,(T,L(X,X*)) and a bounded positive differentiable function h :
T — Rt that satisfy the following conditions:
(1) m < P(t) <, for some ny, n2 € RT;

(is) W (t)h(t) < ah®(t), where

(1i1) || f(t,x)]| < A||z]l,z € X for some X > 0;

(iv) (S(t)x)(x) + p(t)(S1()2)(f(t ) < —d(t)||z]|*, for some d(t) > 2Xn2[1 + [|ullo (A + %)], teT.

Then Eq. (3.2) is uniformly h-stable.

Proof In view of equality (3.6) and using (i)—(iv), we obtain

A 2 hA() o A 2
V2, (t) < —d(®)[lz(t)]" + o 0 111 + 2Am[1 + ([l (IA@ I + ()]
A A
< a0l < v t.a o)
Then, by Corollary 2.16, Eq. (3.2) is uniformly h-stable. a

Now we establish the boundedness, the uniform exponential stability, and the uniform h-stability of the

nonhomogeneous dynamic equation
2®(t) = A(t)x(t) + f(t), t € TF, (3.7)

under the initial condition z(7) =z, € X, where f € C,4(T, X).

Theorem 3.5 Let 11, 12 be positive constants and 3 be a positive function such that 8 > % and —7% €ERChq.
Assume there exist Q € Crq(T, L(X,X*)) and P € C!,(T,L(X,X*)) such that the following conditions hold:

(i) m1 < P(t) < g, for some n1, n2 € RT;
(i) W(t) < -Q(t) < —B(t);
(i) (S(t)z)(x) + p(t)(S1(t)z)(f(t)) <0, z € X;

(iv) [IFOMNPONA + ulloo IAR DS + il LFOIIPEI < U(E), for some I € Cras

t t) — 1
(v) / l(u)eg(—w)(o(u),t)Au < L, for some nonnegative constant L, where w =: inf Bl =3 > 0.

teT 2

Then the family of all solutions of Eq. (3.7) is uniformly bounded with respect to the initial point 7.

857



HAMZA and ORABY/Turk J Math

Proof In view of equality (3.4) and using (ii)—(iv), we obtain
VAL a(t) = (SE)a() (1) + (WH)z(t) (1) + u(®)(S1(B)x(®)(f(2) + (PE) (1) (x(?))
+ (POz@))(f 1) + uO)(POAB)z@)(f(B) + u®)(P(E)f(8) (At)2(t))
+ @) (P ) f() () (3-8)

< ~BOI@I + L= + SRIFOIPOI+ [l ADIE + InloeLFOPIPOI  (3.9)
< 18() — (@) + 1(0):

Here, we used Young’s inequality. By Corollary 2.4, the family of all solutions of Eq. (3.7) is uniformly bounded
with respect to the initial point 7. O

Theorem 3.6 Assume that T is a time scale with bounded graininess. Let m1, ne be positive constants and

B a positive function such that § > % and —7% € RYCrq. Assume there exist Q € Crg(T,L(X,X*)) and

P e CY(T, L(X, X*)) such that the following conditions hold:
(i) m < P(t) < na;
(i) W(t) < —=Q(t) < —B(t);

(iii) (S(t)x)(x) + p(t)(S1(t)z)(f(t) <0, z € X;

(iv) [IFOMNPONA + ulloolARID + il LFOIPIP@I < U(t), for some I € Cras

(v) /Tt l(u)eg(—w)(o(u), 7)Au < K, for some nonnegative constant K, where w =: iléfr ﬁ(tih_ 2 > 0.
Then Eq. (3.7) is uniformly exponentially stable.
Proof In view of inequality (3.9) and using (ii)—(iv), we obtain
VA x(t) < —[B(t) — %]Hx(t)ﬂ2 + 1)
By Corollary 2.11, Eq. (3.7) is uniformly exponentially stable. a

Theorem 3.7 Assume there exist P € C! (T, L(X,X*)) and a bounded positive differentiable function h :
T — RT that satisfy the following conditions:

(i) m < P(t) <mng, for some ni, n2 € RT;

(i) (W(t) + 2)h(t) < ah®(t), where
{ m, h/A(t) 2 0)

2, hA(t) < 0;
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(i) (S(t)z)(x) + p)(S1()2)(f (1) < 0;

() IFONPONA+ [l ABODI + lullowlF O PE] < i(t), for some L€ Cra;

t
v Hw)n(r) Au < L, for some nonnegative constant L.
h(o(u))
+ ho(u

Then Eq. (3.7) is uniformly h-stable.

Proof In view of inequality (3.8) and conditions (ii)—(iv), and using Young’s inequality, we obtain
VA z(t) < (W(tz(t))(2(t)) + %llfv(f)\l2 + %[2||f(f)H||P(t)||(1 + el IA@ NI + el I F O P @]
h2(t)
= h()
hA ()

= Thit)

l= ()11 +1(t)

V(t,z(t)) + 1(¢).

Then, by Corollary 2.15, Eq. (3.7) is uniformly h-stable. O
The following example shows the applicability of the theoretical results
Example 3.8 Consider the dynamic equation

22(t) = A@®)x(t) + f(t), t € TF, 2(7) = r € by = {(z) : B2, |xp]? < o0}, (3.10)

1
where A : T — L(l2) is defined by A(t) = (—1+ ie,g(t,O))I, and f(t) = \/ec2(t,0)I. Here I is the identity

operator. Let T be a time scale with bounded graininess 0 < p(t) < L. Let Q(t) = 1 — 2e%,(t,0). Then
Q(t) > 2. Therefore, Eq. (3.10) is uniformly exponentially stable.

Define P(t) by

Pt)=(1+ %e,Q(w))f. (3.11)

Its derivative s
PA(t) = —e_s(t,0)1.

Take m =1, no = 3. One can see that all conditions (i)-(v) of Theorem 3.6 hold. Therefore, Eq. (3.10)

1s uniformly exponentially stable. Indeed, we have

(W(O(0)(t) < ~5 (1~ 3¢%a(6,0)) (1)

< (14 262, (t,0)) o (0)]?

8
= ~(QU)z() (x(1))
Also, it is clear that (S(t)x)(z) + p(t)(S1(t)z)(f(t)) <0,t €T, x € X,
IFEIIPEIE + Tl LA + il oo LI IPE] < Secalt, 021+ 5)% + 5]
93

= Eee2<t’0) = l<t)7
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and

—936 (7,0) /t _ e (u,0)Au < K
= 1 (7, _1y(u, <K.
s T %M(u) (©2e(=3)

Therefore, by Theorem 3.6, Eq. (3.10) is uniformly exponentially stable.
Note that:

(1) If =0, then

— % ﬁ@ lT[ef%t — 6727-]
16715
<32 3L
— 10 — 10
(2) If p= 3, then
K Ay 3 | A
) l(w)es(—w)(o(u), T)Au = Jze_1(r,0) ) %6(92)@(,%)(%0) u
93 "16
= Te_g( ,0) j Be_%(u,O)Au
93 16
= E'ﬂe—%("_v 0)[6—%—5@70) - 6_%(’1’, 0)}
93 93
<= =,
< qpe-n0 <
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