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1. Introduction
It is known that h -pseudodifferential operators appear in Cauchy problems associated with semiclassical hy-
perbolic partial differential equations [12, 14, 16]. However, the theory of pseudodifferential operators has not
been limited to this type of problem. Various extensions and generalizations of the class of pseudodifferential
operators are considered with respect to the studied problems. Our investigation concerns the class of h -Fourier
integral operators [8, 9] defined by

(Ih (a, ϕ) f) (x) = (2πh)
−n
∫
Rn

e
i
hϕ(x,ξ)a (x, ξ) f̂ (ξ) dξ, f ∈ S (Rn) ,

where a (x, ξ) is the amplitude, ϕ (x, ξ) is the phase function and h ∈ ]0, h0] .

However, the problem related to the introduction of these classes of operators is their boundedness and
in which functional spaces. This boundedness depends on the choice of the amplitude a (x, ξ) and the phase
function ϕ (x, ξ) . The general case was to consider the class of amplitudes introduced by Hörmander [13],
denoted Smρ,δ the space of a (x, ξ) ∈ C∞ (Rn × Rn) ,

sup
ξ∈Rn

⟨ξ⟩−m+ρ|α|−δ|β| ∣∣∂αξ ∂βxa (x, ξ)∣∣ < +∞, m ∈ R, 0 < ρ, δ ≤ 1,

and the class of phase functions ϕ (x, ξ) ∈ C∞ (Rn × Rn\ {0}) ; those are positively homogeneous of degree 1

in the frequency variable ξ. A first result of boundedness of Fourier integral operators in L2 (Rn) was given
in Asada and Fujiwara [2, 3], assuming some conditions on the amplitude and the phase function. Adding the
assumption that a (x, ξ) ∈ Smρ,1−ρ is of compact support with respect to x and a relation between the parameters
ρ, m , n , p, Seeger et al. obtained in [20] an interesting result of local Lp -boundedness of these operators. For
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the global Lp−boundedness, Cordero et al. have considered Fourier integral operators with amplitudes in Sm1,0;

see [4]. Another result of global Lp -boundedness of Fourier integral operators, due to Coriasco and Ruzhanky
[5, 6], was to consider their amplitudes in some subspaces of S0

1,0. In the case p = 2 (i.e. L2 -boundedness),
the result is extended to a general class of amplitude in Smρ,δ, satisfying some conditions; see in this sense the
papers by Messirdi and Senoussaoui [15] and Ruzhansky and Sugimoto [18]. We note that a class of unbounded
Fourier integral operators with an amplitude in the Hörmander’s class S0

1,1 and in
∩

0<ρ<1
S0
ρ,1 was given in [11]

and [22] .
Similar results of L2 -boundedness and L2 -compactness are obtained for h -Fourier integral operators,

assuming some conditions on the amplitude and the phase function; see [1] and [10], [21].
As we have said, in the previous results one has considered the classes of amplitudes introduced by

Hörmander [13], Smρ,δ; those consist of smooth functions a (x, ξ) ∈ C∞ (Rn × Rn) , whose derivatives can be
estimated by the weight function 1 + |ξ| . In a recent work [17, Example 2.4], see also Dos Santos Ferreira and
Staubach [7], the authors have studied the Lp -boundedness of a class of Fourier integral operators associated
with amplitudes not necessary C∞ functions, but their derivatives have a behavior of type Lp. They have
obtained results of boundedness of these operators from Lq into Lr, for the numbers q, r satisfying some
relations with the others parameters p, n, m, ρ, δ.

The aim of our work is to give an analogous study established by Rodriguez-Lopez and Staubach in [17,
Example 2.4], for h -Fourier integral operators introduced as in [1] and [10].

2. A general class of amplitudes and nondegenerate phase functions

We recall in this section the classical definitions and notations of the theory of pseudodifferential operators;
then we introduce some definitions relating to our study of the boundedness of pseudodifferential operators.

For convenience we use the notation ⟨ξ⟩ for
(
1 + |ξ|2

) 1
2

.

Definition 1 Let 1 ≤ p ≤ ∞,m ∈ R , and 0 ≤ ρ ≤ 1. We denote by LpSmρ (Rn) , the space of functions
a (x, ξ) , x, ξ ∈ Rn such that a (x, ξ) is measurable in x ∈ Rn, a (x, ξ) ∈ C∞ (Rn) a.e. x ∈ Rn, and for each
multi-index α, there exists a constant Cα such that

∥∥∂αξ a (., ξ)∥∥Lp(Rn)
≤ Cα ⟨ξ⟩m−ρ|α|

.

Example 1 For the existence of such functions see [17, Example 2.4].

Definition 2 We denote by Φk (Rn) , k ∈ N, the space of real valued functions ϕ (x, ξ) ∈ C∞ (Rn × Rn\ {0}) ,
such that ϕ (x, ξ) is positively homogeneous of degree 1 in the frequency variable ξ, and satisfies the following
condition:

Notation 1 ∀α, β ∈ Nn, with |α|+ |β| ≥ k, ∃Cα,β > 0 :

sup
(x,ξ)∈Rn×Rn\{0}

|ξ|−1+|α| ∣∣∂αξ ∂βxϕ (x, ξ)∣∣ ≤ Cα,β .
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Definition 3 A real valued phase ϕ (x, ξ) ∈ C2 (Rn × Rn\ {0}) satisfies the strong nondegeneracy condition
(or the SND condition for short), if there exists a constant c > 0 such that

∣∣∣∣det ∂
2ϕ (x, ξ)

∂xj∂ξk

∣∣∣∣ ≥ c for all (x, ξ) ∈ Rn × Rn\ {0} .

Example 2 The phase function
ϕ (x, ξ) = |ξ|+ ⟨x, ξ⟩

satisfies the SND condition and belongs to the class Φ2.

Definition 4 We call h-Fourier integral operator every C∞ application Ih of ]0, h0] in L (S (Rn) , Lp (Rn))
of the form

(Ih (a, ϕ) f) (x) = (2πh)
−n
∫
Rn

e
i
hϕ(x,ξ)a (x, ξ) f̂ (ξ) dξ,

where a ∈ LpSmρ (Rn) and ϕ ∈ Φk (Rn) . Here

f̂ (ξ) =

∫
Rn

e−
i
h ⟨x,ξ⟩f (x) dx.

3. Assumption and preliminaries

We consider the following Littlewood–Paley partition of unity (see [20])

Ψ0 (ξ) +

∞∑
j=1

Ψj (ξ) = 1,

where
suppΨ0 ⊂ {ξ ∈ Rn; |ξ| ≤ 2} ,

and Ψj (ξ) = Ψ
(
2−jξ

)
, with

suppΨ ⊂
{
ξ ∈ Rn;

1

2
≤ |ξ| ≤ 2

}
.

However, for our study we need another decomposition in the following way.
For each j we fix a collection of unit vectors

{
ξνj
}
ν

that satisfy

(1)
∣∣∣ξνj − ξν

′

j

∣∣∣ ≥ 2−
j
2 , if ν ̸= ν′.

(2) If ξ ∈ Sn−1, then there exists a ξνj so that
∣∣ξ − ξνj

∣∣ < 2−
j
2 .

Let Γνj denote the cone

Γνj =

{
ξ ∈ Rn;

∣∣∣∣ ξ|ξ| − ξνj

∣∣∣∣ ≤ 2 · 2−
j
2

}
.
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We can also construct an associated partition of unity given by functions χνj , homogeneous of degree 0

in ξ with support in Γνj , i.e. ∑
ν

χνj (ξ) = 1, for all ξ ̸= 0 and all j,

and such that ∣∣∂αξ χνj (ξ)∣∣ ≤ Cα2
|α|j
2 |ξ|−|α|

,

with the improvement ∣∣∂Nξ1χνj (ξ)∣∣ ≤ CN |ξ|−N , for N ≥ 1,

If one chooses the axis in ξ space such that ξ1 is in the direction of ξνj and ξ′ = (ξ2, . . . , ξn) is perpendicular
to ξνj .

Thus we can construct a Littelewood–Paley partition of unity by using the functions Ψj , χ
ν
j

Ψ0 (ξ) +

∞∑
j=1

∑
ν

χνj (ξ)Ψj (ξ) = 1.

Now let us consider an h -Fourier integral operator

(Ih (a, ϕ) f) (x) = (2π)
−n
∫
Rn

e
i
hϕ(x,ξ)a (x, ξ) f̂ (ξ) dξ, (3.1)

where a ∈ LpSmρ (Rn) and ϕ ∈ Φk (Rn) . Using the Littlwood–Paley decomposition above, we decompose this
operator as

I0hf (x) +

∞∑
j=1

∑
ν

(Ih)
ν
j f (x) = (2π)

−n
∫
Rn

e
i
hϕ(x,ξ)a (x, ξ)Ψ0 (ξ) f̂ (ξ) dξ

+(2π)
−n

∞∑
j=1

∑
ν

∫
Rn

e
i
hϕ(x,ξ)a (x, ξ)χνj (ξ)Ψj (ξ) f̂ (ξ) dξ. (3.2)

Remark 1 I0h is called the low frequency part and (Ih)
ν
j the high frequency part of the h-Fourier integral

operator Ih.

Let us introduce the phase function Φ(x, ξ) and the amplitude Aνj (x, ξ) by

Φ(x, ξ) = ϕ (x, ξ)−
⟨
(∇ξϕ)

(
x, ξνj

)
, ξ
⟩
,

Aνj (x, ξ) = e
i
hΦ(x,ξ)a (x, ξ)χνj (ξ)Ψj (ξ) . (3.3)

One can verify (see [23, p. 407]) that Φ(x, ξ) satisfies for N ≥ 2 with the support of Aνj (x, ξ) ,

(1)

∣∣∣∣( ∂
∂ξ1

)N
Φ(x, ξ)

∣∣∣∣ ≤ CN2−Nj ,

(2)
∣∣∣(∇ξ′)

N
Φ(x, ξ)

∣∣∣ ≤ CN2
−Nj

2 ,
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Thus we can rewrite (Ih)
ν
j as

(Ih)
ν
j f (x) = (2π)

−n
∫
Rn

Aνj (x, ξ) e
i
h ⟨(∇ξϕ)(x,ξνj ),ξ⟩f̂ (ξ) dξ.

The following lemma is similar to lemma 3.1 of [17]. For the proof see [7, lemma 1.2.3].

Lemma 1 Any h-Fourier integral operator Ih with amplitude a (x, ξ) ∈ LpSmρ (Rn) and phase function
φ (x, ξ) ∈ Φ2 (Rn) can be written as a finite sum of h-Fourier integral operators

(2π)
−n
∫
Rn

a (x, ξ) e
i
hψ(x,ξ)+

i
h ⟨∇ξϕ(x,ζ),ξ⟩f̂ (ξ) dξ,

where ζ is a point on the unit sphere Sn−1, ψ (x, ξ) ∈ Φ1 (Rn) and a (x, ξ) ∈ LpSmρ (Rn) is localized in the ξ

variable around the point ζ.

We will also need the following lemmas, which are in [17].

Lemma 2 Let K ⊂ Rn be a compact set, U ⊃ K an open set, and k a nonnegative integer. Let φ be a real
valued function in C∞ (U) such that

(1) |∇φ| > 0,

(2) ∃C1 > 0, |∂αφ| ≤ C1 |∇φ| for all multi-indices α with |α| ≥ 1,

(3) ∃C2 > 0,
∣∣∣∂α (|∇φ|2)∣∣∣ ≤ C2 |∇φ|2 , for all multi-indices α with |α| ≥ 1.

Then, for f ∈ C∞
0 (K) , any integer k ≥ 0, h ∈ ]0, h0] , and λ > 0,

λk
∣∣∣∣∫

Rn

f (ξ) e
i
hλφ(ξ)dξ

∣∣∣∣ ≤ Ck,n,K
∑
|α|≤k

∫
K

|∂αf (ξ)| |∇φ (ξ)|−k dξ.

Lemma 3 If a ∈ LpSm1
ρ (Rn) and b ∈ LqSm2

ρ (Rn) then a·b ∈ LrSm1+m2
ρ (Rn) , where 1

r = 1
p+

1
q , 1 ≤ p, q ≤ ∞.

Moreover, if η (ξ) ∈ C∞
0 and aε (x, ξ) = a (x, ξ) η (εξ) and ε ∈ [0, 1) , then one has

sup
0<ε≤1

sup
ξ∈Rn

⟨ξ⟩−m+ρ|α| ∥∥∂αξ aε (., ξ)∥∥Lp(Rn)
≤ cm,ρ,p,α,η.

4. Global boundedness of h-Fourier integral operators
The main result of this work is to prove boundedness results for h -Fourier integral operators with smooth
strongly nondegenerate phase function.

According to the decomposition in (3.2) , we will estimate each term in this sum. First consider the low
frequency portion of the h -Fourier integral operator given by

(
I0h (a, ϕ) f

)
(x) = (2π)

−n
∫
Rn

e
i
hϕ(x,ξ)a (x, ξ)Ψ0 (ξ) f̂ (ξ) dξ. (4.1)

Since Ψ0 ∈ C∞
0 is supported near the origin, we can see I0h as an h -Fourier integral operator Ia whose

amplitude a (x, ξ) is compactly supported in the frequency variable ξ. To begin, we need the following lemma.
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Lemma 4 Let η (ξ) be a C∞
0 function and set

K (x, z) =

∫
Rn

η (ξ) e
i
h (ψ(x,ξ)+⟨z,ξ⟩)dξ,

where ψ (x, ξ) ∈ Φ1 (Rn) , h ∈ ]0, h0] . Then for any α ∈ (0, 1) , there exists a positive constant C such that

|K (x, z)| ≤ C (1 + |z|)−n−α .

Proof The proof is similar to Lemma 4.1 of [17]. 2

Theorem 1 Suppose that 0 < r ≤ ∞, 1 ≤ p, q ≤ ∞ satisfy the relation 1
r = 1

q +
1
p . Assume that ϕ ∈ Φ2 (Rn)

satisfies the SND condition and let a ∈ LpSmρ with m ≤ 0, 0 ≤ ρ ≤ 1, such that suppξa (x, ξ) is compact. Then
the h-Fourier integral Ih defined in (3.1) is bounded from Lq to Lr.

Proof Consider a closed cube Q of side-length L such that suppξa (x, ξ) ⊂
◦
Q. Denote by ã (x, ξ) ∈ C∞ (Rn) ,

the extension of a (x, .)|Q periodically of period L with respect to ξ. Let η ∈ C∞
0 with support in Q such that

η = 1 on suppξa (x, ξ) , and so a (x, ξ) = ã (x, ξ) η (ξ) . By the expansion of ã (x, ξ) in a Fourier series, we have

Ihf (x) =
∑
k∈Zn

ak (x) Iη (fk) (x) , (4.2)

where

ak (x) =
1

Ln

∫
Rn

a (x, ξ) e−
i2π
hL ⟨k,ξ⟩dξ,

fk (x) = f

(
x− 2πk

L

)
Iη (fk) (x) = (2π)

−n
∫
η (ξ) e

i
hϕ(x,ξ)f̂k (ξ) dξ

Take l = 1, · · · , n such that kl ̸= 0; then by integration by parts we obtain

ak (x) =
Cn,N

|kl|N

∫
Rn

∂Nξl a (x, ξ) e
i2π
hL ⟨k,ξ⟩dξ.

However, from the hypothesis on the amplitude a and Lemma 3, we have

max
s=0,...,N

∫
Rn

∥∥∂sξla (., ξ)∥∥Lp dξ ≤ Cn,N,ρ |a|p,m,N ,

for N = [max (n, n/r)] + 1, then

∥ak∥Lp ≤ Cn,N,ρ |a|p,m,N (1 + |k|)−N . (4.3)

Let us suppose for a moment that Iη is bounded on Lq and first consider the case r ≥ 1. Minkowski’s
and Hölder’s inequalities yield

∥Ihf∥Lr ≤
∑
k∈Zn

∥ak∥Lp ∥Iη (fk)∥Lq .
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Since the translations are isometries on Lq , we get that ∥Iη (fk)∥Lq ≤ Cη,ϕ ∥f∥Lq . Therefore (4.3) yields for
some constant C > 0

∥Ihf∥Lr ≤ C |a|p,m,N
∑
k∈Zn

(1 + |k|)−N ∥f∥Lq ≈ ∥f∥Lq .

Assume now that 0 < r < 1 . Using (4.2) and Hölder’s inequality we have

∫
|Ihf (x)|r dx ≤

∑
k∈Zn

∫
|Iη (fk) (x)|r |ak (x)|r dx ≤

∑
k∈Zn

∥ak∥rLp ∥Iη (fk)∥rLq ,

which gives with (4.3) for some constant C > 0

∫
|Ihf (x)|r dx ≤ C |a|rp,m,N

∑
k∈Zn

(1 + |k|)−Nr ∥f∥rLq ≈ ∥f∥rLq .

Thus the operator Ih is bounded from Lq to Lr assuming that the introduced operator Iη is bounded
on Lq. Then to finish the proof we shall prove this assumption. By Lemma 1 we can assume without loss of
generality that

ϕ (x, ξ) = ψ (x, ξ) + ⟨t (x) , ξ⟩ ,

with a smooth map t : Rn → Rn. For f ∈ C∞
0 (Rn) one has

Iη (f) (x) =
1

(2π)
n

∫
η (ξ) e

i
h ⟨ξ,t(x)⟩e

i
hψ(x,ξ)f̂ (ξ) dξ =

∫
K (x, t (x)− y) f (y) dy,

with

K (x, z) =
1

(2π)
n

∫
η (ξ) e

i
h ⟨ξ,z⟩e

i
hψ(x,ξ)dξ.

From Lemma 4 we have for any α ∈ (0, 1) , there exists a constant C such that

|K (x, z)| ≤ C (1 + |z|)−n−α , (4.4)

and therefore supx
∫
|K (x, t (x)− y)| dy < ∞. This shows the boundedness of the operator Iη on L∞. Using

the change of variables z = t (x) , the SND condition yields that |detDt (x)| ≥ C > 0, and so the Schwartz
global inverse function theorem (see [19, Theorem 1.22]) implies that t is a global diffeomorphism on Rn and
|det J (z)| ≤ 1

C , where J (z) denotes the Jacobian of the change of variables. Thus using also (4.4) we obtain

sup
y

∫
|K (x, t (x)− y)| dx = sup

y

∫ ∣∣K (t−1 (z) , z − y
)∣∣ |det J (z)| dz

≤ 1

C
sup
y

∫
(1 + |z − y|)−n−α dz <∞.

Therefore, by Schur’s Lemma, Ih is bounded on Lq for all 1 ≤ q ≤ ∞. The proof of the theorem is complete.
2
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Theorem 2 Suppose that 0 < r ≤ ∞, 1 ≤ p, q ≤ ∞ satisfy the relation 1
r = 1

q +
1
p . Assume that ϕ ∈ Φ2 (Rn)

satisfies the SND condition and let a ∈ LpSmρ (Rn) with 0 ≤ ρ ≤ 1 and

m < − (n− 1)

2

(
1

s
+

1

min (p, s′)

)
− n (1− ρ)

s
,

where s = min (2, p, q) and 1
s + 1

s′ = 1. Then the h-Fourier integral operator Ih defined in (3.1) is bounded
from Lq to Lr.

Proof From Theorem 1 and the decomposition (3.2) , we shall prove the estimate only for the high frequency
part of the operator Ih. Consider the case q <∞, and let us prove that

∥Ihf∥Lr(Rn) ≤ C ∥f∥Lq(Rn) , ∀f ∈ C∞
0 (Rn) . (4.5)

We have

(Ih)
ν
j f (x) = (2π)

−n
∫
Rn

Aνj (x, ξ) e
i
h ⟨(∇ξϕ)(x,ξνj ),ξ⟩f̂ (ξ) dξ

=

∫
Rn

Kν
j

(
x, (∇ξϕ)

(
x, ξνj

)
− y
)
f (y) dy, (4.6)

where

Kν
j (x, z) = (2π)

−n
∫
Rn

Aνj (x, ξ) e
i
h ⟨z,ξ⟩dξ.

Let L be the differential operator given by

L = I − 22j
∂2

∂ξ21
− 22j △ξ′ .

Using the definition of Aνj (x, ξ) in (3.3) and the hypothesis on χνj and Φ, we can show that

∥∥LNAνj (., ξ)∥∥Lp ≤ CN2j(m+2N(1−ρ)), ∀ν, ∀ξ ∈ suppξA
ν
j .

Let tνj (x) = (∇ξϕ)
(
x, ξνj

)
and α ∈ (0,∞) . As before, the SND condition on the phase function yields that∣∣detDtνj (x)

∣∣ ≥ c > 0. Setting

g (y) =
(
22jy21 + 22j |y′|2

)α
2

,

we can split

I1 + I2 =
∑
ν

(∫
g(y)≤2−jρ

+

∫
g(y)>2−jρ

)∣∣Kν
j (x, y) f

(
tνj (x)− y

)∣∣ dy
=

∑
ν

∫ ∣∣Kν
j (x, y) f

(
tνj (x)− y

)∣∣ dy. (4.7)
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Hölder’s inequality in ν and y simultaneously and thereafter, since 1 ≤ s ≤ 2, the Hausdorff–Young inequality
in the y variable of the second integral yield for some constant C > 0

I1 ≤

[∑
ν

∫
g(y)≤2−jρ

∣∣f (tνj (x)− y
)∣∣s dy] 1

s
[∑

ν

∫ ∣∣Kν
j (x, y)

∣∣s′ dy] 1
s′

≤ C

[∑
ν

∫
g(y)≤2−jρ

∣∣f (tνj (x)− y
)∣∣s dy] 1

s
[∑

ν

∫ (∣∣Aνj (x, y)∣∣s dξ) s′
s

] 1
s′

.

Set F νj (x, y) = f
(
tνj (x)− y

)
, and raise both sides to the r -th power; by Hölder’s inequality we get that

∥I1∥Lr ≤ (4.8)

C

∫ (∑
ν

∫
g(y)≤2−jρ

∣∣F νj (x, y)
∣∣s dy) q

s

dx

 1
q


∑

ν

(∫ ∣∣Aνj (x, y)∣∣s dξ) s′
s


p
s′

dx


1
p

.

Using Minkowski’s inequality, we obtain that the first term is bounded by[∑
ν

∫
g(y)≤2−jρ

(∫ ∣∣F νj (x, y)
∣∣q dx) s

q

dy

] 1
s

.

Set tνj (x) = t; since
∣∣detDtνj (x)

∣∣ ≥ c > 0, we have

(∫ ∣∣F νj (x, y)
∣∣q dx) 1

q

=

(∫
|f (t− y)|q

∣∣detDtνj (x)
∣∣−1

dt

) 1
q

≤ C− 1
q ∥f∥Lq . (4.9)

Thus, the first term on the right-hand side of (4.8) is bounded by a constant multiple of[∑
ν

∫
g(y)≤2−jρ

dy

] 1
s

∥f∥Lq ≤ 2j
n−1
2s 2−j

n+1
2s

[∫
|y|≤2−j

ρ
α

dy

] 1
s

∥f∥Lq

≤ 2j
n−1
2s 2−j

n+1
2s 2−j

nρ
αs ∥f∥Lq .

For the estimate of the second term we distinguish two cases. If p ≥ s′, Minkowski’s inequality yields
that this term is bounded by 

∑
ν

[∫ (∫ ∣∣Aνj (x, y)∣∣s dξ) p
s

dx

] s′
p


1
s′

≤


∑
ν

[∫ (∫ ∣∣Aνj (x, y)∣∣p dx) s
p

dξ

] s′
s


1
s′

≤ C2jm

∑
ν

∣∣∣∣∣sup p
ξ
Aνj

∣∣∣∣∣
s′
s


1
s′

≤ C ′2jm2j
n+1
2s 2j

n−1
2s′
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where we have used the fact that the measure of the ξ -support of Aνj is O
(
2j

n+1
2

)
.

If p < s′, this second term is bounded by

{∑
ν

∫ (∫ ∣∣Aνj (x, y)∣∣s dξ) p
s

dx

} 1
p

≤

∑
ν

[∫ (∫ ∣∣Aνj (x, y)∣∣p dx) s
p

dξ

] p
s


1
p

≤ C2jm

∑
ν

∣∣∣∣∣sup p
ξ
Aνj

∣∣∣∣∣
p
s

 1
p

≤ C ′2jm2j
n+1
2s 2j

n−1
2p .

Therefore, (4.8) and the previous estimates give

∥I1∥Lr ≤ C ′2
j

(
m−ρ n

αs+
n−1
2

(
1
s+

1
min(p,s′)

))
∥f∥Lq . (4.10)

where is not depending on α.

Let us now estimate the Lr -norm of I2. Define h (y) = 1+ 22jy21 +2j |y′|2 and let M > n
2s . By Hölder’s

inequality, we have

∥I2∥Lr ≤

∫ (∑
ν

∫
g(y)>2−jρ

∣∣F νj (x, y)
∣∣s h (y)−sM dy

) q
s

dx

 1
q

(4.11)

×

∫ (∑
ν

∫ ∣∣∣Kν
j (x, y)h (y)

M
∣∣∣s′ dy)

p
s′

dx

 1
p

.

Using Minkowski’s inequality and (4.9) , the first term of the right-hand side is bounded by a constant times

∥f∥Lq

[∑
ν

∫
g(y)>2−jρ

h (y)
−sM

dy

] 1
s

≤ C ∥f∥Lq 2
j n−1

2s 2
−j(n+1)

2s 2j
ρ
α (2M−n

s ).

To estimate the second term, suppose M is an integer. By the same argument as in the estimate of I1, we
obtain from Hausdorff–Young’s inequality and Minkowski’s inequality, the following bound of the second term:


∫ [∑

ν

∫ ∣∣∣Kν
j (x, y)h (y)

M
∣∣∣s′ dy]

p
s′

dx


1
p

≤


∫ ∑

ν

(∫ ∣∣LMAνj (x, y)∣∣s dξ) s′
s


p
s′

dx


1
p

≤ C2j(m+2M(1−ρ))2j
n+1
2s 2

j n−1

2 min(s′,p) .
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We can obtain the same result for nonintegal values of M, writing M = [M ] + {M} , where [M ] is the integer
part of M, and using Hölder’s inequality with conjugate exponents 1

{M} , 1
1−{M} and the result of the previous

case.
Hence, (4.11) and the previous estimates yield

∥I2∥Lr ≤ C2j(m+2M(1−ρ))2j
ρ
α (2M−n

s )2
j n−1

2

(
1
s+

1
min(p,s′)

)
∥f∥Lq , (4.12)

with a constant independent of α.
Therefore, the estimates (4.10) and (4.12) of I1 and I2, and the formula (4.7) give that for any α > 0

∥∥∥(Ih)νj f∥∥∥
Lr

≤ C

(
2
j

(
m+2M(1−ρ)+n−1

2

(
1
s+

1
min(ρ,s′)

))
2j

ρ
α (2M−n

s )

+2
j

(
m−ρ n

αs+
n−1
2

(
1
s+

1
min(p,s′)

))
∥f∥Lq

)
,

where C does not depend on α. Letting α tend to ∞, we get

∥∥∥(Ih)νj f∥∥∥
Lr

≤ C ≤ 2
j

(
m+2M(1−ρ)+n−1

2

(
1
s+

1
min(ρ,s′)

))
∥f∥Lq .

Now if we let R = min (r, 1) , we obtain

∥∥∥∥∥∥
∞∑
j=1

(Ih)
ν
j f

∥∥∥∥∥∥
R

Lr

≤
∞∑
j=1

∥∥∥(Ih)νj f∥∥∥R
Lr

≤ C

∞∑
j=1

2
jR

[
n−1
2

(
1
s+

1
min(p,s′)

)
+m+2M(1−ρ)

]
∥f∥RLq

≤ C ′ ∥f∥RLq .

provided m < −n−1
2

(
1
s +

1
min(p,s′)

)
+ 2M (ρ− 1) . Since m < −n−1

2

(
1
s +

1
min(p,s′)

)
+ n

s (ρ− 1) , we can find

M > n
2s , which satisfies the above condition. 2

In this case of q = 2 ≤ p, Theorem 2 can be improved in the same manner as in [17, theorem 4.6].

Theorem 3 Let 2 ≤ p ≤ ∞ and define r = 2p
p+2 . Assume that φ ∈ Φ2 (Rn) satisfies the SND condition and

let a ∈ LpSmρ (Rn) with 0 ≤ ρ ≤ 1 and

m <
n (ρ− 1)

2
.

Then the h-Fourier integral operator Ih defined as in (3.1) is bounded from L2 to Lr.
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