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Abstract: In this paper, we study the L?-boundedness of a class of semiclassical Fourier integral operators.
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1. Introduction

It is known that h-pseudodifferential operators appear in Cauchy problems associated with semiclassical hy-
perbolic partial differential equations [12, 14, 16]. However, the theory of pseudodifferential operators has not
been limited to this type of problem. Various extensions and generalizations of the class of pseudodifferential
operators are considered with respect to the studied problems. Our investigation concerns the class of h-Fourier

integral operators [8, 9] defined by

(1 (@6) ) 2) = )™ [ ek¥@Oaa,6) Fe)de, £ S@).
where a (z,€) is the amplitude, ¢ (z,£) is the phase function and h € ]0, h] .

However, the problem related to the introduction of these classes of operators is their boundedness and
in which functional spaces. This boundedness depends on the choice of the amplitude a (z,£) and the phase
function ¢ (z,£). The general case was to consider the class of amplitudes introduced by Hoérmander [13],
denoted S5 the space of a(z,§) € C> (R" x R"),

sup <§>_m+p‘a|_6lﬁl ]agafa (m,f)’ < +oo, mER,0< p,d <1,

gER™ '
and the class of phase functions ¢ (z,&) € C* (R™ x R™\ {0}); those are positively homogeneous of degree 1
in the frequency variable &. A first result of boundedness of Fourier integral operators in L? (R™) was given
in Asada and Fujiwara [2, 3], assuming some conditions on the amplitude and the phase function. Adding the

assumption that a (z,£) € S

- p 1S of compact support with respect to  and a relation between the parameters

p, m , n ,p, Seeger et al. obtained in [20] an interesting result of local L?-boundedness of these operators. For
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the global LP—boundedness, Cordero et al. have considered Fourier integral operators with amplitudes in S77;
see [4]. Another result of global LP-boundedness of Fourier integral operators, due to Coriasco and Ruzhanky
[5, 6], was to consider their amplitudes in some subspaces of S?,(y In the case p = 2 (i.e. L?-boundedness),
the result is extended to a general class of amplitude in SZ}(;, satisfying some conditions; see in this sense the
papers by Messirdi and Senoussaoui [15] and Ruzhansky and Sugimoto [18]. We note that a class of unbounded

Fourier integral operators with an amplitude in the Hormander’s class S?; and in () S9, was given in [11]
0<p<l

and [22].

Similar results of L?-boundedness and L?-compactness are obtained for h-Fourier integral operators,
assuming some conditions on the amplitude and the phase function; see [1] and [10], [21].

As we have said, in the previous results one has considered the classes of amplitudes introduced by
Hérmander [13], S7; those consist of smooth functions a(z,£) € C* (R" x R"), whose derivatives can be
estimated by the weight function 1+ |¢|. In a recent work [17, Example 2.4], see also Dos Santos Ferreira and
Staubach [7], the authors have studied the LP-boundedness of a class of Fourier integral operators associated
with amplitudes not necessary C°° functions, but their derivatives have a behavior of type LP. They have
obtained results of boundedness of these operators from L¢ into L", for the numbers ¢,r satisfying some
relations with the others parameters p, n, m, p, 6.

The aim of our work is to give an analogous study established by Rodriguez-Lopez and Staubach in [17,

Example 2.4], for h-Fourier integral operators introduced as in [1] and [10].

2. A general class of amplitudes and nondegenerate phase functions

We recall in this section the classical definitions and notations of the theory of pseudodifferential operators;

then we introduce some definitions relating to our study of the boundedness of pseudodifferential operators.
1
For convenience we use the notation (£) for (1 + |§|2) °.

Definition 1 Let 1 < p < oco,m € R, and 0 < p < 1. We denote by LPS] (R™), the space of functions
a(x,&),x,§ € R™ such that a(x,£) is measurable in x € R™, a(x,£) € C* (R™) a.e. = € R™, and for each

multi-index «, there exists a constant C, such that

Haga (.7§)HLP(R’IL) < Ca <€>’m—P|a\ .

Example 1 For the existence of such functions see [17, Example 2.4].

Definition 2 We denote by ®F (R™), k € N, the space of real valued functions ¢ (x,&) € C= (R™ x R™\ {0}),
such that ¢ (x,&) is positively homogeneous of degree 1 in the frequency variable &, and satisfies the following

condition:

Notation 1 Vo, € N, with ||+ || >k, 3Cap5 > 0:

sup g7 92009 (2, 6)] < Cup.
(z,&)eR™ xR\ {0}
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Definition 3 A real valued phase ¢ (z,€) € C% (R™ x R™\ {0}) satisfies the strong nondegeneracy condition
(or the SND condition for short), if there exists a constant ¢ > 0 such that

o 2229

92,06, > ¢ for all (x,&) € R" x R™\ {0}.

Example 2 The phase function
¢ (z,8) = [§] + (. €)

satisfies the SND condition and belongs to the class ®2.

Definition 4 We call h-Fourier integral operator every C* application I, of |0, he] in L (S (R™),LP (R™))
of the form

(I (a.9) f) (x) = (2h) ™" / 0@ 0 (2, 6) F(€) de,

n

where a € LPST" (R™) and ¢ € ®* (R™). Here

Fo= [ e#e95 @

3. Assumption and preliminaries

We consider the following Littlewood—Paley partition of unity (see [20])

where
supp¥o C {§ € R™; €] < 2},

and U; () = ¥ (279¢), with
supp¥ C {5 eR™ S < el < 2}-

However, for our study we need another decomposition in the following way.

For each j we fix a collection of unit vectors {£¥} = that satisfy
(1) & — &

(2) If £ € S*71, then there exists a €7 so that |§ — §;| <273,

Let F;’ denote the cone
<92.97% } .

> 2% if v#£V.

£ .

Y = R™:
; {56 e
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We can also construct an associated partition of unity given by functions X, homogeneous of degree 0

in £ with support in F;’, i.e
SN (€) =1, forall € £ 0 and all j,
and such that
027 (©)] < Ca2'% g7,

with the improvement

!35 X5 (§)| <Cn |§|_N, for N > 1,

If one chooses the axis in ¢ space such that ; is in the direction of £ and & = (&,...,&,) is perpendicular
to &7

Thus we can construct a Littelewood-Paley partition of unity by using the functions ¥, x

O+ T, (©) =1

j=1 v

Now let us consider an h-Fourier integral operator

(I (@6) ) (0) = n) " [ R 9aa6) Fie) de (3.1

where a € LPST (R") and ¢ € ®* (R™) . Using the Littlwood-Paley decomposition above, we decompose this

operator as

Inf (& +ZZ 1) £ (@)= (207" [ et ) 0o () F () dg
+(@2m) ZIZ / et a (z,6) XY (€) ¥, (€) f (€) de. (3.2)

Remark 1 12 is called the low frequency part and (Ih); the high frequency part of the h-Fourier integral

operator Iy.

Let us introduce the phase function @ (z,£) and the amplitude AY (x,§) by

AY (2,6) = " @ q (z,6) ¥ () U5 (€). (3.3)

One can verify (see [23, p. 407]) that ® (x,&) satisfies for N > 2 with the support of A} (z,§),

0|()" @ .9)] < ovz,

2)[(Ve)V @ (@,9)| <
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Thus we can rewrite (I5)] as

1)} @) =) [ 4700 (T F ) ae

n

The following lemma is similar to lemma 3.1 of [17]. For the proof see [7, lemma 1.2.3].

Lemma 1 Any h-Fourier integral operator I with amplitude a(z,§) € LrSy (R™) and phase function

o (x,€) € ®2(R™) can be written as a finite sum of h-Fourier integral operators

@0 [ e et o090 Fg) g,

where ¢ is a point on the unit sphere S~ ¢ (x,£) € @' (R™) and a(x,€) € LPS]" (R™) is localized in the &

variable around the point (.

We will also need the following lemmas, which are in [17].

Lemma 2 Let K C R™ be a compact set, U D K an open set, and k a nonnegative integer. Let ¢ be a real
valued function in C*° (U) such that

(1) Vel >0,
(2)3C1 >0, |0%p| < Cy V| for all multi-indices o with || > 1,

(3) 4C5 > 0,

o (|V<p|2)‘ < Cy |Vol?, for all multi-indices o with |a| > 1.

Then, for f € C3° (K), any integer k > 0,h € ]0, hg], and A > 0,

)\k:

f(xs)ewf)dg\sck,n,x ) /K 10°F ()] [V () de.

R | <k

Lemma 3 Ifa € LSy (R") and b € LS (R™) then a-b € L"Sy ™2 (R™), where + = S+4,1 < p,q < o0.
Moreover, if n(§) € C§° and a. (z,&) = a(x,&)n(cf) and € € [0,1), then one has
—m+plal || ga
sup su 0fac (., prny < Cmippianm-
0<621€€]ng (€ H £ ac ( E)HL (R") £yP, 51

4. Global boundedness of h-Fourier integral operators

The main result of this work is to prove boundedness results for h-Fourier integral operators with smooth
strongly nondegenerate phase function.
According to the decomposition in (3.2), we will estimate each term in this sum. First consider the low

frequency portion of the h-Fourier integral operator given by

(19 (a,6) f) (x) = (2m) " / RO (2, €) Wy (€) T (€) de. (4.1)

n

Since ¥y € C§° is supported near the origin, we can see I} as an h-Fourier integral operator I, whose

amplitude a (z,&) is compactly supported in the frequency variable £. To begin, we need the following lemma.
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Lemma 4 Let 1 (§) be a C§° function and set

K(m,z):/’ 0 (€) et PEOHEE) g

where ¥ (z,€) € @1 (R™),h €0, ho]. Then for any o € (0,1), there exists a positive constant C such that
K (2,2)| <C(L+]e)" "

Proof The proof is similar to Lemma 4.1 of [17]. O

Theorem 1 Suppose that 0 < r < oo, 1 <p, q < oo satisfy the relation % = %—I— %. Assume that ¢ € ®? (R™)

satisfies the SND condition and let a € LPS]" with m < 0,0 < p <1, such that suppea (z,€) is compact. Then
the h-Fourier integral I, defined in (3.1) is bounded from L9 to L".

Proof Consider a closed cube @ of side-length L such that suppea (z,£) C Q. Denote by a(x,&) € C> (R™),
the extension of a (z, ')\Q periodically of period L with respect to £. Let n € Cg° with support in @ such that

n =1 on suppea(z,§), and so a(z,&) = a(x,§)n(£). By the expansion of @ (z,&) in a Fourier series, we have

B (@)= 3 a1y (1) ), (42)
where
w@ = gz [ a@oe RO
@ = f(a-2)
L)@ = o [n(©et e of ) i

Take [ =1,--- ,n such that k; # 0; then by integration by parts we obtain

_|kl / 851 (z,&)e

However, from the hypothesis on the amplitude a and Lemma 3, we have

de.

sy [ 10200 < Co

for N = [max (n,n/r)] + 1, then
-N
lakllLr < Cnnplaly m o (L4 R (4.3)

Let us suppose for a moment that I, is bounded on LY and first consider the case » > 1. Minkowski’s

and Holder’s inequalities yield

1Sl < 37 Nawllpo 1y ()l o -

kezn
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Since the translations are isometries on L7, we get that ||, (fx)|| s < Cn.ellfllLq. Therefore (4.3) yields for

some constant C' > 0

1 fllpe < Claly oy S+ ED N 1f e = 1] -

kezn
Assume now that 0 < r < 1. Using (4.2) and Holder’s inequality we have

[ins@ra< 3 [16,0)@F @l de< S lal 15 61

kezn kezn

which gives with (4.3) for some constant C' > 0

/ Inf @) de < Clall xS @+ KD 115 ~ 11 -

kezn

Thus the operator Ij, is bounded from L9 to L” assuming that the introduced operator I, is bounded
on L9. Then to finish the proof we shall prove this assumption. By Lemma 1 we can assume without loss of
generality that

Qb(xag) =¢($>f)+<t(93)7§>,

with a smooth map t: R™ — R". For f € C§5° (R™) one has

1, (f) (x) = ﬁ / 0 () eFEUN IO F(e) de = [ K (2,8 (x) — ) F (4) dy.
with

(2)
From Lemma 4 we have for any « € (0,1), there exists a constant C' such that
K (2,2)] <C(L+])""7, (4.4)

and therefore sup, [ |K (z,t(z) — y)|dy < co. This shows the boundedness of the operator I, on L*. Using
the change of variables z = ¢ (z), the SND condition yields that |det Dt (z)| > C > 0, and so the Schwartz
global inverse function theorem (see [19, Theorem 1.22]) implies that ¢ is a global diffeomorphism on R™ and

|det J (2)] < &, where J (z) denotes the Jacobian of the change of variables. Thus using also (4.4) we obtain

st;p/|K(x,t(a:)—y)|dw = sgp/’K(t‘l (2),2—y)|[det J (2)| dz

IN

1 —n—a
—sup/(1—|—|z—y|) “dz < o0.
C oy

Therefore, by Schur’s Lemma, I} is bounded on L? for all 1 < g < co. The proof of the theorem is complete.
[
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Theorem 2 Suppose that 0 < < oo, 1 <p, q < oo satisfy the relation + = X +

1
T q
satisfies the SND condition and let a € LPS)* (R") with 0 < p <1 and

m < —(n%” (i + min(lp,s/)> _ "(18— P)7

where s = min (2,p,q) and % + L = 1. Then the h-Fourier integral operator I, defined in (3.1) is bounded

from L% to L.

%. Assume that ¢ € ®2 (R")

Proof From Theorem 1 and the decomposition (3.2), we shall prove the estimate only for the high frequency

part of the operator Ij. Consider the case g < 0o, and let us prove that

100l oy < C 1S Iagary  VF € O (RT). (45)
We have
)@ = @n™ [ Ao eH (T Foa
= [ K 090 (0.6) ~0) F ), (1.6
where

KY (2) = (20" [ 4 (g eh g,

n

Let L be the differential operator given by

L—I—22ja—2—22jA
- 5 ©

Using the definition of AY (z,£) in (3.3) and the hypothesis on x” and ®, we can show that
HLNA;-’ (.,§)HLP < CN2ImH2NO=0)) vy e e suppe A .

Let t¥ (z) = (V¢o) (ac,f}’) and o € (0,00). As before, the SND condition on the phase function yields that
‘det Dty (z)| > ¢ > 0. Setting

9(y) = (22jy? +2% \y’\2)5 :
we can split
L+ = > / _ +/ K (z,y) £ (8 (@) —y) | dy
v g(y)<2-ie g(y)>2-7¢

> [ 1KY o) £ (8 @) ) (4.7
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Holder’s inequality in v and y simultaneously and thereafter, since 1 < s < 2, the Hausdorff-Young inequality

in the y variable of the second integral yield for some constant C' > 0

;/g(y)<2fﬂ|f(t; @) =)l dy] l;/“{; (z,9)] dy]
Z/g(y)@w |f (t; ) 7y)| dy] [zy:/ (|A;/ (Ivy)| df) ]

v

1

s/

I, <

L
7

< C

Set FY (x,y) = f (tj” (z) — y) , and raise both sides to the r-th power; by Hélder’s inequality we get that
|1l < (4.8)

4
S =

’

“ s

¢ /<Z/g(y)<2jp|ij (x’y)|sdy>gdx E Z(/M?(z:y)rdf)z dx

v v

Using Minkowski’s inequality, we obtain that the first term is bounded by

[XV: /q(y)gsz </ [ @yl dm) 5 dy] | .

Set 7 (z) = t; since |det Dt (z)| > ¢ > 0, we have

(f1 <x,y>|‘1dz); —([1r= ) jaet oty <ac>|1dt)é <l (19)

Thus, the first term on the right-hand side of (4.8) is bounded by a constant multiple of

1
cn—1 - n+l °
21725 27773 / b dy ||f||L‘1
ly|<2™7«

n

< 2E I IR ]|, -

1

[Z [ dy] 1710

IN

For the estimate of the second term we distinguish two cases. If p > s’, Minkowski’s inequality yields
that this term is bounded by

s ) s
P
1

zu:[/ (/’Aj”-(a:,y)lsdg)gdx]'
) ZU (1 (xvy>|’“dx);d£r

1

’ 7

s s
s
n—1

< C'20m2i s 91 5

< Ccm Z

v

sup pAY
¢
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where we have used the fact that the measure of the {-support of A7 is O (Qj WTH) .

If p < &', this second term is bounded by

(2 (fiweors)of

IA

2 [/(feare)o]

py L
Sp

IA

c2m (N

174

sup pAY
3

n—1

< (OrImoitsE ol

Therefore, (4.8) and the previous estimates give

101, < o2/ (e (ramt)) gy (4.10)

where is not depending on «a.

Let us now estimate the L™-norm of Iy. Define h (y) = 1+ 2%y2 4+ 27 |/|* and let M > 5&. By Holder’s

inequality, we have

Q=

q
s

12l < /(Z/( )>2_”|Fj” (x,y)|sh(y)s”’dy> dw (4.11)

v

X / (Z/‘Ka" (x,y)h(y)Mrldy>5dw ;

Using Minkowski’s inequality and (4.9), the first term of the right-hand side is bounded by a constant times

<O fll. 20 72 i & (2M ),

v Ja(y)>273°

1£lLe [Z / h(y)~"M dy

To estimate the second term, suppose M is an integer. By the same argument as in the estimate of Iy, we

obtain from Hausdorff-Young’s inequality and Minkowski’s inequality, the following bound of the second term:

1
P

/ _Z/‘KJ‘V (e, h )| dy] S%da:
= /_Z</\LMA5<x,y)|Sdé)i " E

v

n4l n—1

< (02i(m+2M(1-p))9j*a; Qjamin(sl,p).
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We can obtain the same result for nonintegal values of M, writing M = [M]+ {M}, where [M] is the integer
part of M, and using Holder’s inequality with conjugate exponents {1\/%}7 ﬁ and the result of the previous
case.

Hence, (4.11) and the previous estimates yield

. - p n in—1 l_;'_ _ 1 ;
L], < C2I(mF2MO=p))gi& (2M—5)9’ = (++5mt) Vi (4.12)

with a constant independent of «.

Therefore, the estimates (4.10) and (4.12) of I; and I, and the formula (4.7) give that for any a > 0

o, <o (0 o)) sy

+2j(m_pﬁ+”%1(.%Jrrr-irl(lp’b"))) ||f||Lq> ’

where C does not depend on «. Letting o tend to oo, we get

s 1], <0< (o (tramem))

Now if we let R = min (r,1), we obtain

R
o o0 R
YDA IEND D (1575
j=1 P j=1
- CinR[n;l<§+m>+m+21\4(1—p)] T
Jj=1
< CIfIIT -

provided m < —27% (l + é) +2M (p—1). Since m < —251 (% + min(lp S,)) +2(p—1), we can find

s min(p,s’) s

M > -, which satisfies the above condition. O

In this case of ¢ = 2 < p, Theorem 2 can be improved in the same manner as in [17, theorem 4.6].

Theorem 3 Let 2 < p < co and define 7 = 1%. Assume that p € ®2 (R™) satisfies the SND condition and
let a € LPS]? (R™) with 0 < p<1 and

n(p-1)

<
m 2

Then the h-Fourier integral operator I, defined as in (3.1) is bounded from L? to L.
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