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Abstract: In this paper we consider the following higher-order nonlinear difference equation

0T n—kTn—(kt1)
ﬁxn—(k-&-l) + YTn—1 ’

Ty = QTn_k + n € No,

where k and [ are fixed natural numbers, and the parameters o, 8, v, 0 and the initial values z_;, ¢ = 1,k + [, are
real numbers such that 52 4+ 4% # 0. We solve the above-mentioned equation in closed form and considerably extend
some results in the literature. We also determine the asymptotic behavior of solutions and the forbidden set of the initial

values using the obtained formulae for the case [ = 1.
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1. Introduction and preliminaries

An interesting class of nonlinear difference equations is the class of solvable difference equations, and one of the
interesting problems is to find equations that belong to this class and to solve them in closed form or in explicit
form. The formulae found for the solutions of these types of equations can be used easily for description of
many features of the solutions of these equations. For this reason, finding a formula for solution of a nonlinear
difference equation is worthwhile as well as interesting. A basic prototype for nonlinear difference equations
that can be solved is the equation

a+ bx,—1

n = 7. N7 1
x P — n € Ny (1)

with real initial value x_;, which will be used in this study. Eq. (1) is called Riccati difference equation. If

¢ 2 = 0, then Eq. (1) is trivial such that z,, = ¢ for n € Ng. If d = 0, then Eq. (1) reduces the linear
equation

a
Tp = —Tp-1+—, NE N07
C (&

which is a degenerate case. If b+ ¢ =0, then Eq. (1) can be written as
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a— CTp_1

neN
c+de,_1’ o

Ty =

whose every solution is periodic with period two such that zo,—1 = 2_1, Top = Z;;;c: for n € Ng. If
d#0+# (b+c) and ‘ Z Z ' # 0, then, by means of the change of variables
b+c c
Ly = d Yn — g7
Eq. (1) reduces to the difference equation
—R+ ypn—
yn:¢a nGNO, (2)
Yn—1
with one parameter, where R = é’l::)‘i , and it is called the Riccati number. Eq. (2) can be transformed into

the second-order linear equation

Znt1 = 2n — Rzp—1, n € Ny, (3)
by means of the change of variables ;
Yn = 'ﬂ+1’ nz -1
Zn

It is easily seen that Eq. (3) has the characteristic equation
NM—-A+R=0

with the roots )\, = EV1=4R V§_4R and \g = 1=V1=4E V§_4R. If we choose the initial values z_; =1 and zy = y_1, then

the solution of Eq. (3) is

Quy—1=RIA —(Qay—1=R)Ay ¢ R+£1
Zn 2y71+(2yi\1:1\)2n 1\ . ’ 4117 n € No, (4)
(f) (3) if =g,
where R = (b;;f)‘i .

In this case, the solution of Eq. (2) is given by

ay—1—RATT —(oy_1—R)AZT! if R# 1
Yn = (My—1—R)A?—(A2y—1—R)AY = Ny (5)
n 2y 1 +(2y_1—1)(n+1) fR=1 '
dy—1+(dy—1—-2)n T
Furthermore, the solution of Eq. (1) is given by
dez_j+e n+1 dez_j+e n+1
bt-c ()‘1 E *R) AL 7<)‘2 bTe *R) As _c if R 7& 1
dr_q+c de_q1+c
4 (MEREE R - (R TR RNy d 4
Ty = - . n € No. (6)
o_1te o_14e
pie 2T (2T ) ) ifR=1
d dz_1+c dz_1+c d - 1
421 +(4 =5 —2)n

For more details, see [12].
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In [7, 8], Elsayed investigated some properties of the solutions of the recursive sequences

bxnxn—l
= 4+ ——— n €Ny, 7
Tnt1 = G%n CTy + dTp—_1 " 0 (7)

and

bxn—lxn—S
X =aTy_1+ ——, n ¢ N 8
n+1 n—1 CTn1 T d$n,3, 0, ( )

and also gave the form of the solution of some special cases of these equations, respectively. McGrath and
Teixeira [14] considered the equation

ar,—1 + bx
Tn+1 = Hxﬂd ne NOa (9)

where a, b, ¢, and d are real numbers, and the initial values are real numbers. The authors reduced Eq. (6)
to Eq. (1) and investigated the existence and behavior of the solutions of Eq. (6) by using the known results of
Eq. (1). Stevi¢ et al. [25] considered the following difference equation:

Tpn—kTn—1
n — —, S N s 10
v ATp—m + 0Ty meso (10)

where k, I, m, and s are fixed natural numbers, a, b € R\ {0}, and the initial values z_;, i = 1,7,
7 :=max {k,l,m, s} are real numbers. The authors showed that Eq. (10) is solvable in closed form, when

(i) k=m, l=s,

(ii) k=s, l=m,

(iii) I=m=k+s,

and presented formulae for the solutions. They also studied the long-term behavior of the solutions of

the equation
Tn—kTn—k—s

, n € Ny, 11
ATp—k—s T bxn—s 0 ( )

Tp =

which corresponds to case (iii), by using the formulae for s = 1. For more works on the topic, see, for example,
[1-13, 15-24, 26-38] and the references therein.
Motivated by the studies of [7, 8, 14, 25], in this paper we deal with the following higher-order nonlinear
difference equation

0% n—kLn—(k-+1)

Ty = QALp_k + , n € Np, 12
BTr—(k+1) + VTn—i (12)

where k and [ are fixed natural numbers, and the parameters «, 3, v, ¢ and the initial values z_;, i = 1,k + [,
are real numbers such that 32++2 # 0. We solve Eq. (12) in closed form and determine the asymptotic behavior
of solutions and the forbidden set of the initial values by using the obtained formulae for the case [ = 1. Note
that Eq. (12) is different from Eq. (11) with the term ax,_j and is a natural extension of Eq. (11). Eq. (12)
is also another natural extension of Eq. (7) to Eq. (8). Thus, we considerably extend results in the literature.

If we apply the change of variables

Un
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to Eq. (2), then it becomes

Un

= N 14
1_'U/n—17 n € Ny, ( )

which will be needed in the sequel. By considering (5) and (13), we get

R ()\1—71,_121%;;;—()\2—71,_1))\24—1 ifR # 17
o= { BT (T e, 19
2R+ (2R—u_1)(nt1) =1,

where A\ = 7“'@_41{ and Ay = 71_@_41{.

2. Some special cases of Eq. (12)

In this section we consider some special cases of Eq. (12). Note that Eq. (12) is trivial, when o = § = 0. Eq.
(12) with 8 =a, y =0 and § =1 is Eq. (11), which was studied in [25], when « = 0. Moreover, Eq. (12) is

undefined, when 8 =~ = 0. Hence we consider defined ones of the remaining cases.

2.1. Case 6 =0
If 6 =0, then Eq. (12) reduces to the following k-order linear difference equation:

Tp = QLp_k, 1 € Np. (16)

By writing kn + ¢ instead of n in (16), we have the equations

Thnti = Olk(n—1)4i> T €Np, i=0,k—1, (17>

which is a decomposition of (16). The equations in (17) have the solutions

Th(n—1)+i = "z, n €Ny, i =0,k—1, (18)

whose composition also is the solution of (16).

2.2. Case y=0

If v =0, then Eq. (12) reduces to the following k-order linear difference equation

Ty = (oz + g) Tp_k, 1 € No, (19)

which is essentially Eq. (16). From (18), we directly have that

5 n
Th(n-1)4i = (a + ﬁ) Ti—k, n € No, (20)

where ¢+ =0,k — 1.
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2.3. Case a=v=0

If « =~ =0, then Eq. (12) reduces to the equation

)
Ty = —Tp_k, N EN, (21)

B

which is essentially Eq. (16). From (18), we directly have that

5 n
Tp(n—1)+i = <5> Ti—k, n € No, (22)

where i =0,k — 1.

2.4. Case a==0

If a =3 =0, then Eq. (12) reduces to the following (k + [)-order nonlinear difference equation

0Ly _ LTy
2y = =D ) e N (23)
YLn—1

If x_; #0,i=1,k+1, then Eq. (23) can be written in the form of

n 0
r = F— , n S NO (24)
Tn—k ’yzn,—(kJrl)
By the change of variables
Wn = T , N Z _l7 (25)
Ln—k
Eq. (24) becomes
0 1
Wy = — = Wp—-21 = Cj, N > l> ] = 17217 (26)
Y Wn—1

where each c; is a constant that is dependent on the initial values z_;, ¢ = 1,k +1[. From the change of

variables (25), we get the equation

Ty = WpTp_k, 1> —1. (27)
By applying the decomposition of indices n — kni + j1, j1 = =, =l +1,...,—l+k—1, n; € Ny to (27), it
becomes
Thny+jy = Whny+1 Th(ni—1)4j1> M1 € No, (28)
which has the solution
’ﬂlfl
Thim 1)+ = Ti—k || Whetjnsm € No. (29)
s=0

Consequently, (26) and (29) give the solution in closed form of Eq. (23).
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2.5. Case =0
If 8 =0, then Eq. (12) reduces to the following (k + [)-order nonlinear difference equation

0T kT — (k1)
)
VYTn—1

n € Ng. (30)

Ty = Qlp—f +

If x_; #0, i=1,k+1, then Eq. (30) can be written in the form of

) Tn—1
Ino X It e, (31)
Tn—k e (k1)
By applying the change of variables (25) to Eq. (31), we have
S+ awy,y
Wy = -, n>0. (32)
Wn—1

If we apply the decomposition of indices n — nl + j, j = 0,1 — 1, to (32) for [, then it becomes

s
S T awym_1)4j
Wintj = 7—()+j, n >0, (33)
Wi(n—1)+j

which are first-order [—equations. Let wjp+; = ozyﬁlj), n>—1, j=0,l—1. Then Eq. (33) can be written as
the following:
5 (4)
() — 707 Y-
N B
Ynl1

n >0, (34)

which is essentially in the form of Eq. (2). Hence, from (5), we can write the solution of (34) by taking

—R = -2, as follows:
Yo
Py = RN — oy — RN if R+ 1
) — (A yY—14;—R)AT—(Nay_14;—R)AY 4 > _ - —
Yn 2y—14;+Qy—14;—1)(n+1) fR=1 nz-1,75=0I-1, (35)
y—145+(@y—14;—2)n 4
14+4/1448 /va? 1—4/1445/va?
where A\ = % and Ay = % Moreover, we have
P a FYE )
a T—i%j n Tit5 " it R# 7,
(M —HL—R)AF— (A —HL —R) A7 )
Win+j = w4 w_y 4 n > —17 ] :O,l—l, (36)
2 a . +(2 o . _1)(n+1) 1 1
lf R = 1

1T (105 ),

Consequently, the solution in closed form of Eq. (30) follows from (29) and (36).

2.6. Case afyd #0
Here we deal with the case when «a8yd # 0. Since in this case Eq. (12) can be written in the form of

l‘nkanf(kjtl)
b2 — (k) + Tt

Ty = QTp_k + n € Ny,
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with bzg and ¢ =

S

, we may assume that § = 1. Hence we will consider the equation

Ty gLy
Ty = QALp_k + k (k+1) , n € Np, (37)
BTy (kt1) T VTn—1

from now on. Moreover, Eq. (37) can be written in the form of

(aB +1) + ayz et
xxnk _ s xn_ln—(kﬂ) , n € N. (38)

T —(k41)

Remark 1 For afy #0 in Eq. (12), it is easy to see that there is the degenerate case aﬁﬁ—i— 0 o;’y ‘ =0 if
and only if 6 = 0. Hence, we avoid the degenerate case via the assumption 6 # 0.
2.6.1. The case ay+ =0
If ay 4+ 8 =0, then we get the equation
2
(1 _ LL) — B En=l
In D7 TenGh e N (39)
Tn—k 6+’y$n—(k+z)
from (38). By using the change of variables (25), we get the equation
(]— - %) - ﬁwnfl
Wy, = , n € Ng,
6 + YWn—i
which can be written as
~
n=—"1  neN,. 40
B o B + YWn—i " 0 ( )
Next, by applying the substitution 8+ yw, = t, to Eq. (40), we obtain
bp= =ty gy = > 1, j=T1,20 11
n_:_n—ﬂ_cjan_7]_7 ) ( )

where each c; is a constant that is dependent on the initial values z_;, i = 1,k 4. Consequently, by using

B + yw, = t, and considering (28), we get

tkny+j — B
Lkni+j1 = %zk(ru—l)ﬁ-jm ny € NO7 (42)
which has the solution
ni—1
tks i1 ﬁ
Th(ny—1)+j1 = Lji—k H e (43)
s=0 v
where n; € Ng, j1 = —I,—l+1,...,—l+ k — 1. Consequently, (43) gives the solution in closed form of Eq.

(39).
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2.6.2. The case ay+ [ #0
If oy + B # 0, then, by using the change of variables

Tn _ OW—’—ﬁu)n—é7 n > —I, (44)

Tn—k v Y

Eq. (38) is transformed into the following equation:

~R+ wy,_
Wy = ﬁ, n € Ny, (45)
Wn,—1

where —R =

= W If we apply the decomposition of indices n — nl+7j, j = 0,1 — 1 to (45), then it becomes

-R + Wi(n—1)+;5 —
Wiy = ——— Ty e Ny, j=0,0 - L. (46)
Wi(n—1)+j

which are first-order /-equations. Let wip4; = w,(lj ) ,7=0,0—1. Then Eq. (46) can be written as the following;:

, T+ w,(fl
w) = %’ n >0, (47)
wﬁj—l

which is essentially in the form of Eq. (2). Hence, from (5), we can write the solution of (46) by taking
_R=

W as follows:

(Alw’l+j_§)>\11L+l_(>\2w—l+j—§)>\;+l L~ 1
() A R A A 54 NG fR # 7 .
wan"j = wn] = ( 1’U171+]'—R) 1_( Qw*H’j_R) 2 ~ 1 n Z _17 ] = O7l - 17 (48)
FR=1

2w_i4;+2w_i4;—1)(n+1)
dw_yj+(dw_i4;—2)n

where )\, = HV1=4R ”2174]3’ and \y = 1=V 1=4R V2174ﬁ. On the other hand, from (44), we get

1’7,171
ay+p g
Th(ny—1)+51 = Tj1—k H ( Whs+j, — > ) (49)
s=0 v v
where ny € No, j1 = —-I,-l+1,...,—l+ k — 1. Consequently, the solution in closed form of Eq. (37) follows

from (48) and (49).

3. A study of case afy # 0 when [ =1

In this section, we determine the forbidden set of the initial values and the asymptotic behavior of the solutions
of Eq. (37) when ! =1 and afv # 0. In this case, Eq. (37) becomes

Tpn—kTn—k—1
anfkfl + YTn—-1

Ty = Qp_p + , n € Ny, (50)

where the initial values z_;, i = 1,k + 1, are real numbers. The solution of Eq. (50) is given by

(a*y-}-ﬂ (A 1+/3 (’Yzill +ﬁ) - E) Aperatt (Azﬁ (fyzf;il +ﬁ) _ E) Abstiit ,6)

1oy
T (e (S ) — RN - (el (s +8) - R) T T

(51)

n—1
Tk(n—1)+j1 — Lji1—k H
s=0
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where for each j € {-1,0,.. — 2}, every n € Ny and R= +B)2 , if R # %, and

s — kH m+ﬁav+5( S 8) + (ﬁ( 24 f) - )(ks+j1+1)_§ o)

o\ 7 s (s 4 8) + (ks (555 +8) —2) (ks 4+ )

where for each j € {—1,0,...,k — 2}, every n € Ny and R=

W, if R= i. In this section, we will also
consider the equation

~R+ w,
Wn, = $a n e NOv (53)

Wn—1

which is obtained from Eq. (46) by taking [ = 1.

Theorem 2 The forbidden set of Eq. (53) is the set

}UL_J { U { xf:ik =ml+ﬁ§n—§}}, (54)

-
F:{X:szo,j:

n€Np
N
where X = (x_p—1,%_k, -+ ,2_1) and
~ \ntl_yn+l
~ RW if R?’é ey
Spn = (nJrl) Zf Ri 1
2(n+2) 1

Proof To prove, we will use Eq. (53) along with Eq. (50). If 2_; = 0 for some j, j = 1,k+1, then z,

cannot be calculated after a term x,,, no € Ng. For example, if x_; = 0, then 9 = 0, and so x; cannot be

calculated. For the other j = 1,k — 1, the case is the same. If x_; #0, j = 1,k + 1, then we assume that,

by using Eq. (53), w_1 # 0 but w,, = 0 for ng € Ny. That is, the points wg,ws, -+ ,wp, = 0, ny € No,

can be calculated, and so wy,4+1 cannot be calculated. Note that this case is equivalent to the case when

BEng+1—k + YTng+1 = 0, ng € Ny, which can be verified from (44). Now we consider the following equation:
-R +w

Up = [ (Un_1), f(w)= 0 u_1 =0, n € Ng, (55)

where f is the function associated with Eq. (53) and f~! is the inverse of f. Now note that difference equation

associated with the inverse function f~1 is Eq. (14) with R = R. Thus, by applying (15) to (55), when R = R,
we get
= AnHL_jn+l

e py 1
R ffnofl (0) _ RW if R;é 1s

~ n € Ny
(n+1) e p_ 1 ’
2(n+2) if R= 1,
which implies
1 martiontl 3 S
r_1 _ ) ovip /\%4—27)\54—2 — 5 if R?é 10 neN
P ) oy o1 "N
B 2(nT2) A =1
Hence the forbidden set of Eq. (50) is the same as (54). O
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Theorem 3 The following statements are true:
(i) If 1—a)(B+7) =1, then Eq. (50) has a k— periodic solution,
(i) If (14+a)(y—B) =1, then Eq. (50) has a 2k— periodic solution.

Proof (i)—(ii) Note that Eq. (50) can be written as

Ty = Tpig ( In—1 ) , n €Ny (56)
Tn—k—1
such that
1
g(u)=a+ e (57)

It is easy to see that Eq. (56) has a k—periodic solution if and only if g (1) = 1. Thus, from (57), we have

1
g)=a+—-— =1
(1) = 51
which implies the equality (1 — «) (8 +~) = 1. Similarly, Eq. (56) has a 2k— periodic solution if and only if

g(—1) = —1. Hence, from (57), we have
g(—-1)=a+ =1,
(-1) —
which implies the equality (1+«) (v —f8) = 1. 0O

Theorem 4 Suppose that afy # 0, R=-— <Yoand x_; #0, i = 1,k+1. Then the following

b
(av+8)?
statements hold.

(a) If [N = 5| < 1 and

+5( Yoo 1—|—ﬂ)—]5b7$0,f0ri:172,thenwn—>0,as n— oo.

(b)1f|%+5/\1—g|<1, s (wkl )— 2ﬂ(wk1+6) R=0, then xn, — 0,
as n — oco.
ay+p B >
(c)]f|77/\2—;|<1, MJrﬁ Vo )—R—Oandw+ﬁ(Zkl—l—ﬁ)—R#O,th@nxn—)O,
as n — oco.

(d)]f|%+5)\1—%|>1 a;\jrﬁ( . 1+6)—]3L7é0,f0ri=1,2,then |z,| = 00, as n — 0.

() I 1520 =21 > 1, 2 (325 + ) - i3 (7525 + ) R =0, then [on| = o0,
as n — 0o.

(f) If |%+B>\27§| >1, a,ij_ﬁ (’yxf;il +[3) ~R=0 and a’y+6 ('yxf;il Jrﬂ) — R #0, then |z,| — oo,
as n — 0o.

(9) If 0‘7""6)\ =1 and a’y-i—ﬂ( pr— —|—[3> - R # 0, for i = 1,2, then x, converges to (not

necessarily prime) k—perwdzc solution of Eq. (50), as n — 00.

(h) [f CM"/+6)\ ﬂ =1

,(’74_[3( Voo 1+ﬂ> R#O and a’H-B( pr— 1+B) R =0, then x,, converges

to (not necessarily przme) k-periodic solution of Fq. (50), as n — co.

1774



TOLLU et al./Turk J Math

(Z)IfMHB/\ 5—1,a7+5($k1+,8> —Oandm_w(,lkl—i—ﬁ) R +#0, then x, converges
to (not necessarily prime) k-periodic solution of Eq. (50), as n — 0.

; ay+B _ B _
G) 1f 5 AL 5 =

2 3 ( Yo +5) - R # 0, for i = 1,2, then x, converges to (not
necessarily prime) 2k -periodic solution of Eq. (50), as n — oo.

(k) If %H?/\l_%:_l’ a;\j_/g( +5) R#O and

cw+,8(:vk1+ﬁ) —Oforz—12

then x, converges to (not necessarily prime) 2k -periodic solution of Eq. (50), as n — oo.

() If 2By, — 8 = 1, N ( +5)— )‘25(zk1+5>—}~3#0,thenxn

v 7 oay+B
converges to (not necessarily prime) 2k -periodic solution of Eq.(50), as n — c0.

T—k—1

fkl

Proof Since R = — we have A\ =

LEVIZAR ) = VIR R0 > [Ag]. Let

_y 1
(av+8)? <@

o) = B ot h (Alﬁiﬁ ( Vo +/3) )A'“”l“ (Azajw (vxf;il +6) - fz) Abs it

; + ")/ )\ 1 + ﬂ )\k8+j1 7 )\ 1 Tr_1 + ﬂ _ E )\k5+j1 (58)
Loy+B R 2av+8 Vo 2
for s€No and j = —1,0,...,k—2. When 2 ( et +B) “R#0,fori=1,2, we get
lim ) = B LartB, (59)

for each j; € {-1,0,...,k—2}. From (51) and (59), the results follow from the assumptions in (a) and (d). If

A
O"Yiﬂ(wkl+ﬁ)_

AQB (’Y = 4 ﬂ) — R =0, then we can write

Toj—1

agjﬂ:_ﬁ#”*ﬁ
B!

A1, (60)

for each j; € {-1,0,...,k —2}. From (51) and (60), the results in (b) and (e) can be seen easily. When

a;\ig( - 1+5) R=0 and MH,( . 1+ﬂ)—}~3#07directlyweget
=L atB, (61)
Y Y

for each j; € {—1,0,...,k —2}. From (51) and (61), the results in (c) and (f) can be seen easily. For each
Jj1 € {-1,0,...,k — 2} and sufficiently large s, we can write

- A
S = s e =S W) (l 2|) ' (62)
g g A1
From (51), (62), and Theorem 3, the results in (g) and (j) can be seen easily. We easily obtain the statements
in (h), (k) and (i), (1) from (51), (60) and (51), (61), respectively. O
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Theorem 5 Suppose that afy # 0, R = 7(&71@2 = % and x_; # 0, i = 1,k+ 1. Then the following

statements hold:

(a) If |%§’8| <1, then &, — 0, as n — 00.
(b) If |%;5| > 1, then |z,| = o0, as n — co.

(c) If |%;B| =1 and z:ﬁg >0, then |z,| = 00, as n — oo.

Proof When R = 1

W:%7WehaVe )\1:>\2:%. Let

oo B v+ B (15 ) + (s (5 +8) <1) s+ in+ 1)

s ; (63)
7 7 u"ﬁi—ﬁ (fYJL;; +/B) + ((WL:-B (7w7;i1 +’6> B 2) (ks +j1)
for se€ Ny and j; = —1,0,...,k—2. If zfﬁ + %;B, then we get
lim 00 = 2 =8 (64)
s—00 27y
for each j; € {—1,0,...,k —2}. Otherwise, when x“:ik = O‘g;'g , directly we have
i) = =8 65
o — 21 (65)

for each j; € {—1,0,...,k—2} and s € Ny. From (52), (64), and (65), the results follow from the assumptions
in (a) and (b).
Now we consider the last case (c¢). For each j; € {—1,0,...,k — 2} and sufficiently large s, we obtain

b = ay—p  ay—p +O(1>

2y 2~ Z:ﬁg ks 52

1 1
- j:<1++(9<)> (66)
ay—p 2
ar+a s 3
M%-i—(’) < )
= :I:exp( W'H—g ks (b ) .

From (52) and (66) and by using the fact that ¥$_; (1/i) — co as s — oo, then we easily have |z,| — oo, as
n— 00. O
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