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Abstract: The aim of this paper is to give various properties of homogeneous operators associated with Chan—Chyan—
Srivastava polynomials and, by using these results, to obtain harmonic functions by applying Laplace and ultrahyperbolic

operators to the Chan—Chyan—Srivastava polynomials.
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1. Introduction

The functions satisfying Laplace’s equation
AU = Ugy + Uyy + Uz, =0

are called harmonic functions where A is the Laplace operator. Spherical harmonics are the angular portion of a
set of solutions of Laplace’s equation. The spherical harmonics are orthogonal functions on the sphere and they
are also a frequency-space basis for indicating functions defined on the surface of a sphere (see [7],[8],[10],[11]).

Spherical harmonics play important roles in several theoretical and practical applications such as the
group of rotations in three dimensions, representation of gravitational fields, geoids and the magnetic fields of
planetary bodies, and the representation of electromagnetic fields. There are many applications of spherical
harmonics to 3D computer graphics in areas such as global illumination, precomputed radiance transfer, and
modeling of 3D shapes ([2],[11]). They are also used to solve partial differential equations, which are encountered
in mathematics and physical science. In particular, they arise in the solutions of Scrédinger’s equation in
spherical coordinates [9, p. 193].

In this paper, we derive harmonic functions by using the Chan—Chyan—Srivastava polynomials and
Lagrange polynomials. First, we recall that the Chan—Chyan—Srivastava polynomials of p + ¢ variables, which

are the multivariable extension of the classical Lagrange polynomials [4, p.267], are generated by [3] (see also

(1] [5] [6]):

(0o {0 -0} = ol eyt (1.1)
i=1 j=1 n=0
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< ai7ﬁj S C (Z = 1727"'7p; .7: 1,27"'7q) 5 >

. -1 —1 —1 -1
e < min {Jor] ™ol el

where x = (21,22,...,%p), ¥ = (¥1,¥2,..,Yq), @ = (u,...,ap), and S = (B1,...,4). From this generating

function, its explicit representation is as below:

(Oél)kl (ap)kp (ﬁl)ll (5q)lq ey

akeybt yla 1.2
IR Tt Yy (1.2)

g (x,3) =

ki+...Fkp+li+.. Flg=n
(Ki,l;€Ng:={0}UN)

where Chan—Chyan—Srivastava polynomials are of degree k (k=Fk +...+kp) and I (I=11 +...+1,) with
respect to the variables x = (x1,%2,...,2p) and y = (Y1,¥2,..-,Yq), respectively. It is clear that it is a
homogeneous function of total degree k + 1 = n.

Let us consider the ultrahyperbolic operator and Laplace operator, respectively:

p 82 q 82 p 82
L= —s — — d A= —. 1.3
; Ox? Z=:1 oy} an ; Ox? (13)

We organize the paper as follows. In Section 2, we investigate some properties of homogeneous operators
associated with Chan—Chyan—Srivastava polynomials of p+¢ variables and then by applying the ultrahyperbolic
operator to the Chan—Chyan—Srivastava polynomials by means of these properties we obtain the ultraspherical
harmonic function. In the next section, by using the results obtained in the previous section, we give the
ultraspherical harmonic function in terms of the Laplace operator and Chan—Chyan—Srivastava polynomials of
p (p > 3) variables. Finally, for p = 2, a harmonic function is obtained via Lagrange polynomials and the

Laplace operator.

2. Some properties of homogeneous operators

Lemma 2.1 Let f, (x,y) be a homogeneous polynomial of total degree n (n = k+1) and let k and | denote the

degree of the polynomial with respect to the variables x = (x1,22,....,xp) and y = (Y1,Y2,...,Yq) , respectively.
Then

o 0 9 0
fn () 9\ (x,y) = gi") (ax’ay> fa (x,y) (2.1)
holds where a% = (8%1, - %) and & = (8%1’ - 8%()) ]

Proof A homogeneous function f, (x,y) has representation in the form of

_ k1 ky, U1 1
fn(x,y) = E Ay kgl lg L1 TP YL Yy,

ki4...+kp+li+.. +lg=n
(k?i,lj ENQ::{O}UN)

which is of degree k (k=Fki +...+kp) and [ (I =11 + ... + ;) with respect to the variables x = (21,22, ..., zp)

and y = (y1,%2,...,Yq) , respectively, and also is a homogeneous function of total degree n (n =k +1). The
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left side of equation (2.1) can be written as

B o\ oo o
= 2 (aB) = A — v | =— — | =
fn <8x’8y) 9n (X’Y) Z Rk liely <8$1) (a‘rp> (ayl) (ayq>

ki4...4kp+lhi+.. Hlg=n
(Ofl)ml (ap)mp (51)T1 (ﬁq)r

x >
mll...mp!m!...rq!
mi+...+mp+ri+...+re=n

= Z Akl,...,kp,ll,...,lq (al)kl (O‘p)kp (61)11 (ﬁq)zq .
ki4...+kp+li+.. +lg=n

q,.mi My, T1 Tq
Ty Ty PYp Yy

Similarly, the right side of (2.1) is equal to

@i (2 0Y 5 ey = s O, BBy 0\ (D
In ox’ 0 n %Y myl..mplryl..rg! oz T\ oz
Yy Moo gt 71+ Tg =T 1:---Mp:T1:...Tge 1 D
0 )Tl < 0 )Tq [ T
X ( e | =— Z Akl,...,kp,ll,...,qull-~-xppy11-~-yqq
9 9yq Bt thp+l+..Hlg=n
= > Ay ekl endy (@), e () (B1)y, - (Bg)y,

ki4...+kp+li+.. +lg=n

which proves the lemma. O

a,f) (

Lemma 2.2 Chan-Chyan—Srivastava polynomials gg u,v) satisfy the following relation:

0 0 0 0 0 9 \°
_ _ - (a,8) — (1)} glg(@B)
(m 9, + x5 9 +..+x) Du, U1 90, Y2 Doy Yq 8vq) gs (u,v) = (1) slg, (x,y),

where w = (ug,Ug,...,up), Vv = (V1,V2,...,04), and | (=11 + ... +1,;) denotes the degree of Chan—Chyan—

Srivastava polynomials gga’ﬁ) (x,y) with respect to the variable y = (y1,9y2,...,Yq) and s (s =k +1) denotes

a,p) (

the total degree of gg X,y) with respect to the variables x = (x1,22,...,2p) and ¥y = (Y1,Y2, .-, Yq) -

Proof From the binomial theorem, we can write

N R B
Lou, 20uy | P ou, ylavl y26v2 yq@vq

sl 2 \M o \"* 2 \" 9\
- 2 IR (wlaul> "'(xf’aup) (_ylavl> "'(‘yqav)

ki+..+kpt+li+.. . +lg=s

S G G WY U L RUR R RS
- Tl i \ M our )\ Pou, ) \Pour ) T\ Piae, )

k‘1+...+kp+ll+...+lq:S

where | =l +...+1,;. Applying this operator to the Chan—Chyan—Srivastava polynomials gga’ﬁ ) (u,v) and then

using equality (1.2) again, we obtain the result. O
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Theorem 2.3 Let g,(la’ﬁ) (x,¥) be Chan—Chyan—Srivastava polynomials. Let w = ¢ (x,y) and F = F (w) be

functions that have continuous derivatives of nth order in the domain D C RPY4. Then we have

d"F A" F dF

g 0
(@p) (2 O _ it o b ot
In (ax’ay) F(w) =x0(xy) 2o +x1(x,y) o omg + ot X1 (,5) (2.2)

Proof In view of equality (1.2), one gets

o 0 (1), - (ap)y, (Br)y, - (Ba)y, (& \™ a\"r
@8 (9 9\ pry — . » UL (9 9
In <ax’ay>F( ) by Ter o dep gl 0] <8x1> "'(axp>

k1+...+kp+l1+...+lq:n

() -3 e

It is obvious that

8k1 k1 dk1—1

d
1

dw

where By, B, ..., By, —1 are functions of the variables x1,2,...,2p, Y1,¥y2,...,Yq. If we take the derivative of

equality (2.3) ko times with respect to the variable x4, we find

6k1+k2 dk1+k2 dk1+k2—1

F (w) + C4 F (w) + ...+ Ck1+k2_1iF (w) R (24)

dwkitkz—1 dw

pation T ) T O

where Cy,Ch,...,Ck,4k,—1 are functions that depend on the variables z1,z2,...,2p, Y1,¥2,...,Yq. Similarly,

differentiating consecutively equation (2.4) with respect to the variables x3, ..., Zp, y1,%2, ..., Yq, We obtain

o dar dn—1 d
- P ~F(w) = Do——F(w)+ Dio——F(w)+ ...+ Dp15—-F(w)
Ozt ...0xp? Oyit...0y4" dw dw dw
n—1 :
dn—7
7=0

where n = ki + ...+ kp + 11 +...+1;, and D; (j =0,1,...,n — 1) are functions of z1,z2,...,%p, Y1,Y2, .-, Yq-

Taking into consideration the last equality in the first relation we conclude that

n-l (% o nm—j
gr(la,,B) <8 3) F(w) _ Z Z Dj( l)kl ( p)kp (ﬁl)ll <5q)1q d F(w),

ox’ 0 kil k00! dwn—J
Y 5=0 \ kit thptlit...+lg=n e Bptideetg

and by denoting the function in the bracket by yx;, this implies the desired equality. O

Now let us give some theorems to obtain the coefficients x; in Theorem 2.3.
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Theorem 2.4 Assume that w = ¢ (x,y) is a function which has nth order continuous derivatives in the domain

D C RPY9. If we choose F (w) = w™ = (¢ (x,y))" in Theorem 2.3, equality (2.2) reduces to

gleh) <88X7;y> (6 y)" = n!{XO(x,y)-i‘Xl(X,y) B0y + ot (53) (D063)"

+...+ ! 'Xn—l (X7 Y) (¢ (X7 Y)>n_1} .

(n—1)!

Theorem 2.5 In view of Theorem 2.4, it follows that

o J o 0
(av,8) noo_ 1 (a,8) n
i (e ) @) =t () (6t uy )
0 0 0 0 0 0
where u = ('U/l,UIQ, ...,Up), vV = ('U17'U2, ...,’Uq), 87]_1 = (am’ ceey au> B and aiv (avl, ceey 87_)) .
P q

Proof Setting ; +uw;, y; +v; (i =1,2,...,p; j=1,2,...,q) instead of z;, y;(: =1,2,...,p; j=1,2,...,q),

respectively, in Theorem 2.4, and then using

_94 _ 9 4 92 _9
0 (x; + u;) T Oy a(yj +Uj) N 0v;
(Z = 1,2,.,p;j=12, aQ)
we have
gl (2.9 n |
gy ) @EFuy+v)T = alioE+uy+v)txaxtuy+v) ¢(x+tuy+v) ot
1 m
+WXm(X+u7y+V) (¢(X+u7y+v)) +o+
e Y V) (@ uy )
(n_ 1)!Xn—1 Y Y .
If we take the limit as (u,v) — (0,0) in the last equation and use Theorem 2.4, we complete the proof. O

Now let us obtain the explicit forms of the coefficients x; (7 =0,1,...,n—1).

Theorem 2.6 The coefficients x; (7 =0,1,...,n—1) in Theorem 2.4 are given by

i (%,y) = lim g (a,a> (6 (x+uy+v) - 6(x,y)".

(n — ) (u,v)—=(0,0) ou’ v

Proof If we apply the binomial theorem to the right side of the equality (¢ (x +u,y +v))" = (¢ (x,y)
+o(x+u,y+v)—o(x,y))", we can write

(BGctuy+v)" =3 o (O y) (@l uy +v) = o xy)" "

_||
t:On tt
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Substituting this in Theorem 2.5, it follows that

Il
18
SQA
2
=
7N

ou
+ lim g{™? A (6 (x,y) (p(x+wy+v)—o(x,y)" "
(u,v)—(0,0)"" ou’dv ) (n—1)! ’ ’ ’
o 0
(,8) [ 2 2 n
+...+(uv%1_>m(00)g (6u’8v> (¢ (x,y)" .

When we compare this equality and Theorem 2.4, we obtain

1 o 0 ;
— 1' (O‘#ﬁ) o — J | = 1 2 e
X'fl J (X Y) ] (u,v)lin(0,0)gn 811 ) aV ((ZS (X + ua Yy + V) ¢ (X7 Y)) I .] » < y 1,
from which, by replacing j by n — j, the proof is completed. O

Corollary 2.7 Choosing ¢ (x,y) = |x|> — |y|* = r2 in Theorem 2.6 where r is the Lorentz distance, we can

obtain the coefficients x; (x,y) in terms of the ultrahyperbolic operator L as

( 1) gn— 27

T Lt y) or = 0.1 [In/20), (2.5)

X; (%,y) =
and x; (x,y) =0 for j =[|n/2]]+1,...,(n — 1) where n =0,1,2,.... Here | (I=11+...+1;) denotes the

(04,6) (

degree of Chan—Chyan—Srivastava polynomials g, y) with respect to the variable y = (y1,y2, ..., yq) and

L is ultrahyperbolic operator given by (1.3).

Proof In the case of ¢ (x,y) = x| — |y|” = (23 +..+22) — (I + ... +¥2), Theorem 2.6 reduces to

1 0 0
4 N (a,B)
Xj (%,¥) (n—j) (u, V%m}o 0" <8u BV)

q n—j

P
X [Z (Qxiui + uf) — Z (kavk + v,%)
i=1

k=1

From the binomial theorem, we may write

1 o 0
) - - (o,8) il
X5 (%,¥) (n— ) (u, v%l—>(0 o)g <8u 8v>

33 (") (1l = ) "2 () ()7

n=0
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P
where (x,u) denotes the inner product defined by (x,u) = 3 zu;, and |[ul> = u2 + ... + u? and v? =
i=1

v+ .+ vg. Since the other terms are zero except for 7 = j in the right side of the equation above, we have

on-2 o 0 j
: - iy () (L 9 2 _ |v? 2.
Goy) = i e () (jaf - ) (2:6)

(bew) = (y,v))" ¥,

j .
for 5 =0,1,...,[|n/2]]. On the other side, since the function h (u,v) = <|u|2 - |v|2> (x,u) — (y,v))" ¥ isa

homogeneous function of degree n, from Lemma 2.1,

o0 (22 () o @ = () (v 2)) T pee

P q

— 22 2 o _ (.o Iéj a _ (.o o

holds where L = 2 0wz 1} s = <8u1""’ 3%), and 7, = (8v1,..., 8vq> . Also, because of the fact
i= =

that the Chan—Chyan—Srivastava polynomials gy(,a’m (u,v) are homogeneous, it follows that

ngfla’ﬁ) (u,v) = Sp—2; (u,v),

where S;,_2; (u,v) is homogeneous polynomial of degree n — 2j. From this equality, in view of Lemma 2.2, we

(<x,§1>—<y,§>)”_2jsn_2j<u,v> = (1) (- 2180 sy ()

= (-1 (n =217 (x,).

n

conclude that

By taking into account this equality in (2.6), we get

lon—2
—1)on—2i
Xj (x,y) = (>j,ng§f“’B ) (x,y),
P q
for j =0,1,...,[In/2|] where L = Z:l % - kz %. Also, x;j (x,y) =0 for j =[|n/2]]+1,...,(n —1). O
i=1 7% = Ok

Theorem 2.8 If we get w = ¢ (x,y) = |[x|° — |y|> = r? in Theorem 2.3 and then use the coefficients given by
(2.5), we find

o 0 d"F 272 dr1F
(v, 8) F — (1) onglB) Laleh)
I <ax’ay> (w) (=1) { 97 () o+ g Lan™ (0 y) o
on—2j drIF
J q(,B)
4+ 7l LI gi*P) (x,y) T },

where j = [|n/2]], (n=0,1,...) and I (I =1+ ...+ ;) denotes the degree of g%a”g) (x,y) with respect to the
variable y = (y1, Y2, ..., Yq) -
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Theorem 2.9 For the Chan—Chyan—Srivastava polynomials, we have

0B 9 9 Tz_p_q_(_1)k(p+q—2)(p+q)(p+q+2)-~-(p+q+2n—4)
In ox’ dy B rpta+2n—2

{1 r?L N rtL?
2(p+q+2n—4) 24.(p+q+2n—4)(p+q+2n—06)
r2 LI

ERRY) (a,8)
T e g 2 At 2 9) (p + g+ 2 gm} &3

where j = [[n/2|], (n = 0,1,...) and k (k=ki + ..+ k) denotes the degree of Chan-Chyan—Srivastava

polynomials gr(l oB) (x,y) with respect to the variable x = (x1,%2,...,Zp) .

Proof If we write F (w) = F (%) = (r) in Theorem 2.8, it follows that

9 (e ) 00) = <—1>l{2"g$f‘ﬁ>< ¥ Gt + el e 0

2n72j ) dn7j1/) (T)
ot —— L g@P) (x,y) ——— 5.
L (%,¥) 22y

By choosing 9 (r) = r>7P=7 in this equation and then calculating the derivatives, we complete the proof. O

Corollary 2.10 Let p = ¢ and F(w) = w = [x|° = |y|°

Then, it holds that

= (m% + ..+ xfg) — (y% + .. —|—y§) in Theorem 2.8.

2(-1)' g1 (x,y) forn =1,
o (8x 8y> w=9 (=)' Lgs™” (x,y) forn =2, 27)
0, forn=3,4,
Theorem 2.11 The function on the right side of equation (2.7)
2(-1)' g (x,y) forn=1,
(xy) =94 (-1)'Lg{™? (x,y) forn =2,
0, forn=3,4,..,

satisfies the Laplace equation
AU = Ug gy + oo F Ugpz, + Uyryy + e+ Uyy,s

that is, it is an ultraspherical harmonic function.

Proof Applying the Laplace operator to both sides of equality (2.7), the proof is completed with the fact that
the function F (w) =w = (x% + ...+ 3512:) - (y% + ..+ yg) is an ultraspherical harmonic function. O
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3. Ultraspherical harmonic functions associated with Chan—Chyan—Srivastava polynomials

Now we consider the Chan—Chyan—Srivastava polynomials of p variables generated by [3]

p
H 1 — x;t) Zg(al """ %) (x)t" (3.1)
i=1

a; €C (i=1,2,..,p) ; |t| < min{\xl\_l ey |xp|_1}; x = (21,22, ..., Tp) ,

from which its explicit form is as follows:

gT(Locl,...,ap) (X) _ Z Mxkl.nxkp.

k1+u.+kp:n
ki €Ng:={0}UN

If we get the Chan—Chyan—Srivastava polynomials g(al’ 0p) (x) of p variables and the Laplace operator instead

(5)(

of the polynomials gy, x,y) of p+ ¢ variables and ultrahyperbolic operator L, respectively, in the results

obtained in the previous section, we can give the following results.

Corollary 3.1 From Theorem 2.8, we have the next result for the Chan—Chyan—Srivastava polynomials of p

variables:
s (ZVFw) = igferen 9 T+ B EE gl )
++2nj'2]j;n”; J 7(1a1 ----- ap) (x),
where j = [|n/2]], (n =0,1,..) and w = ¢ (x) = |x|* = 2% + ... + a2 = r?, r is Buclidean distance, and

2 = (%7 B ) If we denote F (w) = F (r?) by 1 (r), we can write

(0117 Otp) a) _ ndnw(r) 2n—2 dn—lw(,r)
In (8x P(r) = <2 d(TQ)n-i- T A

n—25 Jn—j )
G22I ‘Z’(f.)w (@1sap) (x) |
Jbod@E)n?

Theorem 3.2 For the Chan—Chyan—Srivastava polynomials 97(1941 """ o) (x) of p variables, it holds that

0 - W (0—=2) (D) (P+2)...(p+2n—4)
(011, ,O(p) . 2—p _ _
In (8x)r = (1) rpT2n—2
r2A rAA2
xXql— 4
2(p+2n—4) 24.(p+2n—6)(p+2n—4)

o BERY) A (ee1,...,ap) x
-t (1) j!zj<p+2n—4>...<p+2<n—j>><p+2<n—j—1>>}g” &),

where j = [|n/2]], (n=0,1,..), and r* = 2} 4+ ... + 2.
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Proof In Corollary 3.1, setting v (r) = r>~P, we have

2—p
dip (r) _ dr*—? _ d (w ’ ) = (—1) p—= Qr—p
d(r2) — d(?)  dw 2 ’
2-p
Poe) e CEF) -0 .,
2 = 3 = = (—1) T p s
d(r?) d(r?) dw? 22
2-p
dnw (7“) dnr2fp 7 d (w 2 )
dr)" d(@2)"  dwn
_ (_1)’ﬂ (p — 2) (p) (p +2n — 4) T—p—2n+2.
2TL
Taking into account these derivatives in Corollary 3.1, we obtain the result. O
Theorem 3.3 The function
1 rZA rtA?
u(x) = —o—l- +
rp2n=2 2(p+2n—4) 24.(p+2n—6)(p+2n—4)
, 729 AJ
— ..+ (-1 J — . . }gT(Loq7 ap)
(=1) 2 (p+2n—4)..(p+2(n—3) (p+2(n—37—1)) (x)

where j =[n/2|], (n=0,1,...), satisfies the Laplace equation
AU = Uz gy + o + Uz pa,;
that is, it is an ultraspherical harmonic function.

Proof Since the function 277 | p > 3, is a harmonic function, A (7’2*?) = 0 holds. If we apply the

Laplace operator to the both sides of the equality in Theorem 3.2 by considering the fact that the operator

ggal»‘-wap) ( o)

E) is an operator with constant coefficient and the function r2—?

, p >3, is a harmonic function,

we have the desired result. O

Remark 3.4 We note that Theorem 3.2 and Theorem 3.3 were given for any homogeneous function in [7].

4. Harmonic functions associated with Lagrange polynomials

In the case of p = 2, the Chan—Chyan—Srivastava polynomials given by (3.1) reduce to the classical Lagrange
polynomials, which are seen in certain problems in statistics [4, p. 267] (see also [12, p. 441]) defined by

(1—xt)" (1 —yt)” Zg(o‘mxy

from which we get

(a7ﬁ) Z o nin k kyn k
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1
In Corollary 3.1, setting ¢ (r) = log - where 72 = 22 + y2, we can give the next theorem without the
proof.
Theorem 4.1 For the Lagrange polynomials gy(f"m (z,y), it follows that
1 —1)l2n—1] 2A A2
e e T
Oz’ Jy r r2n UNn-1)22 20n-1)(n—2)2¢
rSA3 j (n—j— 1)@ AI
- o (—1) : ()
T O Y ey Y e A S e Y ey 7 }g” (@.9),
0? 0?
where j = [|n/2]], (n=1,2,...), 12 =22 +4%, and A = 92 + a7 is two-dimensional Laplacian.
Now we can give a harmonic function associated with Lagrange polynomials.
Theorem 4.2 The function
r2A rtA? rOA3
u(z,y) = —oq1- + -
r2n Un-122 20n-1)n-2)2¢ 3l(n-1)(n—2)(n—3)26
i(n—j—1Ir¥AI
et (c1y = L gles)
is a harmonic function where j = [|n/2|], (n=1,2,...).

Proof If we apply the Laplace operator to both sides of the equality in Theorem 4.1 and then use the fact

that log% is a harmonic function, we complete the proof. O
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