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Abstract: We obtain several inequalities of approximation by integral functions of finite degree in generalized Lebesgue

spaces with variable exponent defined on the real axis. Among them are direct, inverse, and simultaneous estimates

of approximation by integral functions of finite degree in LP(). An equivalence of modulus of continuity with Peetre’s

K -functional is established. A constructive characterization of Lipschitz class is also obtained.
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1. Introduction

In recent years, variable exponent function spaces and approximation problems in variable exponent Lebesgue
spaces LP(®) have attracted more attention (see Cruz-Uribe and Fiorenza [7], Diening et al. [9], and Sharapudi-
nov [42]). Many authors have obtained analogues of classical results in function space with variable exponents
because of their applications in elasticity theory [51], fluid mechanics [35, 36], differential operators [10, 36],
nonlinear Dirichlet boundary value problems [25], nonstandard growth [27, 51], and variational calculus. Start-
ing from the work of Orlicz [32], the theory of variable exponents and LP®) was developed in the late 1900s.

In fact, LP®) is a modular space [14, 28] and under the condition p™ := ess supp (z) < oo, LP®) becomes a
zeR

particular case of Musielak—Orlicz spaces [28]. In subsequent years several problems in LP®) were investigated
in [8, 11, 24, 25, 37, 38, 40).

Variable exponent Lebesgue spaces on [0, 27] (or [0,1]) and many fundamental results corresponding to
the approximation of the function were developed by Sharapudinov [39, 41, 43-45]. Nowadays many problems
for the approximation of the function are solved in these types of spaces defined on [0,27] C R (see, e.g.,
[2-5, 12, 13, 19-22]). In this direction, we aim to obtain direct and inverse theorems for approximation by
entire functions of finite degree in variable exponent Lebesgue spaces on the whole real axis R.

Recall that studies dealing with approximation by entire function of finite degree in the real domain date
back to Bernstein’s works, for example [6]. After his works, Wiener and Paley [33], Ackhiezer [1], Nikolskii

[30], and Ibragimov [15-17] developed this subject. Various problems related to approximation of functions on
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R by entire functions of exponential type in the L, space were studied in the papers of Ackhiezer [1], Timan
[48], Timan [49], Nikol’skii [30, 31], Ibragimov [15-18], Taberski [46, 47], Nasibov [29], Popov [34], Ligun [26],
Vakarchuk [50], and others. Note that an entire function of finite exponential type is merely an entire function of
order 1 and finite type, and in approximation theory these often play an important role similar to trigonometric
polynomials in the case of approximation of periodic functions. Thus, for example, there are Bernstein-type
inequalities for such functions.

In this work, we generalize the works of Ibragimov and Taberski about approximation of functions in
Lebesgue spaces on the whole real axis in variable exponent settings. In what follows, A < B will mean that
there exists a positive constant C,,, ... dependent only on the parameters u,v,... and it can be different in
different places, such that the inequality A < C'B holds.

In Theorem 4.1, we obtain that if p(-) € P (see Definition 2.1), then there exists a positive constant
depending only on p(+), such that the following Jackson—Stechkin type inequality holds:

Ao (fpy S (f, >p(.) ; (1.1)

where f € LPO) | h >0, T, f (z) := hfo fl+t)dt, (z €R), Qf,0)p) == sup |[[(I —Th)fllp), Go is the
0<h<é
subspace of integral function f(z) of exponential type < ¢ belonging to LP() and A (f)pey = f{][f —gllp)
9

g€ Gy} Let WP r € N, be the class of functions f € LP() such that f"~1 is absolutely continuous and

) e LPC) | In Theorem 6.1, for any f € WP ('), we show the following simultaneous approximation inequality:

1
L4 (40
Ao (D) S 4o (f )p(_), reN.

The weak inverse estimate of Theorem 4.1,

a(1.7) LR B

is obtained in Theorem 5.1, where |o] := max{n €Z:n <o}. For 0 < § < 1 we define Lipgp(-):={f €
PO - Q(f, 0)py S 88,6 >0} and W;( {f EWyy: : f") € Lipgp (- )}, and using this notation the following

constructive description of the Lipschitz class Lipgp () is proved.

Let 0 < 8 <1 and r € {0} UN, and then

F € Lipgp () iff Ay () ) S0 77"

The rest of the paper is organized as follows. In Section 2 we introduce preliminaries and necessary facts. In

Section 3, we give the definition of the modulus of continuity  (f, ) ) and obtain an equivalence between

Q(f,0),., and K-functional K(f,d,L? P() 1),y . Sections 4 and 5 contain the direct and inverse theorems in

variable exponent Lebesgue spaces on the real line. In Section 6 we obtain some inequalities on simultaneous

)

approximation of functions in the corresponding Sobolev spaces WY ¢} and in Section 7 we obtain some

constructive characterizations of the Lipschitz class Lipgp (-).
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2. Preliminaries

Let p(z) : R — [1,00) be a measurable function. We suppose that
1 < p_ = essinf,ep p(z) and p™ < . (2.1)

We define LP() := LP()(R) as the set of all functions f: R — C such that

)~

for some X > 0. The set of of functions LP(), with norm
- : f
||f||p() =inf<n >0: Ip() 5 <1;,

Consider now an arbitrary, integral function f(z); put

()

W) dy < oo (2.2)

A

is the Banach space.
M) =max (), z=wtiy
z|=r
We say that f is of exponential type o if the relation

In M(r)

lim sup
r—>00

<o, o< o0

is valid. Let G, be the subspace of integral function f(z) of exponential type ¢ belonging to LP(). The
quantity

Aa(f)p(') = irglf{”f - g||p(~) c9€0s}

where f € L) is the deviation of the function f € LP()(R) from G, .

For f € LP() | we consider Steklov’s mean operator:

h
T.0) = [ fe+

Definition 2.1 Let P be the class of measurable functions p(-) satisfying the conditions (2.1), J¢,C > 0,

C’ € R such that
c

Ip(z) — p(y)| < oz (e 1/lz — ) Va,y € R, (2.3)
Ip(z) = C'| < IC)g(eC:l—mD’ Vo e R. (2.4)

It was proved in [9, Theorem 4.3.8] that if p(-) € P, then for h > 0, the family of operators {T},} is

uniformly bounded in LP() .
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3. Modulus of continuity and K -functional

Let f e LP() and h > 0, and then we define the Steklov mean type operator:
1 h
Thnf (z) == E/ flx+t)dt, zeR.
0

The modulus of continuity of f € LP() is defined by

Q(f,0)pcy == sup [[(I = Th) fllpe)- (3.1)
0<h<$
If fe LPO) and § > 0, then
Q,8),0) S 10 (3.2)

holds for some constant depending only on p (-).

Theorem 3.1 For f,g € L) and § > 0, the modulus of continuity Q (f, 5)p(_) has the following properties:
1. Q(f, 5)p(_) is a nonnegative, nondecreasing function.
2. For f,g e LP) and § > 0,

3. For f € LPO),
%lﬁ)l Qp(.)(f, 0) =0. (3.4)

Proof Properties (1) and (2), by definition of Q (f,0) p(y and the triangle inequality of LPO) | are clearly valid.
For proof of (3.4), using f € L) and Q(f, )y S NSl » we can find N > 1 such that, for any fixed € > 0,

€
1f = Th() Lo [(—00,— NYU(V,00)] < 3 (3.5)
We may assume that § < 1 and we have

g
Q) (f,6) = sup (I = Tn)flleror@ < sup (L —Tn) fll Lee) (= n) + 3 (3.6)
0<h<é 0<h<$

On the other hand, by [7, Corollary 2.73], there exists ¢ € C.[—N, N] such that
If = &llrerj—n,n) S & (3.7)

Let N > 1 be the same as the number found above. First we prove that in the case of ¢ € C.[—N, NJ,
we have [|¢ — T ol 1oe) (- n,n)) < Coe. Set

¢ —Tho
=1y, ( T )
N2P- "¢

1890



AKGUN and GHORBANALIZADEH /Turk J Math

Then we have

1 p(y)
I= / ’1+1(¢(y) —Twé(y))| dy
[-N,N]IN 27— g
1 1 T p(y)
[ [ o] a
[-N,NTIN 27 T Jo
There exists g = do(€) > 0 such that
[¢(z) — ¢(z + h)| <e (3.8)
for 0 < h <y and x € [-N, N|. Hence, for 0 < h < dp, using (3.8), we have
I1<1.
Then we obtain
L 41
¢ — Tholl Lo (—n ) < N27- e (3.9)
for 0 < h < 6.
Also, by uniform boundedness of T}, and (3.7), we have
1T0(¢) = Th (Nl Lo -y < clp)e (3.10)
By the triangle inequality, we have
1f = Th(Ol Lo (=,
<|f = Bllrorq=nwy) 116 = Ta( @) Leer (= v vy + 1 Th (D) = Th( )l oo (= v N7 (3.11)

for any f € LP()([~N, N]). Then, by replacing (3.7), (3.9), and (3.10) in (3.11) we have

1 = Tu(Dlror oy < cpe, 0 < h < 6ofe). (3.12)

Consequently, in view of (3.6), we have h%l Q(f, ) o= = Ofor every f € LPC), O

For proof of Theorem 3.4 we need the following lemma.

Lemma 3.2 Let f € Wlp(') be given. Then
QL) S5, 520 (3.13)
holds with some constant depending only on p(-).
Proof [Proof of Lemma 3.2] It is sufficient to prove the following inequality:
=T Fllyy S B IS Ny, B> 0 (3.14)

for and f € LP(). We have

(I—Th)f(x):/oh(f(x) f(z+1)) / / s) dsdt.
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Therefore, from Minkowski’s inequality for integrals, we get

1 h x+t
E/ / 1 (s)dsdt
0 e p(-)
1ot
— [ t= | f'(x+s)dsdt
ikl
1 h

! ! ]‘ h !/
i [ de S 1 g [ SR

fes _Th)f”p(.) =

h
= Hfll/o tTy (f') dt

p(+) ()

IN

and (3.14) follows. Then
Q.0),00 S 5170 6> 0

for ferp('). O

It is known that for proof of the inverse theorem we need Bernstein’s inequality. We present the
following theorem corresponding to the well-known Bernstein inequality on the derivative of exponential type
entire functions of finite order (integral functions) in variable exponent Lebesgue spaces that was proved by
Nanobashvili and Kokilashvili in [23].

Theorem 3.3 [23, Theorem 2] Let p € P and g, be an exponential type entire function of degree < o. Assume
that g, € LPC) . Then the inequality

195115y < allgollne

holds with a constant, independent of g, .

Let f € LP0). The K -functional is defined as follows:

K(F,270, 000 = int {1 = gy + 19/l )
gewW?

for t > 0.
In the following theorem we show that K -functional K (f,d, LP(), D)pey and Q(f,9),.) are equivalent.

Theorem 3.4 Let p(-) € P. If LP) | then the K-functional K (f,t;Lp('), 1) and the modulus Q (f, t)p(,) are

equivalent; namely,

Qfit)py S K (f,t;LP('>, 1) S Q(f )0

p(-)
for all f € LPY) with some constants, independent of f .

Proof [Proof of Theorem 3.4] Let ¢ > 0. Then there exists o € N such that 1/0 <t < 2/0. We define the
operator

v

2Lt p()
Uy f) (z) = /v/2<h/o f(x+t)dt>dh, zeR, feL!V), wv>0.
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On the other hand, for 0 < v < 1, we obtain by Minkowski’s inequality for integrals
2 /“ 1 /h
- - flx+t)dt|dh
UV Jy/2 (h 0 (

1 v
v/2 / /2

1 v 1
= — T, dh < — dh
o | @S g o7 |
= U,

1025 vt

p(-)

IN

dh

1 h
—/ flx+t)dt
h Jo
p(-)

and hence f — U, f € LP(). Also, the function U, f(x) is absolutely continuous [43] and

/v Lt ean)— () dn

v/2 h

d 2
v

devf(x)’ = -

For 0 < v <1 we have by Minkowski’s inequality for integrals

2

p(-) v

1 1

v v/2
7/ (f(x+t)—f(x))dt—f/ (Flatt)—f@)d] +
0 0

p()
o g [ o
/v/2h2l/0 (f(x+t)—f(a:))dt—/0 (f(x+t)—f($))dt]

Unf(z)

IN

dzx

v v

|

2

v

p(+)

IN

21T @)~ £ @) = 5 (T ()~ £ (@)

v ‘

p(-)

2
4 —
v

v

//2; (Thf (@) = f(2) = o (Tuf (2) = f(x))> dh

p(+)

A

1 1
;Q (f,0)pey + EQ (f,0/2)0y

1
+—
v

[ 3@ = @1 @) - @ i

p(+)

1 1
;Q (frv)pey + =

v

A

[ i@ - s @lan

v/2

p(+)

1
o T f (@) = f (@)l

1 1
EQ (fiv)py) T ;/

v/2

LITf (@) = F (@)l dh

A

A

1 1 (% dh _1
;Q (f, U)p(A) +Q (f7v)p(.) ” /v/2 s S ;Q (f, U)p(.) : (3.15)
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Hence, for a given v € (0, 1], %va(x) e LP() . Then

K(f,t,Lpt),WI}) < 2K (f,l/g,Lp(J,W;)

d

1
Hf - Ul/o’pr(,) + = Ul/af
o || dx

N

=: Il + 12.

‘p(')

We estimate I;. Using Minkowski’s inequality for integrals we obtain

1/o 1 h
20/1/20 <h/0 (f(x+t)—f(x))dt> dh

Hf - Ul/Upr(.)

p(-)

1/v
< oo [ s @)~ £ @l an
1/20 ()
1/o
< 20 [ = Flydn
1/20
1/c
< s =T fll, 20—/ dh = Q(f,1/0),0). (3.16)
0<u<l/c 1/20
For the estimate I, we find from (3.15) that
1 d
— = <Q(f,1 . 1

Now (3.16)—(3.17) give
K (£, 70,1) S Q(£.1/0),0) < Q(F) -

By Lemma 3.2, for g € Wf('),
QU0 SN =gllyey +El9 )

)

and taking infimum on g € W/ O we get

Q(f, t)p(.) SK (f, t; Lp('), 1) .

Now we obtain

and this is the desired result. O

As a corollary of Theorem 3.4:

Corollary 3.5 Let p(-) €P. If 6,A € RT, f € LPO) and then
Qf 0,0, < (14 ) Q(S0),0, (3.19)

holds with some constant depending only on p(-).
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Proof [Proof of Corollary 3.5] Using equivalence (3.18) we have

QLW i {1 =gl + 1l
1

< i — !
S L int {1 = gllpy + 'l }
S AN, -
which gives (3.19). O

4. Direct theorems

Theorem 4.1 Let p(-) €P. If f € LPV) | then
1
Ao () SO (ﬂ ) (@)
T/ p)

holds with some constant depending only on p(-).

Proof [Proof of Theorem 4.1] Let ¢ and f € LP() be fixed. We consider the operator Ui/of. Using (3.16)
and (3.17),

As(Npy = Aclf =Urjof +Urjof)pe) < Ac(f = Uijof)pi) + Ac(Ui/ofpcy
11| d 1
S W= Vallooy + 5| 00er @ g0(r7) @2)
p() p()
and the result follows. O
We define
1 . ox r
g(x)= S sino—

for r > 3/2. Then g(x) € G, for r > 3/2. Set

In this case,

. 2r—1
Y =0"""C,

where C > 0 is dependent only on r.
Let

Dy f(z) = 7i [ @+ a0, o >0 (4.3)

Then D, f € G, ([17]).
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Corollary 4.2 The subspace of integral function f(z) of exponential type o belonging to LPO) s dense in
pC)

Lemma 4.3 Let p(-) €P. If f € Wf('), then

1
17 = Do flyy S = 18y (4.4)

holds with some constant depending only on p(-).
Proof [Proof of Lemma 4.3] From (4.3), one can write
1
— | (flz+1) = fx)) g(t)dt
R

Vr

If = Dofll,

p(+)
1

Vr

/R (Fla+1) — f(x)) g(t)dt

/]R % /x ey drtg(t)dt

1 2 o0
- / I8l 1 l9(O dt S 17— / ] 19(t)] dt

p(+)

p()

/ T, f (2)tg(t)dt
R

1
Ir p()

N

1 1 1
fd[» 7/ tgtdt+—/ tlgldt p < —I1f 1)
[ - |t‘gwl [ g(®)] o \t|21/o| [g(®)] [P | Y8

which implies inequality (4.4). O

A

5. Inverse estimate

Now we present the inverse theorem.

Theorem 5.1 Let p(-) €P and f € LPC) . Then there exists a positive constant, depending only on p(-), such
that

holds, where || is the largest integer less than or equal to o .

Proof [Proof of Theorem 5.1] Let g, be an exponential type entire function of degree < o, belonging to PO
as the best approximation of f € LP(). Let 2/ < ¢ < 2/*!. Thanks to the definition of K(f,t, Lr®), Dpey we

have

! 1
K y Izp(.)7 1 = 1 f _ V4= , . }
(f o )p(-) gegl/P(«) {Hf ng( ) p ||g ”p( )

1
< ||f — g2i+1 ||p(-) + ;Hg/2j+1 ||p(<)'
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Using Theorem 3.3, one can write

i
Ighs11lpy = 196 = i llpcy + > lgaier — g
=0

p(-)
j .
< {Hm — gollpcy + D2 |gaeer — gas ||p(~>}
1=0

and then we have

i
935+11lp¢) S {Ao(f)p(~) + A1 (F)pe) + D2 (Aginr (o) + Azi(f)p(~))}

=0

j
S {Ao(f)p(~) +) 2 Ay (f)p(-)}

=0

A

J
{Ao(f)p(~) + 241 (fpey + D 2i+1A2i(f)p(-)} :
i=1
Since

,
2 Api(py €4 D Au(Fp)s (5.1)
v=2i-141

we have

27
195541 o) S § Ao(f)pc) +241(F)p(y + 42 Au(£p()
v=2

Now, using (5.1), we obtain

D A (foy 2P Ag Py _ 4 &
Agirr(fp(y = 2Jj+1 2 < p()fg Z Av(Hpcy-

g -
v=27-141

By Theorem 3.4, one can write

1 1 ) 1
Q faf SK f777Lp()a1 g ||f_g2j+1||p(-) +7HgéJ+1||p()
T/ p() g p(*) g

27 1 lo]
S Ao - > Ay
v=1

v=27"1+41

S

SR

and this completes the proof. O

Theorem 5.2 Let p(-) €P and f € LPC) . If
D VAL () < o0
v=0
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holds for some r € N, then () e LP0) and

LUJ
1
(r)y = T 1
Q(f ,J)( < = E (v+1)" oy + E A (F)pey (5.2)
»()

v=|o]+1
with some constant depending only on p(-).

Proof [Proof of Theorem 5.2] Let g, be an exponential type entire function of degree < o, belonging to LP()

as the best approximation of f € LP(). For natural numbers p < 7, we consider the series
g + Z{ggll — g} (5.3)

Using Bernstein’s inequality (see Theorem 3.3) we have

|<) < 0Pllgawin — gov llpey S 2UFVP | gguin — gov [l

”921()3“) - 92'

N

ov+1)p Agw (f)p(.)~

Now, by the following estimation,
2 Az (lypy 27 3, W T Ao,
pu=2v-141

we have

1987 + > {9k = 98 o) < g oy + D 98k — 9800
v=0 v=0

g ey + D204 A (£),09
v=0

S ey + 22 A0 (Fpey + > T A
p=2r-141

SN ) + Ar(f) p<)+zu ALy < o0

If we denote the partial sum of the above series by ST(LP) , for p =0,1,2,...,7, then the sequence of ST(LP)

has convergence in the norm of LP(). For p = r, one can write
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Now for obtaining inequality (5.2), we must estimate I; and I. First, let us deal with the first item,

I,. We choose 2" < ¢ < 2™t1. By boundedness of the operator 7}, and Bernstein’s inequality, we obtain

1
Q <f(” -8, a) SIF =S50
p(-)

ST =gt S S 20 An (),

v=n+1 p(-) v=n+1
e 2v
S Z 2% Z Ur_lAu<f)p(-)
v=n+1 pn=2v-141
5 Z MT lA ) Z /147 IA (-
=21 p=lo)+1

Next, let us estimate I5:

1 1 1
7/ p() 7/ p(- 7/ p()

Now by inequality (3.13) and Bernstein’s inequality (see Theorem 3.3), we have

n 1 | 1 1< r+1 1
Q <5£ ), ) < Y =gl + = D gt = g5 g
Ty @ 7.0

1 1 - 1% T
S g||91 —gollpcy + p Z 0D 4y, (£)
v=0

ov

1 n i, .
S~ 4 Aolfpe) +Ar(Fpey + D22 N WAL
v= #:2u—1+1
(2 1 lo]
S/ ; Z(/u + 1)TAu(f)p(-) S ; Z(N + 1)TAu(f)p(~)
pn=0 =0
The last inequality completes the proof. O
6. Simultaneous approximation
Theorem 6.1 Let p(-) €P, r €N, and f € Wf('), Then
1
A, < —A, (™ 1
Doy < 540 (F7) (6.1)

holds with some constant depending only on p(-).

Proof [Proof of Theorem 6.1] Let r = 1. Suppose that Ao (f'),.) = [lf" = ©n(f)ll,.), On(f’) € G5 and

0= | "o,
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for £ > 0. Then F € G, ([17]) and F' (z) = O,(f’) (z). Thus,

Ac (flpy = Ac(f=F)py S % H(f_F)/Hp(~)

1 1
= =l = 17 = €l

]‘ !/

A

(6.1) follows from the last inequality. O
Corollary 6.2 Let p(-) € P. Then for every f € er('), r € {0} UN, the inequalities
1 1
A, < —Qff", = 6.2
(yr 5 7921, U)p(.) (62

hold with constants depending only on p(-).

7. constructive characterization of Lipschitz classes

Theorem 7.1 Under the conditions of Theorem 4.1, if the inequality

holds for some B > 0, then we have

8" . 1> B
Q(fa 6)1;() S gﬂ lOg% ’ } j ﬂ;

Proof [Proof of Theorem 7.1] Let f € LP() and

1 1
ard < 2(fy) SR A
b v=0
_ 1 1 <
S Ao+ > Ay
v=1

N

1 N
N ||f\|p(.)+zy73 :
v=1

If 1 > 3, then by some computations we get

N
1 1
 (£,0),0) S <|f||p(‘) +y w) <60
v=1
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If 1 =7, then

N n

S v =3 vt <14 log(1/6)

and hence

Q (fa 6)p(.) S &° log(l/ﬁ).

If 1 < B, then the series Z;ioj_ﬁ is convergent and

Qf,0),0) S0 [ Aoy + D577 S0
j=1

holds. O

Using Theorem 5.2 we similarly get the following:

Corollary 7.2 Let p(-) €P and f € LPO) . If

1
As (Npey & ogar @ >0,

then f € Wg(,) and

0“ 1> a,
Q(f,6) ${ 6vl0g(1/8) 1=a,
p() ) 1< o

Theorem 7.3 Let 0 < 5 <1 and r € N. Under the conditions of Theorem /.1, we have:

@) f € Lipgp() iff As(fyy S0’

(i) f € W;(B) iff Aa(f)p(i)f,g_ﬁ_r-
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