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Abstract: In this paper our purpose is to find the upper bound estimate for the second Hankel determinant |azas — a3

for functions defined by convolution belonging to the class ./\/}"6()\7 t) by using Chebyshev polynomials.
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1. Introduction
Let A denote the class of functions f(z) analytic in the open unit disk U:= {z € C: |z] < 1} and normalized
by

f(2) :z—|—Zanz”. (1.1)

n>2
Because of the Koebe one-quarter theorem it is well known that every univalent function f € A has an
inverse f~!: f(U) — U satisfying
FHfR) =2 (2€U)
and

FU W) =w, (jw| <1/4).

Moreover, it is easy to check that the inverse function has the series expansion of the form
fHw) = w — agw? + (2a3 — az)w® — (5a3 — bagaz + an)w* + ..., w € f(U). (1.2)

A function f € A is said to be bi-univalent in U if both f and its inverse g = f~! are univalent in U. Let o
denote the class of bi-univalent functions in U given by (1.1). For a brief history of functions in the class o,
and also various other properties of the bi-univalent function, one can see recent works [2, 8, 12, 21, 26] and the

references therein.
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Some of the prominent and well-examined subclasses of univalent functions of class & are those of the
class 8*(a) of starlike functions of order a in U and the class K(«) of convex functions of order o in U.

Moreover, by means of the analytic descriptions, we have

2f'(2)
f(2)

S*(a):{f:feA and Re< )>a; z e U; 0§a<1}

and
zf"(2)
f'(z)

For 0 < a < 1, a function f € o is in the class S¥(a) of bi-starlike function of order a, or K, («) of bi-convex

IC(a)::{f:fGA and Re(1+ >>a; z € U; O§a<1}.

function of order « if both f and its inverse f~! are, respectively, starlike or convex functions of order o.
We say that f € A is subordinate to the function g € A in U, written f(z) < g(z), if there exists a
Schwarz function w, analytic in U, with w(0) =0 and |w(z)| < 1, and such that f(z) = g(w(z)).
For f(z) given by (1.1) and O(z) defined by

O() =2+ 0n2", (0, >0), (1.3)

n>2
the Hadamard product (or convolution) (f * ©)(z) of the functions f(z) and O(z) is defined by

(f*0©)(2) =2+ Y anbnz" = (0% f)(2). (1.4)

n>2

Next, we consider the function

fa(Z)Z/OZ(1+T)5 1 dr

1—7" 1—1r2

1
=z 4022 + 5(262 +1)2% + ... (1.5)

=2+ Y ba(8)2", (>0, zeD).
n>2
It is worth mentioning that if § < 1, then zf§(2) is starlike with two slits. Moreover, we can see that since
zf1(z) is the Koebe function, all the functions fs are univalent and convex in U. For more detail about the
function f5(z) one can refer to [27]. If we put the function f5(z) defined by (1.5) in for the function ©(z) given
by (1.3) in the equality (1.4), we have

hs(z) = (f * f5)(2) = 2+ ) anba(8)z" = (f5 % f)(2)- (1.6)

n>2

In 1976, Noonan and Thomas [20] defined the gth Hankel determinant of f given by (1.1) for integers
n>1and ¢ >1 by

Ay an+1 e an+q,1
Ap+1 An 42 oo Un+q—2

Hy(n) =1 . : : : o (e =1).
Uptqg—1 Opyqg—2 --- Gpy2q-2
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This determinant has been investigated by several authors in the literature [13, 20]. For instance, this determi-
nant is useful in showing that a function of bounded characteristic in U, i.e. a function that is a ratio of two
bounded analytic functions with its Laurent series around the origin having integral coefficients, is rational [9].
Moreover, it is important to mention that the Hankel determinants Ha(1) = a3 —a3 and H(2) = azay — a3 are
well known as Fekete—Szegt and second Hankel determinant functionals, respectively. In 1969, the Fekete—Szegd
problem for the classes S* and K was investigated by Keogh and Merkes [17]. Recently, many authors have
discussed upper bounds for the Hankel determinant of functions belonging to various subclasses of univalent
functions (see [1, 11, 18] and the references therein). Very recently, the upper bounds of H5(2) for the classes
S(a) and K,(a) were investigated by Deniz et al. [12]. Later, the works were extended by Orhan et al.
[23, 24] and Altinkaya and Yalgin [4].

Chebyshev polynomials, which are used by us in this study, play an important role in many branches of
mathematics, especially in numerical analysis (see [10]). We know that there are several kinds of Chebyshev
polynomials. In particular, we shall introduce the first and second kind of polynomials, T;,(z) and U, (z). For
a brief history of the Chebyshev polynomials of first kind T},(z) and second kind U, (z) and their numerous
uses in different applications, one can refer [3, 14, 15].

The most remarkable kinds of the Chebyshev polynomials are the first and second kinds, and in the case

of real variable  on (—1,1) they are defined by

sin[(n + 1) arccosz] _ sin[(n 4 1) arccos z]

sin(arccos z) a V1 = z2

Now we consider the function that is the generating function of a Chebyshev polynomial:

T, (z) = cos(narccosz) Upn(x) =

1 1
Glt,z)=———— te(Z,1),2€eU.
(h2) =15 (3:1):2

It is well known that if ¢ = cosf, t = (—n/3,7/3), then

sin(n + 1)
sin 6

G(t.z) =1+ "

n>1

=1+2cosfz+ (3cos? 0 —sin? )22 + ..., (2 € ).

That is, in view of [28], we can write
1
G(t,2) =14+ U (t)z + Us(t)2® + Us(t)2® + ..., t¢€ (5, 1),z €U, (1.7)

where U, (t) stands for the second kind of Chebyshev polynomials. From the definition of the second kind
of Chebyshev polynomials, we easily arrive at U (t) = 2¢. Also, it is well known that we have the following

recurrence relation:
Up1(t) = 2tU, () — Up—a(2),

for all n € N. From here, we can easily obtain

Ui(t) =2t, Us(t) =4t> —1, Us(t) =8> —4t, Uy(t) = 16t* — 12t +1,.... (1.8)
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Definition 1 For A\>1, pn >0, d > 1 and t € (1/2,1], a function hs € o given by (1.6) is said to be in class
NS\, t) if the following subordinations hold for all z,w € U:

(1- A)(h“z(z) )+ )\hg(z)(h‘siz) )< Gz, t) (1.9)
and
(@ = 0y 3k ) (P i1 L G, (1.10)

w w

where the function ks = hgl is defined by (1.2).

Obviously, for § = 1, we get that N*!'(\,t) = N (A, t). It is important to mention that the class
NE(A,t) was introduced and investigated by Bulut et al. [6]. They also discussed initial coefficient estimates

and Fkete-Szegd bounds for the class M¥(A,¢) and its subclasses, given in the following remark.

Remark 1 (i) For 6 =1 and p = 1, we get the class N} (A t) = B,(\,t) consisting of functions f € o
satisfying the condition

f(2)

(1— )\)7 +Af'(2) < G(z,t)

and

(1-— A)@ + Mg (w) < G(w,t)

where the function g = f~' is defined by (1.2). This class was introduced and studied by Bulut et al. [7]
(see also [19]).

(ii) For 6§ =1 and X\ =1, we obtain the class N¥1(1,t) = BX(t) consisting of bi-Bazilevié functions:

f'(2) (f(z))“l < G(z,1)

z

and

o (w) (g“")) < Glut)

w

where the function g = f=1 is defined by (1.2). This class was introduced and studied by Altinkaya and
Yalgin [5].

(iii) For 6 =1, p =1, and X\ = 1, we have the class N2(1,t) = B, (t) consisting of functions f satisfying
the condition

f'(z) = G(z,1)

and
g (w) < G(w,t),

where the function g = f~ is defined by (1.2).
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i) For 6 =1, A\=1, and p =0, we have the class NO' = S*(t) satisfying the condition
M [ea (e

2f'(2)
f(2)

< G(z,t)

and

where the function g = f~1 is defined by (1.2).

Let us take a look at some lemmas that are very useful in building our main results.
Let P denote the class of analytic functions p in U such that p(0) =1 and Re(p(z)) >0, z € U. We

know that this class is usually called the Carathéodory class.

Lemma 1 (see [25]) If the function p € P is given by the following series:

p(z) =1+ crz+ca2® +e32° + ..., (1.11)
then the sharp estimate given by
lenl <2 (n=1,2,3,..) (1.12)

holds true.

Lemma 2 [16] If the function p € P is given by the series (1.11), then

2y =2 + (4 — ),

des = +2(4 — A)erx — (4 — )2 +24 — (A — |z)z,
for some x and z with |x| <1 and |y| < 1.

In the present investigation, we seek the upper bound for the second Hankel determinant for functions
hs belonging to the class N*°(\,¢) by making use of the Chebyshev polynomial expansions and the Hadamard

product. Also, we give some remarkable consequences related to the class N, ;"5()\, t).

2. Main results

Theorem 1 Let hs € o of the form (1.6) be in N*9(\;t). Then

@(2_7”7 XIZO XQZO
36>
2 . ) T X0 x2 <0
ao04 —asl S 3642 _ )
max{m, @(2 ,t)}, X1>0 X2<O
max {¢(co, £), p(27, 1)}, X1 <0 x2>0
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where
(2_ t) _ 9U12(t) n X1+ 9x2
P T T2+ 0)2 T 60(55 + 20)(202 + 1)2B3A + 1) (2 + )2 (A + )t
27)@
¢(co,t) = — 3 2 2 2 1
8x16(83 +28)(262 + 1)2(3N + p) (2A + p)2( A + p)
QU2 (t) —18x2
+ ,  Co=4/———
(252 + 1)2(2>\ + /14)2 X1
and

Y1 =18(\ + )3 <35(53 +28) (A + p) (3X + ) — (267 + 1)2(2) + N)Q) U2(t)
+ (23 + )?Un(t) [ Q5 (O] = 9N + 1)* (A + ) U (2) ((3A +)(80" — 462 + 5)U7 (1)
+4(20% + 122N + ) (A + u)UQ(t)>,

X2 =| (A + p)(BA + p) (86" — 46 + 5) U (t) + 4(26 + 1) (A + p) (2 + p)*U1(6)Ua(t)

+ A+ p)UZ()(2(20% + 1)%(2X + p)? — 126(5° + 20) (A + ) (3X + u))] (A +p)?,

Qs (t) = 18(26% + 1)2(X\ + p)2Us(t) — U (£) (3 + p) (3(252 +1)2(u? + 3 — 4) + 546(0° + 25)).

Proof Let hs € N*9(\ t). Then we have

L VA O T 2 e
and
I A )
where p1,p2 € P and defined by
p1(z) = 1 i_zzi =1+4ciz+c2®+e323+ ...
and
po(w) = 1 tzgz; =1+ dyw + dow? + dsw® + ...

-1 1 2 3
u(z) = P1(2) = 5 {cw + (62 — Cl) 22 + ((:3 —cico + 841) 224+ ]
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and

-1 1 2 3
v(w) = pa(w) =1 _ 5 |:d1w + <d2 - d;) w? + (d3 —dydy + Cil) w® + } . (2.6)

Using (2.5) together with (2.6), and taking G(z,t) as given in (1.7), we get that

Gt u(z)) =1+ Ul;t) crz+ {U;(t) <cQ - Cj) + UQf) cf] 2 2.7)
+ [Uf) <03 —crea + Cf) + UQQ(t) c1 <02 - Cj) + U38(t) ci’] 2
and
Gt v(w)) =1 + U12(t> dyw + {Ug(t) (d2 - dj) + Ui(t) d%} w? (2.8)
+ [U;(t) <d3 —dyd; + Cf) + U22(t) d <d2 — dj) + U38(t) di’} w’

By considering (2.1), (2.7) and (2.2), (2.8), when some elementary calculations are done, we get that

Ui (t)
2

(A + p)azba(6) = cr, (2.9)

2+ ) feata(d) + o - )2 | = B, - Gy 4 B2 (2.10)
(3 0[5+~ Dosasba(6)00) + (s~ 1)~ 2220
:UIT(t) (63 —ci1c2 + Cj) + U22(t) c1 ((32 — Cj) + U38(t)011)’, (2.11)
and
“ (X + p)asha(8) = Ul;“ di, (2.12)
2\ + 1) {(u 43200 agbg(a)} - Ul;t) (ds — %) + UQf) &, (2.13)
(3 )G+ )azasbata(6) — G-+ )+ 5) L2 — 0, 9)

:Ulz(“ (d3 —dids + df) + U22(t) d, (d2 - dj) + U38(t) . (2.14)

Using (2.9) along with (2.12), we find that
c1 = 7d1 (215)
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and
U (%)
= ——7 4. 2.1
“ 26(A+ ) “ (2.16)
Now, from (2.10), (2.13), and (2.16), we obtain that
__3 Uit) »  _Ui(®)
a3—262+1 4(>\+M)261 4(2)\+u)(627d2) . (217)
Also, subtracting (2.14) from (2.11) and using (2.16) together with (2.17), we get that
3 [ -2+ Us(t) (2 +3u—HURD) 4 i)
ay = = 3 L+ Ty o (68— ds)
03+ 26 8(3A + p) 48(A + p) 43X+ )
5UZ(t) Us(t) — Us(t)
— —_ . 2.1
+16(A+M)(2)\+M)01(C2 d2) + 16N T ) c1(c2 +da) (2.18)
Thus, we can easily determine that
UL () D (1) oU2 (1)
_ a2 — 1ad) 4 1 _ 2
a2ty — a3 063(3° 4 20)(20° + 1)2(3A + W)+ 12~ 16202 + )2 (2h 2 2 )
3UL(#) [Ua () UL (®)]  » 3UE(t)
d —d
S+ 20+ BN+ Tt G N ot g e T D)
UP(t) [15(20% + 1)* — 360(6> 4 26
1(3)[ ( > ) > ( > )] A(ey — dy)|, (2.19)
320(0% +20)(20% + 1)2(A + p)2(2A + )
where
A (t) =18(20% + 12 (A + w)* (UL (¢) = 2U2(t) + Us (1))
— U () (BN + 1) (3(26% + 1) (1 + 3 — 4) + 546(6° + 20)).
In view of Lemma 2 and (2.15), we write
4 — 2
c2 —dy = 261 (z—y), (2:20)
o, 4-d
co +do =ci + (z+v), (2.21)
c 4—c2)c 4—c2)e 4—c2
ey —dy =0 Uy EED ) O 0 -], 222)

for some x, y and z, w with |z| <1, |y| <1, |z|] <1, and |w| < 1. Next, we will need to plug the last three
equations given by (2.20), (2.21), and (2.22) into the Hankel functional given by equation (2.19). Also, with
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the help of an application of the triangle inequality, we have

|a a _a2‘ < Up(t )|Q>\7M7 ( )| A 3U12(t)61(4— c%)
PTTTE=966(6% + 260) (20 + 1)2(BA + ) (A + )t L 85(6% + 26) (A + i) (BA + p1)
(15(26% + 1) — 360(63 + 20)) Uci(4 — c3) 3UL (1)U ()2 (4 — ¢2)
[ 640(5% + 20) (202 + 1200 + p2@A+ 1) | 163(0% + 20)(A + m)(3A + M)] (] +1gD

3UE ()i (4 — cf) 3UZ(t)ci (4 — c3) s

' [325(53 +20) A+ p)BA+ ) 165(5% +20)(A+ p)(BA + u)} (1)
U (t)(4 — cf)*

64(20% + 1)2(2\ + 4

T 2
B (lz[ + [y~
where
Qs (t) = 18(26% + 1)2(X + p)?Us(t) — U (£) (3 + p) (3(252 + 1)2(u? + 3 — 4) + 546(0° + 25)).

Since class P is invariant under the rotations, by (1.12) we may suppose without loss of generality that

c1 :=c € [0,2]. Therefore, for n = |z| <1 and { = |y| <1, we obtain

lagas — a3| < k1 + k2(m +72) + K3(7F +15) + ka1 +12)° = P(1,72)

where
o Ur(t) 19206 (1)] A 3UE(t)e(4 — ) >0
1 T966(6% + 26)(26% + 1)2(3X + ) (A + p)? 563 +20)( A+ p)(BX+p) ~

C[(15(26% + 1) — 360(8° + 26)) U c?(4 — ¢2) 3UL (1)U (t)c?(4 — ?) -0

27 T645(65 + 26)(20% + 1)2(A+ p)2(2A + ) 168(0% + 20)(A + ) BN+ ) |
33U (t)e(e—2)(4 — ) 0

" T325(0% + 20) (N + W BA L )

K4 = WE(H)(4— ) >0, L oicn

64(26% + 1)2(2) + p)? 2

Now let us consider the closed square S = {(71,72) : 0 <1 < 1,0 < 2 < 1}. In that case, all that we need to
do is to maximize the function t(v1,v2) in the closed square S for ¢ € [0,2]. Since k3 < 0 and k3 + 2k4 > 0
for all ¢t € (1,1) and c € (0,2), we conclude that

¢7171¢72V2 - (w%w)z <0, forall v1,7 €8S.

Thus, the function ¥ cannot have a local maximum in the interior of the square S. Now we investigate the

maximum of ¢ on the boundary of the square S.

For v =0 and 0 < 9 <1 (similarly 79 =0 and 0 <~; <1), we get
$(0,72) = ¢(72) = K1 + Kav2 + (ks + Ka) V-

Next, we are going to be dealing with the following two cases separately.
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Case 1 Let k3 + k4 > 0. In this case for 0 < 75 < 1, and any fixed ¢ with 0 < ¢ < 2 and for all ¢ with
3 <t<1,itis clear that ¢'(72) = 2(k3 + ka)y2 + k2 > 0, that is, ¢(72) is an increasing function. Hence,
for fixed ¢ € [0,2) and t € (1/2,1), the function ¢(72) attains a maximum at 2 = 1 and

max (¢(72)) = ¢(1) = k1 + K2 + K3 + K.

Case 2 Let k3 + k4 < 0. Since ko + 2(k3 + k4) > 0 for 0 < 75 < 1, any fixed ¢ with 0 < ¢ < 2, and all
t€(1/2,1), it is clear that ko + 2(k3 + Kk4) < 2(k3 + K4)Y2 + K2 < ko and so ¢ (v2) > 0. Hence, for fixed
c€[0,2) and t € (3,1), the function ¢(72) attains a maximum at vy, = 1.

For v1 =1 and 0 < 9 <1 (similarly 75 =1 and 0 < ~; < 1), we get
P(1,72) = U(7v2) = (k3 + Ka)V3 + (K2 + 264)72 + K1 + K2 + K3 + Ka.
Thus, from the above cases of k3 + k4, we get that
max U(yz) = U(1) = k1 + 2ka + 2K3 + 4Ky.
Since ¢(1) < ¥(1) for ¢ € (0,2) and t € (3,1), we obtain

max((71,72)) = ¢¥(1,1)

on the boundary of the square S. Thus, the maximum of 1) occurs at v; =1 and 72 = 1 in the closed square

S.
Let a function ¢ : [0,2] — R defined by

o(e,t) = max (V(y1,72)) = ¥(1,1) = K1 + 2K2 + 263 + 4Ky (2.23)
for fixed values of ¢. Substituting the values of k1, ko, k3, and k4 in the function ¢ defined by (2.23) yields

(e.t) = IUZ(t) N x1¢* + 36x2c?
PAOY T 052 1220 1 )2 ' 96(0° + 20)(202 + 123X + 1) (2h + 12N + p)A

where

x1 =18\ + p)? <35(53 +28) (A + ) (3A + ) — (262 + 1)%(2\ + uﬁ) U2(t)
+ (20 + )?Un(t) [ Q5 ()] = 9N + )* (A + ) U (¢) ((3A +p)(80% — 462 + 5)U7 (1)
+4(26% + 122N+ ) (N + u)Ug(t)>,

X2 =|(2A + 1) (X + 1) (88" — 407 + 5) UP(¢) + 4(26° + 1)* (A + ) (2A + ) U () Ua (1)

+ (A ) UR()(2(26% + 1)2(20 + )% — 126(6% 4+ 28) (A + ) (3 + 1)) | (A + ).
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Assuming that ¢(c,t) has a maximum value in an interior of ¢ € [0,2], by elementary calculation, we obtain

that

X103 + 18x2c
245(83 + 26)(26% + 1)2(3X + 1) (2 + p)2(A + )+

@l(ca t) =

We will examine the sign of the function ¢’(c,t) depending on the different cases of the signs of x; and xo as

follows:

1.

Thus,

Let x1 > 0 and x2 > 0, and then ¢'(c,t) > 0, so (¢, t) is an increasing function. Therefore,

) o X1+ 9x2
max {ip(e,0) e € (0.2 = 0270 =55 125y 257 + 1267 + WA T P08 + )T

It (t)
(262 + 1)2(2\ 4 p)?”

+ (2.24)

That is, max {max {¢(y1,72) : 0 <y1,72 <1} : 0 < ¢ < 2} = (27,1).

. Let x1 <0 and x2 <0, and then ¢'(c,t) <0, so ¢(c,t) is an decreasing function on the interval (0,2).

Therefore,
U3 (1)

max {ip(e.t) s ¢ € (0.2} = (0,8) =4 = (i ooy e

(2.25)

Let x13 > 0 and x2 < 0, and then ¢y = ,/% is a critical point of the function ¢(c,t). We suppose

that ¢o € (0,2), and since ¢”(co,t) > 0, ¢p is a local minimum point of the function ¢(c,t). That is, the

function ¢(c,t) cannot have a local maximum.

Let x1 < 0 and x2 > 0, and then ¢y is a critical point of the function p(c,t). We assume that ¢ € (0,2).
Since ¢"(co,t) < 0, ¢o is a local maximum point of the function ¢(c,t) and the maximum value occurs

at ¢ = ¢g. Therefore,

max {¢(c, t) : ¢ € (0,2)} = (e, t) (2.26)
where
(o, t) = OU2(t) - 27x2
PN T 052 T1220 + 1)2 8x10(8° + 20)(202 + 1)23A + 1) (A + )2 (A + p)t
from (2.24) to (2.26), the proof of Theorem 1 is completed. O

Now we would like to draw attention to some remarkable results obtained for some values of A, u, and

¢ in Theorem 1.

Corollary 1 Let hs € o of the form (1.6) be in BS(\,t). Then

where

50(2_7t)7 XSZO X420
36t°
) T T x3<0 x4<0
|azas — az| < 361° - ’
max{m, o(2 at)}a x3>0 xa<0
max {¢(607t)a@(277t)}3 X3 < 0 X4 > 0

1937



ORHAN et al./Turk J Math

QUR(t

) X3 + 9x4
(202 4+ 1)2(2X +1)?

8(0% +26)(202 4+ 1)2(3N+ 1)(2A+ 1)2(A+ )%’

27 1) =
©(27,1) t5

(cort) = QU2 (t) B 27x3
PO = 05 T12(20 +1)2 8x30(0° + 20) (202 + 12(3A + 1)(2A + 1)2(A + 1)’

and co = /=2 xs = x1(hp = 1651), xa = xo (A = 1,6:8).

Taking A =1 in Theorem 1, we get the following result.

Corollary 2 Let hs € o of the form (1.6) be in B2°(t). Then

50(2_’75)7 XSZO XGZO
2
2 ) @R X5 <0 X6 <0
|aza4 — a3 < 36¢> - '
max{m, o(2 at)}v x5 >0 x6 <0
max {§0(007t)a§0(277t)}7 X5 < 0 X6 > 0
where
’ (262 +1)2(2+ )2 66(63 +20)(262 + 1)2(3 + p) (2 4+ p)2(1 + p)*’
(cort) = QU2 (t) B 27x2
PO = 052 1122+ )2 Sx50(0% + 20)(20% + 1)2(3 + 10)(2 + p)2(1 + p)d
and ¢y =/ =X x5 = x1(A = 1,1, 831), X6 = x2(A = 1,1,6;1).

X5

Putting A =1 and g =1 in Theorem 1, we find the following result.
Corollary 3 If hs € B2(t) is of the form (1.6), then

27,1), f<t<t
|a2a4—a§‘§ p(27,1), 3 = 07
(p(Co,t)7 to <t < 1

where
(2 1) = (P + 1) — (50 + 207 +2))
e (02 +2)(20% + 0)2 ’
(3,1,—1)
o(co,t) = t(v(4,20,73);(22740764))2
05 - - - —

0(20% +1)*(9% +20) (véii:47?3);(22,40,64) + 6t [¢(56* + 262 + 2) — (262 + 1)?[)

L
(262 + 1)’

VE;’?JC’;)((WJ)((S; t) = VEZ;IC’;)@&J[) =m(1 4 262)% + nt(a + bt? 4 ct*) + rt2(d + et® + ft*). Moreover, the value

of to is the root of equation x1 =0 for A\=u=1 and % <t<1.

Setting § = 1 in Corollary 3, we obtain the following result.
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Corollary 4 If hs € B,(t) is of the form (1.6), then

) t2(1 —2), 1<t <ty
]a2a4 - a3| SN £(260¢1 8445 — 1394 —184-9) et
8(18t3+42t2—17t—9) 01

where the value of to, , which is approximately to, = 0.603615, is the root of equation x1 =0 for A\=p=4d=1

and%<t<1.

Next, taking A =1 and p =0 in Theorem 1, we arrive at the following result.

Corollary 5 If hs € S29(t) is of the form (1.6), then

90(27375)7 % <t§t02
o(co,t), to, <t<1’

|a2a4 — a§| < {

where

(2 t)__8t2«262—%1)2——6#%62——1)2)
A (26% + 0)2(32 + 2) ’
(-2,-1,1)
o(co,t) = — t(v(72,10,1);(23,20,56))2
’ 5(262 +1)2(8% + 20) (V{25 1500 50) — SEI612(8% — 1)2 — (202 +1)2])
Lo
(202 +1)2

Moreover, the value of to, is the root of equation x1 =0 for A\=1, u=0, and % <t<1.

Now, taking § = 1 in Corollary 5, we attain the following result.

Corollary 6 If hs € Sk(t) is of the form (1.6), then

8t2 1 7+/401
3 <t< =5

2 30
‘a2a4 - a3| < { 2 t(2+t—11t%)2 74++/401 )
"+ 3(—4—Tt+22t2)> 44 <t<l1

When § = 1, we note that the results given above coincide with the results in [22].
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