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Abstract: This work is devoted to the study of the nonlinear second-order neutral difference equations with quasi-
differences of the form

A (T A (Tn + @nTn—r)) = anf(Tn—c) + bn
with respect to (¢n). For ¢n — 1, gn € (0,1) the standard fixed point approach is insufficient to get the existence of
the bounded solution, so we combine this method with an approximation technique to achieve our goal. Moreover, for
p>1 and sup|g.| < 2'7P, using Krasnoselskii’s fixed point theorem we obtain sufficient conditions for the existence of

the solution that belongs to P space.
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1. Introduction

Difference equations are used in mathematical models in diverse areas such as economy, biology, and computer
science; see, for example, [1, 7]. In the past thirty years, oscillation, nonoscillation, and the asymptotic
behavior and existence of bounded solutions to many types of second-order difference equations have been
widely examined; see, for example, [2, 4, 6, 9-11, 13, 14, 17-20, 26-31], and references therein.

The second-order difference equation with quasi-difference of the form
A (TnA (xn + ann—r)) = F(”v xn—o’)

is studied in the literature with respect to a sequence (g,). Fixed point theory is the standard technique to
prove the existence of the bounded solution to the considered problem with constant (g,) and sequences (gy,)
for which absolute values are lower or grater than 1. Let us present a short overview of papers that deal with this
problem. By using Banach’s fixed point theorem, Jinfa [12] and Liu et al. [15] investigated the nonoscillatory

solution to the second-order neutral delay difference equation of the following form:
A (THA (xn + qxn—T)) + f(na Tn—dyny -+ >xn—d1m) = Cn.

Liu et al. [15] proved the existence of uncountably many bounded nonoscillatory solutions for the above problem

under the Lipschitz continuity condition. With the Leray—Schauder type of condensing operators Agarwal et
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al. [2] examined the existence of a nonoscillatory solution to the problem
A (TnA (xn + qxnf'r)) + F(TL +1, $n+1fcr) =0,
where ¢ € R\ {£1}. Liu et al. [16] discussed the existence of uncountably many bounded positive solutions to

A (1o A (Tn + bpn—r — cn)) + f(n,2(f1(n), ..., 2(fr(n))) = dn,

where sup,,cy b = 0%, b* # 1 or inf,en b, = by, by # —1 by Krasnoselskii’s fixed point theorem.

On the other hand, Petropoulous and Siafarikas considered different types of difference equations in
Hilbert space; see [21-23]. Moreover, the functional-analytical method for general nonautonomous difference
equations of the form xyy1 = fr(xk, xx+1) was considered by Ey and Potzsche [8] and Potzsche [24]. This
approach allows us to better characterize solutions to difference equations.

In this paper we study the following second-order neutral difference equation with quasi-difference
A (THA (wn + annfr)) = anf(xnfa) + bn, (1)

where 7 € Ng, 0 € Z, a,b,q : Ng = R, r : Ny - R\ {0} and f: R — R is a continuous function. If the
sequence (g,) is convergent to 1, then the fixed point approach can not be applied to solve the studied problem,
because Krasnoselskii’s fixed point theorem need two operators, one of which is a contraction. To overcome
the limitation of this method we combine this approach with the approximation technique under the additional
assumption ¢, € (0,1). The approximation approach in this type of difference equations and the case when
(gn) is convergent to 1 has not been discussed so far, to our knowledge. Moreover, in the case p > 1 and
sup |gn| < 2'7P we establish sufficient conditions of the existence of the solution to (1), which belongs to I?

space. To get our result Krasnoselskii’s fixed point theorem is used.

2. Preliminaries
Throughout this paper, we assume that A is the forward difference operator, N := {k,k 4+ 1,...}, where k is
a given nonnegative integer and R is a set of all real numbers.

Let k € Ng. We consider the Banach space I3° of all real bounded sequences z: N — R equipped with

the standard supremum norm, i.e.

||.’EH = Sup |£L'n|, for z = (xn)RZk S lzo
neNg

Definition 1 [5] A subset A of I5° is said to be uniformly Cauchy if for every € > 0 there exists ng € Ny
such that |z, — x;| < e for any i,j > ng and x = (z,) € A.

Theorem 1 [5] A bounded, uniformly Cauchy subset of 13° is relatively compact.

For a real p > 1 we define [} as the Banach space of p-summable sequences as follows:
Bo={z: Ny > R: Z |z(n)|P < oo},
n=k
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with the standard norm, i.e.
oo 1/p
bl = (3 st )
n=~k

The relative compactness criterion in [P is given in the following theorem:

Theorem 2 ([3], p.106) Let p € [1,00), k € Ng. A subset A of I} is relatively compact if and only if A is

bounded and

lim sup Z |z, P = 0.

l—o0 r=(zn)€A T
To get the main results of this paper we use Krasnoselskii’s fixed point theorem of the following form.

Theorem 3 ([32], 11.B p. 501) Let X be a Banach space; B be a bounded, closed, convexr subset of X ; and
S,G : B — X be mappings such that Sz + Gy € B for any x,y € B. If S is a contraction and G is compact,

then the equation
Sr+Gr=x

has a solution in B.

To use the approximation technique we need the following Banach—Alaoglu theorem.

Theorem 4 [25] If X is a Banach space and S* = {z* € X* : ||z*|| < 1}, then S* is weak* -compact.

Let us close the preliminaries paragraph with definitions of different types of solutions to (1). By a solution
to equation (1) we mean a sequence ¥ : Np_paxiro} — R that satisfies (1) for every n € N for some
k > max{r,c}. By a full solution to equation (1) we mean a sequence x : Ny — R that satisfies (1) for every

n > max{7,0}. For p > 1, a solution z to (1) is said to be an [? solution if = € { for some k € Ny.

3. Dependence of existence of bounded solutions on the sequence (¢,)
Sufficient conditions for the existence of a bounded solution to equation (1) with respect to values of sequence
(gn) are derived. At the beginning of this section we formulate and prove the theorem in which values of
sequences (|gn|) are less than 1. Based on this result we prove the existence of the bounded full solution for
(¢n) convergent to 1.

In this section, unless otherwise noted, we assume 7 € No, 0 € Z, a,b,q: Ng = R, r : Ng —» R\ {0}
and f:R — R.

Theorem 5 Assume that

(Hy) f is a continuous function;

00 1 o0 [es) 1 00
(H) > i Y fad <400, 5 oy 3 bl < +ocs
s=0 t=s s=0 t=s

(Hg) sup |gn| =¢* < 1.
n€Np

Then equation (1) possesses a bounded solution.
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Proof Let M > 0. From the continuity of f on [—M, M| we get the existence of @ > 0 such that
|f(z)| <Q, for x € [-M, M].
By (H,) there exists ng > 8 := max{r,o} such that
Z Z lai|@ + |be]) < (1 —¢")M (2)
S=ngo

We consider the Banach space [§° and its subset
Apy ={x=(Zp)nen, €EI° 120 ="... =Tpgp-1 =0, |zn| < M,n>no+ 5}.

Observe that A, is a nonempty, bounded, convex, and closed subset of [5°.

Define two mappings T7,T5: I§° — I§° as follows:

0, for0<n<mng+p
(Tlx)n =
~QnTp—r, formn>mng+p,

0, for0<n<ng+p

T n 0 0
D=4 32 L5 (@fie) b, forn>ng+ 6.
s=n t=s

Our next goal is to check assumptions of Theorem 3, Krasnoselskii’s fixed point.
First, we show that Thxz + Toy € A, for z,y € A,,,. Let x,y € A,,. For n <ng+ B (Thix + Tzy), = 0. For
n > no + [ from assumption (H,) and (2) we get

s=n t=s

It is easy to see that
1Tz — Thyl] < g*[le —yl], for z,y € Ap,,

so T is a contraction.
Now we prove the continuity of T5. Let « € A,,, € > 0. The continuity of f implies that f is a uniformly

continuous function on compact set [—M, M]. Hence, there exists 6 > 0 such that

3

(14220 i 2 Jal)

|f(u) — f(v)] < , for [u—wv| <6, u,v € [-M, M]. (3)

Let y € Ay, such that ||z —y|| < . Then for any n > ng + 8 we have that |z, —yn| <, Tpn,yn € [-M, M],
and from (3)

oo

(T = Togal < 37 o S (el 1) Flno)l) <

s=n ‘ ‘S‘ t=s
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Hence, ||[Tox — Toy|| < € for y € Ay, ||z —y|| < 0, which proves the continuity of T3 in any x € A, .
Now we show that T5(A,,) is uniformly Cauchy. Let € > 0. From (H;) we get the existence of n. > S+ ng
such that

o0 1 o0
QS;; mé(\adQ‘F |be]) < e

For m > n > n. and for z € A,,, we have

|(T2x)n — (T2x)m| = Z Z ayf(ri—o) +by) — Z k= Z (arf(xi—0) + by)

Ts t=s s=m Ts t=s
Z Z |a:|Q + [be])

Since T(A,,) is uniformly Cauchy and bounded, then by Theorem 1 T3(A,,) is relatively compact in [§°,
which means that T5 is a compact operator.

From Krasnosielskii’s theorem we get that there exists © = (5 )nen, , the fixed point of 71 +T5 on A, .
Applying operator A to both sides of the above equation and multiplying by 7, and applying operator A a
o+ 38 the solution to (1). O
To achieve the main result of this section we need to have a full solution to (1), which means a solution defined

second time for n > ng + 28, we get = (Tn)nen

for n € Ng. In the case of sup|¢,| < 1 we obtain the full solution to (1) under one additional assumption in

Theorem 5
Corollary 1 Let the assumptions of Theorem 5 be fulfilled. If we additionally assume
(Hy) 7,0 €Ny, 7>0 and g, #0 for n € Ny,
then equation (1) possesses a bounded full solution.
Proof We find previous ng + max{r,o} terms of sequence x by the following formula:
Tp—r = — <—$n + Z Z arf(ri—o +bt)> ;
n s=n 1% t=s

starting with putting n :=ng + 27 — 1. O

Using the same technique, we get the following result.

Corollary 2 Assume that:
(Hy) 1,0 €Ny, 7>0;

(Hy) f is a continuous function;

(HS) 20 ﬁtz |at\ < +00, 20 ﬁ tZ |bt| < 40o0;
HY) inf ¢, =q¢*>1.

(Hy) inf gn=q" >

Then there exists a bounded full solution to (1).
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Proof The proof is similar to the proof of Theorem 5 with operators

0, for 0 <n < ng
(Tll‘)n = 1
———Zpyr, formn > ng,
An+4T -
0, for 0 < n < nyg
Tox n = 00 00
(Tzx) A 2 A3 (auf(@ig) +b), forn =g,

where for any M > 0 there exist @ > 0 and ng > f := max{r, o} such that

o0

— 1
Z (lag]Q + b4]) < (1 — q%)M
a—n |75 =
=ngo =s
O
Now we are in a position to formulate and prove the main result of this section using an approximation

technique.

Theorem 6 Assume that:

(Hyo) 1,0 €Ny, 7>0;

(Hy) f is a continuous function;

(Hgp) there exist D >0, C € (0,1), ko € N and increasing sequence (wy)ren C (0,1) with Y oo o(1 —wy) < o0
such that

Z Z las| P+ |bs|) < D(1 —wy,) (Cwy)®, for k > ko,

s=k St

where ‘Il’llaX |f(z)] < P;

(Hg=1) gn €(0,1), n e Np, nh_)rrgoqn =1, nleano qn > 0.

Then there exists a bounded full solution to equation (1).

Proof For any k € N, let us consider an auxiliary problem,
A (1hA (T + We@nTh—r)) = an f(Tn_o) + bn, 4)
where (wy) is the sequence satisfying (Hgp). It is obvious that
sup{wiq, : n € No} = wy, < 1.
Without loss of generality we can assume that
inf{g, : n € No} > C,
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where C is the constant from assumption (Hg,). By (Hgp,) there exist kg € N, D > 0 such that for any k& > kg

2 %Z("”'P + [bel) < D(1 = wp) (Cog)" (5)

s=k S|t:s

k

From Theorem 5, (4) possesses a bounded solution z" = (x’fL)neanT for some ny € N. Moreover, by the proof

of Theorem 5 we see that (5) implies (2) with My = D(Cwy)* < D. Hence, ¥ = (2F),en elx

osr € lntr is the
fixed point of Ty + Ty on A,, with ny := k for k > ko. This means that for k > ko, ¥ = (I’ﬁl)nzk_er solves
(4) for n > k+27 and |2%| < D(Cwy)* for n > k+ 7. We find previous k +7 terms of sequence (2%),>0 and

estimate them by using the following formula:

xth: (—x +Z Z arf(Ti—o +bt)>.

Wrqn

Let k > kg. Putting n:=ny +27 — 1 =k + 27 — 1 above we obtain

1

|xﬁk+771| = ‘$£+771| = Cuwy, (D(ka)k + Z
+

Z |at| P + [be] >

t=s

D(1 4 (1 —wy))(Cwg)*!

1
Ska< (Cwy) +Z Sz;|at|P+|bt

Moreover,

1 o0 1 oo
k — |k < _ — P b
Ty g ol =@ o] < Cun <|xk+2T o] + Z N tz:;(‘aﬂ + [be])

s=k+27-2

b (D040 -w) (€ + £ 2 £ alP+ b)) tor =1
s=k t=s
co (D(Cwi)* + D(1 — wy ) (Cwy)¥) for 7> 2

IN

- {D(l +2(1 — wp))(Cwy)*=2, for 7 =1

D(1+ (1 —wy))(Cwg)*=t,  forT>2"

We give the estimation of |z%| for the case 7 = 1, o = 0. The other cases are analogous and are left to the
reader. Indeed, for & > kg + 1,

|k o] < (Cwp) ™! (ka i+ Z

s=k—1

|r Z |a¢| P + [by] >

t=s

b3 B (Cwr )" g
< (Cwp)* 3 (D +2D(1 — wy,)) + D (1 — wy_1)
< (Cun)* (D +2D(1 — wy.)) + DCE (1 — )

< (Cwp)*3(D +2D(1 — wy) + D(1 —wp_1)) < D +2D(1 — wy) + D(1 — wy_1).
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By induction for ¢ =3,...,k — ko + 1,

k-1
zf | < DCwe)* " 1420 —wi) + D (1—wy)
Jj=k—i+1

<2D+D> (1—w).
i=0
Moreover,
o < o (204 D3 - w) 4 3 S ip )
i=0 s=ko— 1

and by induction

0o ko—1 oo [
2hl < o (204 D> (1 —w) + ZZ|:S| (las| P+ |be])
=0 j=1 s=j t=s
Hence, for n € N, k > ko,
0o ko—1 oo 1 oo
k] < oA 2D+D;(1 —w;) + ; ; o ; |ae| P+ [be])

This means that the sequence (z*);>, is bounded in [5°. Since (I})* = (5°, then from Theorem 4, the Banach—
Alaoglu theorem, we get that there exists (z%);eny C (2)g>4, , Which is convergent on its coordinates. This

means that there exists T = (Tp)nen, € (§° such that

lim a:k =T,, forn € Ny

l—o0
and
oo ko—1 oo 1 oo
- 1
=0 j=1 s=j
for n € Ny. To get our results we pass with | — oo in
z L4 wqunzn , Z Z (aff xt o)+ bt) , forn > 7. (7)

It is easy to see that for n > 7 we have

lim (xkl + wk’qn ) =Tp + GuTn_r-

l—o0

From Lebesgue’s dominated convergence theorem and the continuity of f we get

lim (ili (atf(xfl_a) +bt)> z% Z (at <hm flaft ,,)) +bt> -

Z:@Z atf(Ti—o) + bt) -
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From (7) we get that

§n+Qn§n7T Z Z atf xt o +bt)

été

for n > 7. Applying operator A to both sides of the above equation and multiplying by r, and applying

operator A a second time we get
A (rpA(@y 4 @nTn—r)) = anf(Tn-o) + by, for n > 1.

From (6) we get that (T, )nen, is the bounded full solution to (1). O

Now we present an example of an equation that can be considered by our method.

Example 1 The following problem,
A((-D)"A(zn+ (1= 55) 2n-3)) = 25 (zn-1)°, n >3, (8)

witht=3,0=1,r,=(-1)", g, =1— 2n R %2%, b,=0,n>1,and f(x) =25 fulfills the assumptions
of Theorem 6. We have to check only (Hg). For C =9/10 and wy, =1—(5/8)%, k> 1 and any D > 0 (with
P = DY), we get the existence ko such that for any k > ko

, k
30 (5) < (1- (1)) -
Thus, for any k > kg,
DOYY ladd = D° Y3 g =30 < D ()" (1-()) ()
s=k t=s s=k t=s
It is easy to see that x, = (—1)" is the bounded solution to (8).

Using the same technique, we get the following result.
Theorem 7 Assume that:

(Hy) 1,0 €Ny, 7>0;

(Hy) f is a continuous function;

(Hgp) there exist D >0, ko € N and decreasing sequence (wy)ken C (1,00) with Y ;- ((wy —1) < oo such that

Z Z lac| P+ [be]) < D (wi — 1w ¥, for k> ko
s:k =
where \Hlla)1(7|f( x)| < P;

1 : —
(Hy—1) gn>1, n €N, nh_)n;oqn—l.
Then there exists a bounded full solution to (1).
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Remark 1 We obtain analogous theorems if we change the assumption (Hy=1) or (H;Zl) to one of the following

assumptions:

(Hg=—1) ¢n € (—1,0), n € Ny, ILm Gn =—1, sup ¢, > 0.
n—oo n€Ny

(Hq=

q——l) gn < —1, n € Ny, lim ¢, = —1.
n— oo

4. The existence of [P-solution
To get a better characterization of solutions to (1), we formulate sufficient conditions for the existence of an [?
solution to (1).

In this section, we also assume 7 € Ny, 0 € Z, a,b,q: Ng = R, r : Ng = R\ {0}, and f:R = R.
Theorem 8 Assume that:
(Hp) p Z 17'

(Hy) f is a continuous function;
0o 0o 00 p 0o 00 ) p
1 1
i) 5 (5 Ele) < 5 (5B Em) <o

(Hgp) sup lgn| = ¢* € (0,2'77).
n€Np

Then equation (1) possesses an P -solution.
Proof From the continuity of f on [—1,1] we get the existence of W > 0 such that
|f(z)] < W, for x € [-1,1].
The assumption (Hsp) implies there exists ng > 8 := max{r, o} such that
v e S (S Se) + 5 (S ) | <a-2e ®
n=ng \s=n n=ny \s=n
We consider the Banach space [f] and its subset
Any ={z = (Tn)nen, € 1§ 100 = ... = Tporp-1 =0, [|z[l1p < 1}.

Observe that A, is a nonempty, bounded, convex, and closed subset of If.

Define two mappings Ty, T»: I — I} as follows:

0, for0<n<ng+p
(Tlx)n —
—gnTn—7, for n >ng+ ﬂ7

0, for0<m<ng+p
Z % (atf(ﬂft o) tb), forn>ng+p.

S

(T2m)n =

uMg
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Now we prove the assumptions of Theorem 3 on Krasnoselskii’s fixed point.
First, we show that Tyx + Toy € Ay, for z,y € A,,. Let z,y € A,,,, for n <ng+ p (T1x + Toy), = 0. Using

twice the classical inequality
(& +y)? <2071 (aP +yP) for 2,y >0, p > 1,

for n > ng + 8 we get

[ee] [e'e] p
_ " 1
(Twa + Tay)u|” < 2771 [(q )P lan—r|” + <Z|T|Z(|at|W+ Ibtl)> ] :
s=n "% t=s
oo 1 oo p oo 1 oo p
¢ |xn_T|p+2,,1<wp <Z ] Z"“) ! (erlzbt> >]
s=n "5 t=s s=n "% t=s
oo 1 oo p oo 1 ) p
< gt P 4 40 [Wp <Z Il & ) ' (Z Tl & 'bt'> ] |
s=n "5 t=s s=n "% t=s

By (9) we obtain that

o0 o0 o0 p
B _ 1
Ty + Toylly < 272" lalf, + 47 1le > (ZMZWI)
Sl =5

n=no+pB \s=n

< gp—1

+ i (i@ilbtly <L

n=no+pB \s=n

It is easy to see that

HTliL' - le”lp § q*||$ - y”lp, for T,y € Anoa

so T} is a contraction.
Now we prove the continuity of 75. Let « € A,,, € > 0. The continuity of f implies that f is a uniformly

continuous function on [—1,1], which means there exists § > 0 such that

1/p

€

(1 " ::o (i ol ti |at|)p>

Hence, for y € A,,, and n > ny + 3,

(Tow — Tay)ul? < (Z ﬁ S fadllf (i) - f(yt_a>|>

[f(u) = f(v)] <

, for ju—wv| <4, u,ve[-1,1].

00 1 > : :
Bz G

sS=n

Hence, we get that
[ To — Toyll, < &, for [z = ylli, <8, y € Any,
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which proves the continuity of T on A,,. In an analogous way we get for x € A,,, and n > ny +

s=n s=n =s

%) fe'e) p o0 oo p
(o)l < 2771 le <Z =P '“”) " (Z s 'bt'> ]
=S
and hence by (Hgp)

o0
lim sup Z|(T2x)n|p§

=00 €A, -
. -1 1 1 —
EEEOZZW’ [Wp (th |“t> + <ertz|bt|> ] =0,
n= s=n =S s=n =s

which means that T5(A,,) is a relatively compact subset of IP.
From Theorem 3 we get that there exists @ = (2, )nen, , the fixed point of Ty +T» on A, . Applying operator
A to both sides of the above equation and multiplying by 7, and applying operator A a second time for

n > ng + 20 we get that © = (2 )nen is the I}, . 5-solution to (1). O

no+p
Remark 2 It is worth mentioning that for p =1 assumption (Hgp) implies assumption (Hsp).
Now we present an example of an equation for which our method can be applied.
Example 2 Let us consider the following problem:
A((-D)"A(@n + guwn-s)) = 27" f(@n-1) + smmmmromrsy "2 3 (10)

with =3, o =1, r, = (-1)", a, =27, b, =

f € C%R). Note

m, n =1, and any (qn), sup|qa| < 1,

o0

>3 k3 lal =

n=0s=n

oo o oo

ZZ\%\;"’H:ZZZW

n=0s=n n=0s=n t=s
oo 00 oS
=22 e = X e <
- 4s(s+1)(s+2) — 12n(n+1) ’
n=0s=n n=0

which means that assumptions of Theorem 6 are fulfilled with p = 1. Hence, (10) has an 1! -solution. It is

obvious that this 1* -solution is an [P -solution for any p > 1.

Corollary 3 If in Theorem 8 we additionally assume
(H)) 1,0 €Ny, 7>0 and ¢, #0, n €Ny,

then equation (1) possesses a full P -solution.
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