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Abstract: In this paper, we introduce and investigate two new subclasses of analytic functions in the open unit disk
in the complex plane. Several interesting properties of the functions belonging to these classes are examined. Here,
sufficient, and necessary and sufficient, conditions for the functions belonging to these classes, respectively, are also
given. Furthermore, various properties like order of starlikeness and radius of convexity of the subclasses of these classes

and radii of starlikeness and convexity of these subclasses are examined.
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1. Introduction and preliminaries

Let A be the class of analytic functions f(z) in the open unit disk U = {z € C: |z| < 1}, normalized by
f(0) =0= f'(0) — 1 of the form

flz)=z+a? +agz® + -+ an2" + =24 an2",a, €C, (L.1)
n=2

and S denote the class of all functions in A that are univalent in U .
Also, let us define by T the subclass of all functions f(z) in A of the form

oo
f(2)=2—a22® —azz® — - —apz" — --~=z—Zanz",an > 0. (1.2)
n=2

Furthermore, we will denote by S*(«) and C(«) the subclasses of S that are, respectively, starlike and convex
functions of order a (« € [0,1)). By definition (see for details [4,5] and also [9]),

S*(a){feS: Re<2;£i§)>>a,z€U},aE[O,l), (1.3)
and
Cla) = {feS: Re(1+2£/;i§)> > a, zeU}, aelo1). (1.4)
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For convenience, S* = S*(0) and C = C(0) are, respectively, starlike and convex functions in U. It is
easy to verify that C' C §* C S. For details on these classes, one could refer to the monograph by Goodman
[5].

Note that we will use T'S*(a) = T N S*(«), TC(a) = T N C(e), and in the special case we have
TS*=TnNS*", TC=TNC for a=0.

An interesting unification of the function classes S*(«a) and C(«) is provided by the class S*C(«, 3) of

functions f € .S, which also satisfies the following condition:
Re { 2f'(2) + B2 f"(2)
Bzf'(z) + (1= B)f(2)
In the special case, for 8 = 0 and 8 = 1, respectively, we have S*C(«,0) = S*(a) and S*C(«,1) = C(«)
in terms of the simpler classes S*(a) and C(«), defined by (1.3) and (1.4), respectively. Also, we will use
75*C(a, 8) =T NS*C(a, B).
The class T'S*C(a, 8) and various other subclasses of T' were studied by Altintas et al. [2,3], Irmak et
al. [6], Altintas [1], Mustafa [7], and Silverman [8].

Inspired by the aforementioned works, we define a subclass of analytic functions as follows.

}>a,ae[0,1),6e[0,1], zeU.

Definition 1.1 A function f € S given by (1.1) is said to be in the class S*C(«, 5;7), a €10,1), B €10,1],
T € C* =C — {0} if the following condition is satisfied:
1 [ 2f'(2) + B2 1" (2)
T Bzf'(z) + (1 = B)J(
In the special case, we have S*C(«, 8;1) = S*C(a, ) for 7 = 1. Note that we will use TS*C(«, 8;7) =
TNS*C(a, B;7). Also, we have TS*C(«, 8;1) = TS*C(a, f)and TS*C (v, 0;7) =T N S*(;7) = TS* (a5 7),
T75*C(a, ;7)) =T NC(o;7) =TC(a;7).
In this paper, two new subclasses, S*C(a, 8;7) and T'S*C(a, 8;7), of the analytic functions in the open

Re{1+ Z)—l]}>a,z€U,a€[0,1),ﬂ€[071],760*.

unit disk are introduced. Various characteristic properties of the functions belonging to these classes are ex-
amined. Sufficient conditions for the analytic functions belonging to the class S*C(«, 3;7), and necessary and
sufficient conditions for those belonging to the class T'S*C(a, 8;7), are also given. Furthermore, various prop-
erties like order of starlikeness and radius of convexity of the subclasses TC(«;7) and T'S*(a;7), respectively,

and radii of starlikeness and convexity of the subclasses S*C(a, 8;7) and T'S*C(«, 5;7) are examined.

2. Coefficient bounds for the classes S*C(«, 5;7) and TS*C(a, 5;7)

In this section, we will examine some inclusion results of the subclasses S*C(a, 8;7) and T'S*C(a, f;7) of
analytic functions in the open unit disk. Also, we give coefficient bound estimates for the functions belonging
to these classes.

A sufficient condition for the functions in class S*C(«, 8;7) is given by the following theorem.

Theorem 2.1 Let f € A. Then the function f(z) belongs to the class S*C(«,8;7), a € [0,1), B € [0,1],
T € C* =C— {0} if the following condition is satisfied:

o0

Yo+ A=) =11+ (n = 1B |an] < (1 - a)|r].

n=2
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The result is sharp for the functions

(1—a)l|
n+ A —a)lr| =11+ (n - 1)F]

fn(2) =2+ 2" zelU n=2.3,...

Proof According to Definition 1.1, a function f(z) is in the class S*C(a, 8;7), a €
7€ C*=C—{0} if and only if

fre {1 = [ﬁj/((j: gzifﬁ”)(;gz) - 1} } -

It suffices to show that

1[ 2f'(2) + B2 f"(2)
T 1B2f"(2) + (1= P)[f(2)

Considering (1.1), by simple computation, we write

—1”<1—a.

1y s(n=1)[1+B(n—1)]a,z"

; {Bjjﬁl((;): ﬁ"ff§>(§3z> - 1] ‘

T z4 Y 5[4 B(n—1)]a,z"

Donea(m— 1[I+ B(n—1)]|an|
[T{1 =20 L+ B(n = D] fanl}

The last expression is bounded above by 1 — « if

Y (=1 [+ —1)]lan| < |7 (1 - ) {1 — > [+ B(n—1) Ianl}v

n=2 n=2

which is equivalent to

o0

Yo+ Q- =1L+ (= 18] |an] < (1 - a) 7]

n=2
Hence, inequality (2.1) is true if condition (2.2) is satisfied.
Thus, the proof of Theorem 2.1 is completed.

Setting 7 =1 in Theorem 2.1, we arrive at the following corollary.

Corollary 2.2 The function f(z) by definition by (1.1) belongs to the class S*C(«, ), «

if the following condition is satisfied:

o0

Z(n—a) 14+ 8n—=1)]la, <1—a.

n=2
The result is sharp for the functions

l-« n _
f"(z)zz+(n—a)[1+5(n—1)]z ,zelU n=23,...

Remark 2.3 The result obtained in Corollary 2.2 verifies Corollary 2.1 in [8].

[0,1), B € [0,1],

€[0,1),5 € [0,1]
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Choosing 8 =0 in Corollary 2.2, we have the following result.

Corollary 2.4 (see [8, p. 110, Theorem 1]) The function f(z) by definition by (1.1) belongs to the class
S*(a), a €10,1) if the following condition is satisfied:

oo
(n—a)la,] <1-a.
n=2

The result is sharp for the functions

11—«

fa(z) =2+ 2"zelU, n=23,...

Taking 5 =1 in Corollary 2.2, we arrive at the following result.

Corollary 2.5 (see [8, p. 110, Corollary of Theorem1]) The function f(z) by definition by (1.1) belongs to
the class C(a), a € [0,1) if the following condition is satisfied:

o0

Zn(n—a) lan| <1 —a.
n=2
The result is sharp for the functions
l—a
folz) =24 ———2", 2€U, n=2,3,....
n(n — a)

Remark 2.6 The results obtained in Corollary 2./ and 2.5 verify Corollary 2.3 and 2.4 in [7], respectively.

From the following theorem, we see that for the functions in the class T'S*C(a, 8;7),c € [0,1),8 € [0,1],7 €

R* =R — {0} the converse of Theorem 2.1 is also true.

Theorem 2.7 Let f € T. Then the function f(z) belongs to the class TS*C(a, 5;7), a €10,1), B €[0,1],
7€ R* =R — {0} if and only if

oo

Yo+ A=)l =1L+ (n-1)Ba, < (1 -a)|r].

n=2
The result is sharp for the functions

L (1—-a)lr| o -
fn(z>_ [n+(1_a) |T‘—1} [1+(’ﬂ—1)ﬂ] , z€eU, 2,3,... ..

Proof The proof of the sufficiency of the theorem can be proved similarly to the proof of Theorem 2.1.

Therefore, we will prove only the necessity of the theorem.
Assume that f € TS*C(a, 8;7), a« €[0,1),8 € [0,1],7 € R* =R — {0}; that is,

refue L[

T B )+ (- B)f (=) 1} } s el (2.3)
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Using (1.2) and (2.3), we can easily show that

e — Yoo =1 [1+ B(n — 1] an2" o —
f { T{z =0 1+ B(n —D]anz"} } zent

The expression
—Yonea(m—1)[1+B(n — D] ay2"
m{z = 2oy 1+ B(n— D]anz"}

is real if we choose z real.
Thus, from the previous inequality, letting z — 1 through real values, we have

~ Sl =D+ B Day
-y, 4 A Da} ~ (2.4)

We will examine the last inequality depending on the different cases of the sign of parameter 7 as follows.
Let 7 > 0. Then, from (2.4), we have

—Z(n—l)[l+ﬂ(n—l)]an>(a—l)T{l—Z[1+B(n—1)]an},

n=2 n=2

which is equivalent to

o0

Z[n—l—(l—a)r—l} 1+ 8(n—1]a, <(1—a)r. (2.5)
n=2
Now, let 7 < 0. Then, since 7 = — |7|, from (2.4), we get

Dnmp(n =D+ - D]a,
{1 =0, L+ B —D]a,} =

that is,
i(n—l) 14+ B8n—1)]a, > (a—1)]|7] {1—2[14—6(71—1)]%}.
Therefore,
Ti[nJr(Oé—l)lTl—l] [1+B8(n—1]an =2 —-1—-a)lr|.

Since @ <1 (or 1 —a > a —1), from the last inequality, we have

oo

Z m+1—a)|r| =11+ 8(n—-D]a, > —(1—a)]|7]|. (2.6)

n=2

Thus, from (2.6) and (2.7), the proof of the necessity of theorem and the proof of theorem are completed. O
The special case of Theorem 2.7 was proved by Altintag et al. [2], 7 =1 (there p=n =1).

Setting 7 = 1 in Theorem 2.7, we arrive at the following corollary.

2427



MUSTAFA /Turk J Math

Corollary 2.8 The function f(z) by definition by (1.2) belongs to the class TS*C(«,8), a €10,1), B € [0,1]
if and only if

oo

Z(n—a)[l—i—ﬁ(n—l)]angl—a.

n=2
Remark 2.9 The result obtained in Corollary 2.8 verifies Theorem 1 in [2].

Taking 5 =0 in Corollary 2.8, we have the following result.

Corollary 2.10 (see [8, p. 110, Theorem 2]) The function f(z) by definition by (1.2) belongs to the class
TS*(a), a €10,1) if and only if

oo

Z(n—a)an <l-a

n=2

Choosing 5 =1 in Corollary 2.8, we arrive at the following result.

Corollary 2.11 (see [8, p. 111, Corollary 2]) The function f(z) by definition by (1.2) belongs to the class
TC(a), a €]0,1) if and only if

o0

Zn(n—a)an <l-a.

n=2
Remark 2.12 The results obtained in Corollary 2.10 and 2.11 verify Corollary 2.7 and 2.8 in [7], respectively.

Corollary 2.13 The function f(z) by definition by (1.2) belongs to the class TS*(a;7), aw € [0,1),7 € R* if
and only if

Z[n—k(l—a)\ﬂ—l]ang(1—a)|7’|.

n=2

Corollary 2.14 The function f(z) by definition by (1.2) belongs to the class TC(a;7), a € [0,1),7 € R* if
and only if

oo

Z m+(1—-a)|r|—1a, < (1—a)l|7]|.

On the coefficient bound estimates of the functions belonging in the class T'S*C(«, 5;7), we give the following
theorem.

Theorem 2.15 Let the function f(z) by definition by (1.2) belong to the class TS*C(a, B;7), a € [0,1),5 €
[0,1),7 € R* =R —{0}. Then,

3 (1—a)lr]
nz::zm"‘ SA+A+U-a)] (2.7)
and
21 - o) 7]
Zn‘a"‘ A+B) 1+ —a)r (2.8)
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Proof Using Theorem 2.7, we obtain

L+ =) ] (1+8) Y lanl <D [+ (1 —a)|r| = [1+ (n = 1)B]|an| < (1 —a)|7].

From here, we can easily show that (2.7) is true.

Similarly, we write

(1+8)Y In+ (1 —a)|r|=1]lan| <Y [n+ 1 —a) 7| = 1] [1+ (n = 1)B]|an| < (1= a) |7[;
n=2 n=2
that is,
(14+8)) nlan| < (1 —a)lr|+[1=(L=a) 7] (1+8) D _ |an|.

Using (2.7) in the last inequality, we obtain

o0

2(1 — a)|7|
1 + nian S T 1 N
( ﬁ)nz:; 2] 1+ (1—a)l7|
which immediately yields inequality (2.8).
Thus, the proof of Theorem 2.15 is completed. O

Setting 7 =1 in Theorem 2.15, we obtain the following corollary.

Corollary 2.16 Let the function f(z) by definition by (1.2) belong to the class TS*C(«,8), a € [0,1),
B €0,1]. Then,

= -« > 2(1 - )
2l < g o el g ga gy

Remark 2.17 The result obtained in Corollary 2.13 verifies Lemma 2 (with n =p=1) of [2].

From Theorem 2.7, for the coefficient bound estimates, we arrive at the following result.

Corollary 2.18 Let f € TS*C(a,8;7), a €[0,1), f€[0,1], T € R* =R —{0}. Then,

(1—0a)|7|
n+(l1—a)|r| =11+ (n—1)p]

|an|§[ ,m=23, ...

Remark 2.19 Numerous consequences of Corollary 2.14 can indeed be deduced by specializing the various
parameters involved. Many of these consequences were proved by earlier workers on the subject (see, for
example, [1, 8, 10]).
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3. Order of starlikeness and radius of convexity for the classes TC(«;7) and T'S*(a;7)

In this section, we will examine some properties like order of starlikeness and radius of convexity of the subclasses

TC(a;7) and T'S*(a; 7). On this, we can give the following theorem.

Theorem 3.1 Let f € TC(a;7), a €[0,1), 7 € R*. Then the function f(z) belongs to the class T'S* (cvo;7),

where oy = % ; that is, f € TS* (aw; 7). The result is sharp for the functions

3 (I—a)lr|
nn+(1—-a)|r|-1)

fn(z) =z

2" zelU n=2.3,.. .
Proof In view of Corollary 2.13 and Corollary 2.14, we must prove that

o0 n_1+{1_W} I7]

24+ (1—a)|7|
an <1 (3.1)
24+ (1—a)(|7]|—1
n=2 [1 - 2(+(1—)g)||fT )} 7l

if

It suffices to show that

2+(A—a)(|7]=1)
nn—1+1—-a)|7|] S n—1+ [1 T T 2Fx(—a)l7] ] kd

1-— - 2+(1—a)(|r|-1)
(1—a)l|7| {1 - W} I7]

(3.2)

forall n=2,3,... .

The last inequality is equivalent to

nn—1+1—-a)|7]] — (1 - «)
11—«

7l -2t (-

Taking into account that a > 0 <or ﬁ > 1) , it suffices to show that

np—1+1-a)|r]-(1-a)|r[ = -1)2+1-a)lr],
which is equivalent to n (n — 1) > 2 (n — 1); that is, n > 2. Thus, inequality (3.2) is provided for all n = 2,3, ...

With this the proof of Theorem 3.1 is completed. O

Corollary 3.2 (see [8, p. 113, Theorem 7]) If f € TC(«), a € [0,1), then the function f(z) belongs to the

class TS* (o), where ag = == ; that is, f € T'S* (ﬁ) . The result is sharp for the functions

3—a’

2430



MUSTAFA /Turk J Math

Note 3.1. There is no converse to Theorem 3.1. That is, a function in T'S*(a;7T) need not be conver. To

show this, we need only find coefficients an, n = 2,3, ... for which

n—1+(1—a)l nn 14
a, < land —_—a, > 1. 3.3
; T- ] Z 7 (33)

(1=c)|7]|

Note that the functions fn(z) =z — Py g e 1

z"™ forn > H(l%d)lﬂﬂ + 1 all satisfy both inequalities of

(3.3), where [z] is the exact value of number x.
By considering the above note, we now determine the radius of convexity for functions in 7'S*(a;7). The

following theorem is about this.

Theorem 3.3 Let f € TS*(o;7), o € [0,1), 7 € R*. Then the radius of convexity of the function f(z)
is r°(f) = r(7) = inf{ [% oy n =23 } ; that is, the functionf(z) is convex in the disk
Urtayry = {21 |2] <r(os7)}.

Proof Proof. Let f € TS*(a;7), a €[0,1), 7 € R*. It suffices that |2f"(2)/f'(z)] <1 for |z| < r(a;T).

By simple computation, we have

Py //(z)
'(2)

1
< Z:o=2 n(n —1)ay |Z|n
T1=3  nay |z|”71

|- Yoo on(n —1)a,z""t
1= nagent

The last expression is bounded above by 1 if

oo
Z (n—1ay |2~ 1<1—Znan\z|" !

n=2 n=2

which is equivalent to
o0
> nfan 2" <1 (3.4)
n=2

According to Corollary 2.14,

i n—14+(1-a)|7|
D T e e

n=2

Hence, inequality (3.4) will be true if

2yt oLt (—a)lr

< ,m=2,3, ...
(1—a)lr|

Solving the last inequality for |z|, we obtain

n—1+(1-a)|r]"/"V
n?(1—a)|7|

2] <

, n=2,3,....

From here, we obtain the desired result. The proof of the theorem is completed. O
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Corollary 3.4 (see [8, p. 113, Theorem 8]) If f € TS*(a), a € [0,1), then the radius of convexity of the

_ 1/
function f(z) is r¢(f) = r(a) = inf {#fa)} in=2,3,...¢ ; that is, the function f(z) is conver in
the disk Uy(airy = {2 |2] <r(a)}.

4. Radii of convexity and starlikeness of the class T'S*C(«, 5;7)

In this section, we determine the radius of convexity and starlikeness for the class T'S*C(a, 8;7).

Theorem 4.1 Let f € TS*C(a, 3;7),a € [0,1),8 € [0,1],7 € R* =R — {0}. Then the radius of convexity
of function f(z) is

n— —a)l|r n— 1/(n=1)
’I"C(f):TC(Oz,,B;T)Zin{{[ 1+ JIrll [t + 1)5]} ,n:2,3,...};

n2(1—a)|7|
that is, the function f(z) is convex in the disk Uye(py = {z: |2| <7°(f)}.

Proof Let f € TS*C(w,B;7),a €[0,1),8 € [0,1],7 € R* = R—{0}. It suffices to show that |zf"(2)/f'(z)| <
1 for |z| < r(a, B;7). In view of the proof of Theorem 3.3, we must prove that (3.4) is true for |z| < r(a, 8;7).
From the result of Theorem 2.7, it is easy to see that inequality (3.4) will be true if

-1+ 0 -]l + (n—1)f]

2 n—1
<
wl s T —a) "]

,m=2,3, ...

Solving the last inequality for |z|, we obtain

n—1+@—a)lri+@m-1s """
|z| < ,n=23, ...
n?(1—a)|7|
Thus, the proof of Theorem 4.1 is completed. o

Corollary 4.2 If f € TS*C(«,8),a € [0,1),8 € [0,1], then the radius of convexity of function f(z) is

n—a n— 1/(n=1)
rc(f)zrc(oz,ﬂ)zinf{{( J1+( ) 1)6]} ,n:2,3,...};

n?(l—«

that is, the function f(z) is convex in the disk Upepy ={z: |z| <7¢(f)}.

Theorem 4.3 Let f € TS*C(w,8;7),a €[0,1),8 € [0,1],7 € R* =R —{0}. Then the radius of starlikeness
of function f(z) is

VY [ et e €St ) A O V1 A G |
r(f)—r(a,B,T)—lnf{{ Tl —a) } ,n_2,3,...},
that is, the function f(z) is starlike in the disk Up-(py = {2z : |2| <7*(f)}.
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Proof It suffices to show that |zf'(z)/f(z) — 1| <1 for all |z| <7*(f). By simple computation we have

X =Dl
o0 n
1- anz an 2|

L) | [ Sl e
f(z) Z= 3y anz"

From this, we can easily see that |zf'(2)/f(z) — 1| <1 if

o0
Zn—l Yan |2|" <1—Zan|z|
n=2 n=2

which is equivalent to
o0
Znan |2|" < 1. (4.1)
n=2

According to Theorem 2.7, it is clear that inequality (4.1) will be true if

n+(-a)fr| =11+ (@n-1)F]

nlz|" < T ]] n=273, ..
From this,
|4§{m+u—aig—g$rm—nﬂ%/ﬂn:lad
that is,

Y B RO I N IR VI D S
2] < f{{ ") } , _2,3,...}.

Thus, inequality (4.1) is provided for |z| < r*(f) = r*(«, 8;7), where

i) —ipd {1+ (=N
(o, B;T) = f{{ n( =) ] } , _2,3,...}.

With this, the proof of Theorem 4.3 is completed. O

Corollary 4.4 If f € TS*C(w,B),a €[0,1),8 € [0,1], then the radius of starlikeness of function f(z) is

n—a n— 1/n
r*(f)—r*(a,ﬂ)—inf{{( )1+ 1>ﬁ]} ,n—2,3,...};

n(l—a)

that is, the function f(z) is starlike in the disk Up-py = {z: |2| <7*(f)}.

5. Integral transforms of the function class T.5*C(«, 5;7)

In this section, we consider integral transforms of the function class T'S*C(«, 8;7) of the type

F(f,Z)—

1 f(;f)d € (0,2). (5.1)
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In this section our purpose is to investigate some geometric properties of integral transforms (5.1). We
will give the following theorem on the fact that the integral transform F (f,z) of the function f(z) belongs to
the class TS*C(a, 8;7).

Theorem 5.1 Let the function f € T defined by formula (1.2) be in the class TS*C(a, B;7), a € [0,1),
B €[0,1], T € R* =R —{0}. Then the integral transform (5.1) belongs to the class TS*C(v,B;7), v € [0,70]

(1—)(2-0)

Tt (I—a)|r] * The result of the theorem is sharp.

where v =1 —

Proof Let feTS*C(a,B;7), a€0,1),8€[0,1],7 € R* =R — {0}. Then, by simple computation, we can

write
oo

2—c¢
F =2z— — an2". 5.2
(o) === 3 (52)
It is clear that F' € T'. Now we need to show that F € T'S*C(~, ;7). For this, according to Theorem 2.7, we
need to find the values of « for which the following inequality is satisfied:

= 2-c -yl +@-14
2 =l

an < 1. (5.3)

In view of Theorem 2.7, since f € TS*C(«, §8;7), @« €10,1),8 € [0,1],7 € R* =R — {0}, we have

i n+(l—a 1T|_—Oé1)]|[T1|+ (n=DB . (5.4)

n=2
It is easy to see that inequality (5.3) will be true if

2—c A -UA+@® -1 h+A-a)lr -1+ {n-1)F
nt+l—c 1—9) 7| = (1—a)|| ’

which is equivalent to
2—c n71+(1—7)|7'|<n71+(17a)|7'|
n+1l-—c 1—7 - 11—« ’

Solving the last inequality for v, we obtain

1-a)(2-0¢)
n+l—c+(1—a)lr|’

’YSI* =2,3,....

From the last inequality, we can write

. 1-a)(2-2¢) B
’ngf{ln+1—c+(1—a)7|’n2’3"“}' (5.5)

By simple computation, we can easily show that the function ¢ : No — R defined by

1-a)(2-2¢)
n+l—c+(1-a)lr|

p(n)=1-
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is an increasing function, where No = {2,3,...} = N — {1}. Using this, from (5.5), we obtain

1-a)(2-2¢)
L SN RS P

Thus, the proof of Theorem 5.1 is completed. O

Corollary 5.2 If f e TS*C(w,B;7), a €10,1),8 €[0,1],7 € R* =R — {0}, then the integral transform

F(f,z)z/O @dm

1s in the class TS*C(’}/,B, 7')7 v € [O’f)/o] , where Yo=1-— ﬁ . The result Of the theorem is sharp.

Corollary 5.3 If f € TS*C(«, ), a €[0,1),8 € [0,1], then the integral transform

F(f,z:):/O @dl‘

is in the class TS*C(v, ), v € [O, ﬁ} . The result of the theorem is sharp.
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