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Abstract: In this paper, we mainly investigate the uniqueness problem on meromorphic functions in C™ sharing small
functions with their difference operators or shifts, and we obtain some interesting results that act as some extensions of

previous results from one complex variable to several complex variables.
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1. Introduction and main results

Let f be a meromorphic function in the complex domain. In this paper, we assume that the reader is familiar
with standard notations such as characteristic function T'(r, f), counting function N(r, f), and fundamental
results of the Nevanlinna theory of meromorphic functions (see [8, 12, 17]). We say that a(z) is a small
function with respect to f if T(r,a) = o(T(r, f)) as r — oo outside of a possible exceptional set of finite
logarithmic measure. Usually, S(f) is used to denote the family of all small functions with respect to f.
For two meromorphic functions f,g, if f —a and g — a have the same zeros, counting multiplicity (ignoring
multiplicity), then f and g share the small function o« CM (IM).

In the last decades, uniqueness problems on meromorphic functions have been studied deeply due to their
important value in Nevanlinna theory, and many interesting results have been established (see [9, 13, 16, 18]).
As a very active subject, the problems on uniqueness of the entire function sharing values with its derivatives
were initiated by Rubel and Yang[15]. In 1986, Jank et al.[10] obtained the following result:

Theorem 1.1 [10] Let f be a nonconstant entire function, and let a(# 0) be a finite constant. If f and [’
share the value a IM, and f"(z) = a whenever f(z) =a, then f = f'.

After that, variations and generations for Theorem 1.1 have been extensively studied throughout the last
decades. In [19], Zhong gave an example to show that f” can not be replaced by f*)(k > 3) in Theorem 1.1.
In addition, Zhong obtained the following result:

Theorem 1.2 [19] Let f be a nonconstant entire function, and let n be a positive integer. If f and f' share

a finite, nonzero value a CM, and if f™(z) = f**tV(2) = a whenever f(z) =a, then f = f").
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In 2001, Li and Yang[9] considered the cases of the higher order derivative and proved the following two

theorems for all entire functions:

Theorem 1.3 [9, Theorem 2.104] Let f be an entire function, let a be nonzero finite value, and let

L(f) = arf' +agf" + - +anf™ (1.1)

with ay,as,- - ,a, being constants and a, # 0. If f,L(f), and L'(f) share the value a CM, then > ;_, ar # 0

and
z

a 22:1 ak

a

- 22:1 ar’

f(2) +a

or
f(z) =—a <Z ak> e* —ae* +a, Z2kak =0,
k=1 k=1

where ¢ is a nonzero constant.

Theorem 1.4 [9, Theorem 2.105] Let f be a nonconstant entire function, let a be nonzero finite value, let
n(>2) be a positive integer, and let L(f) be the function defined as in Theorem 1.5. If f,f’, and L(f) share

the value a CM, then f must assume the following form:

where b, c are nonzero constants with Y ,._, apct~t =1.

Corresponding to the uniqueness problems on meromorphic functions sharing values with their derivatives,
many authors considered the case of uniqueness of meromorphic functions sharing values or small functions with
their shifts or difference operators, and some significant contributions have been made (see, e.g., [3-5, 14]).

Recently, many authors have paid attention to the uniqueness problems in the case of higher dimension
(see, e.g., [2, 11]). For example, in 2014, Cao[2] obtained difference analogues of the second main theorem for
meromorphic functions in several complex variables, and difference analogues of Picard-type theorems were also

obtained as follows.

Theorem 1.5 [2, Theorem 1.10] Let f be a meromorphic function with hyperorder pa(f) < 1 on C™, and
let 7:C™ — C™,7(2) = 2+ ¢ and c € C™\{0} satisfy that for any & € S,,(1) there exists one ¢ € C'\{0}
such that ¢ =<c£. If three distinct values of f have forward invariant preimages with respect to 7, then f is a

periodic function with period c.

As we mentioned above, a large number of research works on the uniqueness problem have been done
in a complex plane (see, e.g., [3-5, 9, 10, 13, 14, 19]). One may ask whether there exist some corresponding
uniqueness results for meromorphic functions sharing values with their shifts or difference operators in the case
of higher dimension.

The purpose of this paper is to study some uniqueness problems on meromorphic functions in several

complex variables, and some difference uniqueness results can be verified as shown in Theorem 1.6, Theorem
1.7, and Theorem 1.8.

2482



LIU and ZHANG/Turk J Math

For a given meromorphic function f : C™ — P! and nonzero vector ¢ = (c!,c?,---,c™) € C™\{0}, we
define the shift by f(z + ¢) and the difference operators by

Acf(Z) = f(zl+cl7"' 7Z7n+cnl)_f(zl7"' 7Zm)7
Alf(z) = AcoAN'f(2),neN,n>2,

where z = (21,22,---2™) € C™.

Furthermore, we define a difference polynomial in f(z) as follows:

P(f)=aof(z) +arf(z+¢)+ -+ anf(z+nc),(n € NT),

where z € C™, ¢ € C"™\{0}, and a;(0 < k < n) € C are not all zero complex numbers. Obviously, P(f) can be
regarded as the more general difference polynomial in f. In particular, if ay = C¥(—1)""%(0 < k < n), then
P(f) = A7 f. Noting that for A”f, S0 _jar =3 p_, CE(=1)"F = 0, we assume that Y ,_,ar =0 for some
a of P(f) in this paper.

In this paper, we use short notations in some necessary cases for brevity as follows:

—0 1 i
fG)=F flz+c):=f - flz+ke):=Ff.
First, a different analogue of Theorem 1.3 for meromorphic functions from one complex variable to several

complex variables can be showed as follows.

Theorem 1.6 Let f: C™ — P be a nonconstant meromorphic function of finite order and let a(z), b(z)(#
0) € S(f) be two periodic meromorphic functions with period ¢, where z,c € C™. If f(z) — a(z), P(f) — b(2),
and Ago P(f) —b(z) share 0,00 CM, then P(f)= Aco P(f).

From Theorem 1.6, the following corollary, which is almost an accurate extension of previous uniqueness

results from one complex variable to several complex variables, is immediately obtained.

Corollary 1.1 Let f : C™ — P! be a nonconstant meromorphic function of finite order, n € N1, and
let a(z), b(z)(#£ 0) € S(f) be two periodic meromorphic functions with period c, where z,c € C™. If
f(z) —a(z), A% f —b(2), and A" f —b(2) share 0,00 CM, then Af = ArFLf.

Furthermore, if P(f) # 0, then by the same conditions in Theorem 1.6, we obtain the following theorem,

which can be seen as an improvement of Theorem 1.6.

Theorem 1.7 Let f : C™ — P! be a nonconstant meromorphic function of finite order and let a(z),

b(z)(#£ 0) € S(f) be two periodic meromorphic functions with period ¢, where z,¢c € C™. Assume that
P(f)£0. If f(2) —a(z),P(f) —b(2), and A.o P(f) —b(z) share 0,00 CM, then

Acf(2) = f(z) —a(z) + @ or Zakélk =0,
k=0

where A =3"7_ ap2” is a nonzero constant.
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In particular, if a;, = C*(=1)""%(0 < k < n), a(z) = b(2)(# 0), then A = 1, and Theorem 1.7 can be

rewritten as follows

Corollary 1.2 Let f : C™ — P! be a nonconstant meromorphic function of finite order and let b(z)(Z 0) € S(f)
be a periodic meromorphic function with period c, where z,c € C™. Assume that ATf £ 0. If f(z),AZ(f),
and ATTY(f) share b(z),00 CM, then A.f(z) = f(z).

Example 1.1 below shows that the conditions and conclusions in Theorem 1.6 can be satisfied, and it also

implies that the condition P(f) # 0 in Theorem 1.7 is necessary.

Example 1.1 Let m = 2,c = (1,1),z = (2, 22),a(2) = 1,b(2) = 2, and f(z) = ™"+ 4 q(z). Let
P(f) = Y i oanf(z + ke). Obuviously, f(z+ ke) = f(z)(k = 0,1,2), A.f =0, and P(f) = 0. Thus,
f(z) —a(z) = e’”('zl*zg),P(f) —b(z) = =2, and A.o P(f) —b(z) = —2 share 0 CM. However, 0 = A f #
f(2) = a(z) + %2

Example 1.2 Let m = 2,¢ = (1,0),z = (z},22), and f(z) = ' T)m2 Lot n = 2 and P(f) =
aof(2)+arf(z+c)+asf(z+2c). Obviously, f(z+ke) = 2keE T2)M2(} = 0,1,2) and P(f) = ez +=)n2(qq 4
2a1 + 2%a3). Hence,
Case 1: ag = 4,1 = —5,a0 = 1, i.e. P(f) £ A2f. Let a(z) = 1,b(z) = —2. Obviously, A = —2.
f(z2) —a(z) = e +2m2 _ 1 P(f) —b(z) = —2(e TIM2 1) and Ao P(f) — b(z) = —2(ez' +7) 2 _ 1)
share 0 CM. Thus, P(f) = A.o P(f) and A.f = f.

Case 2: ap = CH(—1)""*(k=0,1,2), i.e. P(f)=A2f. Let a(z) = b(2). Obviously, f, P(f), AcoP(f)
share any small function a(z) CM, and P(f) = Acf(2) = f(z) = ez +2*)In2

The discussion above implies that the examples satisfy all the conditions and the conclusions of Theorem
1.7. From Case 1 and Case 2 in Example 1.2, similarities and differences between P(f) and A?f can be found.
Therefore, the difference operator P(f) may be seen as the more generalized form of AZf.

Corresponding to Theorem 1.4, there is also a uniqueness result in several complex variables, as shown

in Theorem 1.8.

Theorem 1.8 Let f: C™ — P! be a nonconstant meromorphic function of finite order and let a(z), b(z) € S(f)

be two periodic meromorphic functions with period c, where z,c € C™. If f(z) — a(z), f(z + ¢) — a(z), and
P(f) —b(z) share 0,00 CM, then % = A, where A is a nonzero constant. In particular, if b(z) £ 0,

then f(z) = f(z+c) or Y p_oarAr =0.
The discussion below implies that the conditions and the conclusions of Theorem 1.8 are reasonable.

Remark 1.1 For the case of b(z) # 0 in Theorem 1.8, if P(f) = Alf, then A=1 and f(z) = f(z+c¢) hold.
On the other hand, if P(f) £ A%f, then f(z) = f(z 4+ ¢) may not hold. For example, let m =2, ¢ = (1,0),

2= (24,2%), a(z) =0, and f(2) = —b(z)e~E T3 4nd b(2)(£ 0) is a small periodic function with period
c. Then f(z+c) = 1f(2) and f(z+2c) = §f(z). Let n =2 and P(f) = f(2) —4f(z +¢) + 3f(z + 2¢).

2484



LIU and ZHANG/Turk J Math

Obviously, P(f) = 0. Then f(z) — a(z) = —b(z)e~ & +=)m3 ¢z 4 ¢) — a(z) = f%b(z)e’('zl”%l“?‘, and
P(f) —b(z) = —b(z) share 0 CM. Note here that A =% and Zi:o arA¥ =0, however f(z) # f(z+c).

Example 1.3 Let m = 2, ¢ = (},¢2),z = (z1,22), and f(2) = e+ + a(z), and a(z) is a small
periodic function with period c¢. Let n = 2 and P(f) = aof(z) + a1f(z + ¢) + a2f(z + 2¢). Obviously,
flz 4 ke) = e +ez" 42" 4 () (k =1,2) and P(f) = e* 2" (ag + a1e ) + aze2(¢'+)) | Hence,

Case 1: b = 0,a90 = l,a; = —4,a = 3, i.e. P(f) # A2f. Let a = 2,c = (1,0). Then f(z) —a(z) =
e T2 fz+c)—alz) = ee? T2, and P(f) — b(z) = e* 2*(3e — 1)(e — 1) share 0 CM, and % =e.
Case 2: b +# 0,a0 = l,a1 = —4,a3 = 3, i.e. P(f) # A2f. Let b= 1,c = (mi,mi). Then f(2) —a(z) =
ezl+z2,f(z +c¢) —alz) = ezl+z2, and P(f) —b(z) = =1 sharing 0 CM holds for any given small periodic
function with period c¢. Obviously, f(z) = f(z+¢).

Case 3: ap = CF(-1)""*(k=0,1,2), i.e. P(f)=A%f. Similarly, as shown in Case 1 and Case 2, Theorem
1.8 holds for b=0,a =2,c= (1,0) and b=1,a = 1,c = (wi, mi), respectively.

The remainder of this paper is organized as follows. In Section 2, basic notions are shown, as well as
some necessary results including some further instructions for Nevanlinna theory in C™ | which play important
roles in the later proofs. In Section 3, we give the proof of Theorem 1.6. In addition, Theorem 1.7 and Theorem

1.8 are proved in Section 4 and the last section, respectively.
2. Basic notions and auxiliary lemmas from Nevanlinna theory
Set ||z]| = (|21 2+ |222 + -+ |2™|?)2 for z = (2',22,---,2™) € C™. For r > 0, define
B(r) = {2z € C"[[lz]| <r}, Swm(r):={z € C"[|]z]| = r}.
Let d =8+ 8, d° = (4my/—1)"1(8 — 9). Thus, dd° = ¥_198. Write
Um(2) i= (dd°]|2]*)" 7, o (2) = d°log]|z||* A (dd° log ||2]|*)™ ",

for z € C"™\{0}.

For a divisor v on C™, define the following counting function of v by

ot
N(r,y):/1 tgngjldt, (1<r<o0),

where

n(t) = f\umB(t) v(z)um(z), if m=>2,
t)= { E\Z\gtV(Z), if m=1.

Let f(z) be a nonzero entire function on C™. For a point zg € C™, we write f(z) = >~ Pi(z — 20),
where the term P;(z) is a homogeneous polynomial of degree i. Denote the zero-multiplicity of f at zy by
vi(z0) = min{i|P; # 0} in the sense of [6, Definition 2.1]. Set |vy| := Suppry, which is a pure (n — 1)-

dimensional analytic subset or empty set.
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Let f(z) be a nonzero meromorphic function on C™ in the sense that f can be written as a quotient of
two relatively prime holomorphic functions. For each z € C™, write f(z) = (f1(z2), f2(z)) where f1(# 0), f2 are
two relatively prime holomorphic functions such that dim{z € C™|f1(z) = fa(z) = 0} < m — 2. Thus, f may
be regarded as a meromorphic mapping f : C™ — P! such that f~!(cc) # C™. Define z/f =g, VT = v
which are independent of the choice of fi, fa.

For a meromorphic function f on C™, we usually write N(r, f) := N(r,v7°) and N(r, %) = N(r, VJQ).

Thus, Jensen’s formula is given as

N(r, %) ~ N f) = / log |flowm (2) — log| £(0)]

m (T

for all r > 0, provided that f(0) # 0,00. The proximity function of f is defined by
mirf)= [ log* [flon(:).
S’m("‘)

where logt 2 = max{logz,0} for any = > 0. T(r, f) denotes the Nevanlinna characteristic function of f such
that T'(r, f) = m(r, f) + N(r, f).
In order to prove the main theorems in this paper, the following auxiliary lemmas from Nevanlinna theory

in C™ are needed.

Lemma 2.1 [11, Theorem 3.1] Let f : C™ — P! be a nonconstant meromorphic function such that f(0) # 0, 00,
and let ¢ € C™ e > 0. If the hyperorder ¢(f) =¢ < 2/3, then

/ log™ om(z) =0 < T(T; f) >
OBy (r) Tl*gcfe

where r — 0o outside of a possible exceptional set E C [1,400) of finite logarithmic measure fE 1/dt < 0.

flz+¢)
f(2)

Lemma 2.2 [11, Theorem 4.3] Let f : C™ — P! be a meromorphic function and let ¢ € C™ e > 0. If
hyperorder <(f) =¢ < 2/3, then

T(r, f(z+¢)) = T(r, ) + o ( T(r, f) )

rl—%g—e
where r — oo outside of an exceptional set of finite logarithmic measure.

Lemma 2.3 [9, Theorem 1.26] Let f(z) be a nonconstant meromorphic function in the parabolic manifold M .
Assume that
Az, w)

R(z,w) = Blow)’

Then

q

T(r, Ry) = max{p,q¢}T(r, f) + O ZT T, a;) ZT(r,bj) ,
7=0

Jj=0
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where Ry(z) = R(z, f(2)) and two relatively prime polynomials A(z,w), B(z,w) are given respectively as follows:

P a
:Zaj( Jw?, B(z,w) Zb7
j=0 7=0

Lemma 2.4 [1, Corollary 4.5] Let a1(z),az(z), -+ ,an(z) be n meromorphic functions in C™ and ¢1(z), g2(2), - - -

gn(2) be m entire functions in C™ satisfying

Z ai(z)e?®) = 0.
i=1

If forall 1<i<n
T(r,a;) = o(T(r,e%~%)),j # k,

then a;(2) =0 for 1 <i<n.

Lemma 2.5 [9, Theorem 1.101] Suppose that f1(2), f2(z), -+, fu(z) are linearly independent meromorphic
functions in C™ such that
ht+fet+ -+ =L

Then for 1<j<mn, R>p>r>rg,

T(r,f;) < N(rfy) Z{ N(r, fk)}+N<r,W)

k=
T(R)

1 Py2m—1
— N(r,—)+1log? (£)2m
<T7W)+l0g{(7”) p*’f‘

b+oq)
where W =Wy, ., (f1, f2,-++ , fn) Z0 is a Wronskian determinant,

n(n—1)

n—1<l=|n|+ - +|m] < B )

and where
T(r) = max {T(r, fx)}.

1<k<n

The following lemma extends the result due to Halburd and Korhonen[7, Theorem 3.2] on difference
equations from one variable to several variables, which will be used in the later proofs of main results in this

paper frequently.

Lemma 2.6 Let f : C™ — P! be a nonconstant meromorphic function of finite order satisfying the following
equation:

Q(z, f(2)) =0, (2.1)
where Q(z, f(2)) is difference polynomial in f(z), z € C™. If Q(z,a(z)) £ 0 for a slowly moving target a(z),

then
m(n i) =)

where r — 0o outside of a possible exceptional set E C [1,4+00) of finite logarithmic measure fE 1/tdt < o0.

2487



LIU and ZHANG/Turk J Math

Proof Without loss of generality, assume that the difference polynomial Q(z, f(z)) of degree n can be written

in the following form:

n

QG f(2) = Y arf()°f(z+ )" - f(z + )", (2.2)
|T]=0
where I = (ig,i1,---,4;) € N'*1 denotes a multiindex with |I| = ig + 4y + --- +14;, a; = a;(z) being small

functions with respect to f in z € C™, and ¢; € C™(1 < j <) being some nonzero complex vectors. Taking
g=f—a,then Q(z, f(2)) = Q1(z,9(2)) + Q2(z), where Q1(z,g(z)) denotes a difference polynomial in g such

that all of its terms are at least of degree one. Therefore, Q(z,g(z)) can be shown as follows:

Qi(z,9(2)) = > brg(z)°g(z+c1)" - g(z + )", (2.3)

=

where by = br(z) are small functions with respect to f. Note that Q2(z) is a difference polynomial in a(z),
ar(z), and Q1(z,9(z)) = —Q2(z). Obviously, T'(r,Q2) = S(r, f). On the other hand, when |g(z)| < 1, we have

Qi(z9(2)| _ 1 n V0 0(s 4 1Y gz 4 o)
‘ 9(z) ’ a2 g_:lbfg() glz+a) - glz+a)
L@ e e |t gzt a) [
< w1

[1]=1

where |I| =ig+ i1+ -+ +14 > 1. In view of the definition of m(r,1/g), it can be seen that m(r,1/g) vanishes
on the part of |z| = where |g(z)| > 1. Thus, from Lemma 2.1 and T'(r,Q2) = S(r, f), we have

A A ) e e R ().

(i Em (»22200) ) w56

(]

= 9(2)
= S(r /),
where  — co outside of a possible exceptional set E C [1,+00) of finite logarithmic measure | 5 1/dt < oo.
O
Lemma 2.7 Let a(z) be a polynomial in z, z = (z',2%,--- ,2™) € C™. If a(z) is of degree n(> 1), then
deg(a(z +¢) — a(z)) < n holds for any given ¢ = (c',c? - ,c™) € C™.
Proof Without loss of generality, assume that
n—1
a(z) _ Z a[(zl)n (2,2)22 L. (zm)lm + Z b[(zl)“ (2,2)22 L. (Zm)zm
|T|=n |7]=0
where a; (not all zero), by are complex numbers, and I = (i1, - ,4m) € N™ denotes a multiindex with
|I| = iy + -+ + 4y. Next, consider the polynomial (21)%(22)%2 ... (2™)im iy + iy + -++ + i, = n. Given
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c=(c',c, - ,c™) € C™, assume i; > 1 for all 1 < j < m (if there exists iy, = 0, only consider the rest of the

term). Furthermore, we have
(zl +Cl)i1 (22 +62)i2 L. (zm + Cm)im
—_ (Zl)il (22 +C2)i2 L. (Zm +cm)im +P1,n_1(z)
(1)1 (22)2(2° + )2 (2 4 M) 4 Pone(2) + Prin—i(2)
= (H)E)2 () 4 Prg—1(2) o Prn1(2) + Praoa(2),
where P;,_1(z) (1 < j < m) are some polynomials of degree at most n — 1. Therefore,
deg((zl =+ cl)il (2’2 4 CZ)i2 . '(Zm 4 Cm)im _ (Zl)il (2’2)12 L (zm)im) <n-1.

Similarly to the above discussion, it can be computed that

alz + C) — a(z) = Z aI((zl + cl)il e (Zm + cm)im _ (Zl)il . (Zm)im)
[ I|l=n
+ 2—: br((z! +eh) - (2™ ™) — (1) (). (2.4)
|71=0

From the polynomial in the right side of (2.4), it can be seen that the degree of a(z+c¢)—«a(z) is at most n—1.
Thus, we complete the proof of Lemma 2.7. O

3. The proof of Theorem 1.6
Assume P(f) # A.o P(f). Obviously, P(f) £ 0. By Lemma 2.2, we have

n

T(r,P(f)) < ) T(r, f(z+ke)) + O0(1) < O(T(r, ). (3.1)

k=0

Note that f(z) —a(z), P(f) — b(z), and A, o P(f) —b(z) share 0,00 CM. Hence, there exist two polynomials
a(z),B(z), z € C™ such that

P(f) =b(2) _ ap) AcoP(f) —b(2) _ B2

f-am ¢ f@-a@m 2
Letting ¢(2) = %, then ¢(z) = e*®) —eP(*) £ 0. By > h_oar =0 and Lemma 2.1, we have
. PO o (n 2o
Tod) = i) <m(n gy )+ (5

f(z+ke) —a(z) AcoP(f)  P(f)
: (Z R )*m(r’ 0 0 )
< S(r, f)+ S P(f)).

Note here that P(f) # 0. Together with (3.1), we know that T'(r,¢) = S(r, f).
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Furthermore, by the second main theorem, we have

60.5) < N D)+ N2+ Nl o) + 500 5)
< N D)+ S0 )+ S0, e)

< S(rf)+ S(re).

From the discussion above, it can be seen that T'(r,e®) = S(r, f). Similarly, we conclude that T'(r,e?) = S(r, f).
Next, the fact that m(r, ﬁ) = S(r, f) will be proved.
If a(z) # b(z), by the first equation in (3.2), we have

m(?“,m) < m(Ta f—a)+m(r’g)

(20

nif—a

= S(va)

IN

) + m(r,e*) + +m(r, %)

If a(z) = b(z)(# 0), then the difference polynomial Q(z,g(z)) in g(z) is considered as follows:

Q(z,9(2)) = Pg) = b(z) — " (g(2) — a(2)).
It follows from (3.2) that Q(z, f(2)) = 0 and Q(z,a(z)) = —b(z) # 0. By Lemma 2.6, m(r, /=) = S(r, f)
holds.
On the other hand, (3.2) can be rewritten as follows:
P(f(2) = b(z) + e*@(f(2) = a(2)), AcoP(f(2)) = b(z) + " (f(2) - a(2)).
Then it can be verified that
b(z) + ¢*CFI(f(z + ¢) — al2)),
Aco P(f(2)) + P(f(2)
26(2) + (e*® + ") (f(2) — a(2)).

s Bl
= =
k‘ﬁkﬁ-
= =
N W
+ +
KNGS
[T

Note here that a(z)and b(z)(£ 0) € S(f) are two periodic meromorphic functions with period ¢. Therefore,

we can conclude that
f(z+¢) —a(z) = (e¥F)malzte) L BEImalzay(£(2) — a(2)) + b(z)e” ), (3.3)
To simplify the above equality, we set
4(z) = e2(=aGTA) 4 B0+ p(z) = pz)em ), (3.4)
Thus, f(z +¢) — a(z) = g(2)(f(2) — a(z)) + h(z).
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For c€ C™, f:C™ — P!, we use the short notations for brevity:

) =T G+ =T fe4ke) =T

From (3.3), we have

Frea = 27 -a)+7,
F-a = g(F -0+ =09 —0)+ 25 + 1,
Foa = 98F - +h @ +h =3°3'2F —a) + R g'@ +h 2+ .

Now apply induction for the positive integer k to prove

—k —0-1-2  —k—1,40 _ e
Ffea = 9%9¢ 37 -+ 757"
+ R g R g (3.5)
+ R R
: 1 —0,~0 =0
For j=1, f —a=9"(f —a)+h holds.
For j =k — 1(k > 2), assume that

k—1

Fma = 99 -0+ B g g
+ E1§2§3 .. .gk*Q + E2§3§4 .. .gk*2 4
+ BTt
Then we deduce that
P = 3¢ (T - +R'g%g g

—2_3_ ke —3_4_ —f—
+ hg3g4.gk 1+h§495..gk 1+

k—2 —k—1
3 +h

+ h
| o0 -0 .
Substituting f —a=9"(f —a)+ h into the above equality,

—k e T B —17._1,-0 —0_q_. .
f—a = 3973 '(f —a)+hg'g 7"

Q

2
+ h*Q a3 ..gk*1+h §3§4...§k*1+...

k_27k—1 —k—1
g .

+ h +h

Thus, (3.5) is proved.

For the sake of simplicity of computation, we set

w = 999 9" (3.6)

Q

—0_1_. L —1_o__ e —k—2_5._ —k—1
& = hggd-g ' +hgg g R T

+R (3.7)

Thus, fk —a= ’Yk(?o —a) 4 (. In particular, v = 1,(p = 0.
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By Lemma 2.2, and T'(r,e®) = S(r, f), T(r,e?) = S(r, f), we have

T(Ta g) = S(T7 f),T(ﬁ h) = S(T7 f)

Furthermore, we obtain that for all k£ > 0,

T(r,ve) = S(r, f),T(r,G) = S(r, f). (3.8)
By the definition of P(f), we have
P(f)—b= Zak(?k —a)-b=(f" —a) Y arye+ Y axle —b. (3.9)
k=0 k=0 k=0

Set Py(f) = P(f) —b— (f—a)iakvk. If iaka—b¢0, then Py(f) # 0. Owing to P(f) —b and f —a

k=0 k=0
sharing 0 CM, N(r, fia) < N(r, %) can be verified. Hence, by (3.8) and m(r, fia) = S(r, f), we have
T(r )+ 50 f) = Nrt—) < Nl o)
T, T, = T, < N(r,
f—a Py(f)
1
= N T7 n—
( > k=0 @Gl — b)
S S(T7 f)’
which yields a contradiction. Therefore, we have
> arG —b=0. (3.10)
k=0
Together with (3.2) and (3.9), we have
Z apyr = e®. (3.11)
k=0

Noting that vz = g°g'g?---g* 1, (3.11) can be rewritten as follows:
ao +a1g° + a29°g" +a39°9'g° + -+ a,g’g" - g =€, (3.12)
where g% = €@ ~@ (1 + eEO*EO).
We consider it in two cases.

Case 1: deg(8 — a) > deg(«). Letting w = 8 — «, it follows from Lemma 2.7 that for any i # j,

deg(@ —a’) < deg(a) < deg(w), (3.13)

deg(@ —@’) < deg(w).
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Thus, §*(0 < k <n) can be represented as follows:

EO — a —at (1—|—6 ) = 770_|_9er0’

gl o= T E ) = T (A E ) = 7

-2 a -a® _ ja’-a° w0’y . &°

[ — (1+@ )_ (1—|—€ -e )__772+92€ y

(3.14)
§n72 . ean—Zian—l(l I ewo ] eU"_2fDO) = T + 0 Qewo
— = M- n— )
gnfl — ean_lfan(]. =+ ewo . ewn—lfw(J) = Mn-1 + on—lewov
k —k+1 —k_—k+1

o —a

where n, = e 0, =e¥ @ T forall 0<k<n—1.
Subcase 1.1: deg(w) > deg(a) > 0. Obviously, deg(w) > 1,T(r,e*) = o(T(r,e*)). In view of the definitions
of 7,050 < k <n—1) in (3.14), we conclude that T(r,n;) = o(T(r,e*)) and T(r,0;) = o(T(r,e*)) for all
0<k<n-1.

Substituting g°,g',--- ,g" ! into (3.12), we have

o ag + a1 (no + 6oe”) + az(no + 6oe”) (m + 61€) +
an (1o + 0oe”)(m + 01€”) -+ (u—1 + Op—1€*) (3.15)
= by +bre® + bye® 4 b3e 4 - 4 be™

)
Il

_|_

where T'(r,bg) = o(T(r,e?)) for all 0 < k <n — 1. In particular,

bo = ao+aimo+aznom + -+ annont N1

1_=2 =0_ =1 =n—1_—n

—0_—1 —0_ =1 —1_ _
ap +are® Y Fage® Y e 7Y 4o ane® T - e® o (3.16)

a’—a”

—0_ =1 —0_—2
= ag+ae® " +age® Y 4+ Faye

Applying Lemma 2.4 to (3.15), it can be seen that by — e* = 0,b;, = 0(1 <k<n).

—k

If e*(#£ 0) is a constant, then for all 0 < k <n—1, n, = e* —& =1 and by = Y r—oar = 0. Thus,
e® = by = 0, which is a contradiction.

If e*(# 0) is not a constant, i.e. « is a nonconstant polynomial, from (3.16),
ao + aleagfal + a2650,a2 + .4 aneaofan = e,
Hence, by (3.13)

o a’—at a’—a? a’—a"
T(r,e*) = T(r,a0+ aje + age + - Fane )
o(T(r,e%)),

IN

which is impossible.
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Subcase 1.2: deg(w) = deg(a) = 0.

Obviously, e? is also a constant. Hence, we can assume that e® = Ty,e® = Ty, where T},T, are

two distinct complex numbers for e® # €. In view of (3.4), we deduce that g&¥ = g = g = 1 + % and

Ek = EO =h= Ti for all 0 < k <n — 1. Together with (3.6),
1

T
k 1k
= = (1 —
Vi g =0+7)
2 k-1 h k
G = h(l+g+g +--+y ):ﬁ(lfg ).
Noting that b(z) # 0 and Y, _,ar =0, by (3.11) and (3.10),
n = Zakgka
k=0
13 T~ h(l-¢" <~
T = —_— b = — —
2 b b ’;)ak (1_9) kzzoakg )

which yields a contradiction for Ty # T5.
Subcase 1.3: deg(w) = deg(a) > 1

For this case, a contradiction can be obtained in a similar way as shown in Subcase 1.1. Here, we prove

it in a different way.

(03

Obviously, e* is not a constant. From (3.12) and (3.14), we have
e” = by + bre®” + bae® + bzed? 4+ - 4 bpe™, (3.17)

where T'(r,bg) = o(T(r,e?)) for all 0 < k <n— 1. In particular,

—0 =1 —0_ =2
_ o —x o —«
bo = ag+are + ase ,

by = ane® O @ TR (1w (3.18)

Next, assume that deg(jw — «) = deg(w) > 1 for all 0 < 57 < n. Let @g = by, p1 = b1e¥, 2 =

bae -y = bpe™, 0,1 = —e®; thus, ZZié ¢ = 0. From basic linear algebra, we deduce that there exist
aset k C {0,1,2,---,n} and some nonzero complex numbers A\x(k € k) such that
Pni1 =D Auipr, (3.19)
kek

and {pg|k € Kk} is linearly independent. Dividing both of the two sides of (3.19) by ¢p41, we have

1= Z Ak b _ Z /\kbkekw_a.

kEr Prtl kEr
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Note that {\pbre"”~*}c, is linearly independent. In addition, it is not difficult to verify that zeros and poles

of {\pbre*~}(k € k) and their Wronskian determinant come only from the zeros and poles of by(k € k).
Then by Lemma 2.5 and T'(r,b;) = o(T'(r,e*)) for all 0 <k <n —1, we have

T(r, A\bpe™ =) < O (Z T(r, bk)> = o(T(r,e")).

kEr
This is a desired contradiction for deg(kw — «) = deg(w)(k € k). Hence, there exists kg € {1,2,--- ,n} such

that deg(kow — a) < deg(w). Then e* = "o . ¢@~kow .= pr eFow where T'(r,by,) = o(T(r,e*)). Thus, (3.17)

can be rewritten as follows:
bo + bre®” + bae® + -+ + (b, — bf )Y + -+ be™ =0,

where T'(r,by) = o(T(r,e?)) forall 0 <k <n—1.
By Lemma 2.4, bg = 0,01 =0, -+ , by, — by, =0,--+ ,b, = 0.

0

If ko # n, then by (3.18), b, = a,e® —* e AT T =(=1F £ 0 which yields a contradiction for

If ko =n, ie. deg(nw — a) < deg(w), then by (3.7) and (3.14), we have

—0
G = h (m+01e”)(ne+6026%) - (M—1 + Op—1€%)
—1
+  h (2 4 02e”) (3 + O3¢”) - - - (-1 + Ok—1€”)

—k—2 —k—1
+ 4+ h (o1 +Ok—ae”)+ R

where 7y, 05 (0 < k < n—1) are small functions with respect to e*. By (3.4) and some calculation, (x(1 < k <n)

can be rewritten in a new form:

Cr = be™ (10 + T1€” + 7e® + -+ - 4 11 TDW)
where 7;(0 < j <k —1) are polynomials of 7;,6;, e (0<j <k-1). Obviously, T(r,7;) = o(T(r,e))(0 <
j <k —1). Substituting (x into (3.10), we get

n

be™* > ak(To + Tie” + e 4+ 4 1B TI) = b, (3:20)
k=0

Noting here b(z) # 0, a routine computation yields
do + die? + dpe® + -+ dy_q e = e (3.21)

where T'(r,d;) = o(T(r,e¥))(0 < j <n—1).

On the other hand, e* = e* "™ . ™ = —d,e"(d, # 0). It follows from deg(nw — a) < deg(w)
that T(r,d,) = o(T(r,e¥)). Thus, (3.21) turns into > ,_,dre*™ = 0. Applying Lemma 2.4, we have
di, =0(0 < k < n), which is impossible for d,, Z 0.

Case 2: deg(f — ) < deg(a). In view of g% = ™ —@ (1 + egofao), it can be seen that T'(r,g") = o(T'(r,e®)).
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Thus, T(r,g%) = o(T(r,e)) and T(r,g°g" ---G*) = o(T(r,e®)) for all 0 < k < n— 1. Together with (3.12), we
have
T(r.e”) = T(rao+ag’ +a2g"g +asg’g'g" + +a.g°g 7"

< o(T(r,e%)),

which is impossible. That completes the proof of Theorem 1.6.

4. The proof of Theorem 1.7
Set g(z) = f(z) + b(z) — a(z). It follows from the definition of P(f) and A.o P(f) that

9(2)=b(z) = f(z)—al2),
P(g(=) =b(z) = P(f(2)) - b(z),
AcoP(g(z)) =b(z) = AcoP(f(2)) = b(z):

Note that f(z)—a(z), P(f)—b(z), and A.oP(f)—b(z) share 0,00 CM. This means that g, P(g) and A.oP(g)
share b(z),00 CM. From Theorem 1.6, there exists a polynomial a(z), z € C™ such that

Plg) —b(z) _ el A ° P(g) - b(2)
g9(z) —b(z) 9(2) = b(z)

= (3,

The above equality can be rewritten as follows:
P(g) =e*(g—b)+b, AcoP(g)=e%(g—0b)+b. (4.1)
On the other hand,
—1
AcoP(g) = P(g(z +¢)) = P(g(2)) = ¢ (g" —b) —e*(9 —b).

Owing to the second equality of (4.1), we can conclude that

1

G =g(z+c)=2(g— b)eo‘_al +b(1+e ). (4.2)
Applying the induction, we have for 0 < k <n
7" =gz 4+ ke) =28 (g — b)eo‘_ak + b(2% — 1)e_ak +b.

One can complete the proof similarly to the proof of Theorem 1.6, so we omit the details.

Substituting g* into P(g) and A.o P(g), we have the following:

P(g) = Za;@k = Zak(2k(g — b)ea_ak + b(2F — 1)e_ak +b)
k=0

k=0

= (g_b)<iak2keaa>+b<zak —1)e )
k=0
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AcoP(g) = Plg(z+0) = Plg(z) =D arg"™ =Y ag*
k=0 k=0

n—1

= —agpg+ Z(ak - ak+1)§k+1 +a,g" !
k=0

n—1
= (g-b) (Z(ak — apyp)2F e 4 g on e ao)
k=0

n—1
+ b (Z(ak - ak+1)(2k+1 — 1)e_ak+1 + an(2n+1 _ 1)e_an+1>

k=0

= (g—0b) <Z a;.CZkea_ak(26519_5’“4rl — 1))
k=0

+ b (Zn: ar((2F = 1)e ™ — (2F — 1)e—@'°)> .

k=0

For brevity, set

n n
A = Y a2 B, =Y a2 - e
k=0 k=0
n k k k41
A Zakaea—a (2 a”—a 1)
k=0
L —k+1 Kk
By = > ap(@ D™ — (28 —1)e™™)
k=0

P(g) = (g - b)An + an7
A.oP(g) = (g—0b)A; +bB;.
Together with (4.1), we have
(4, —eMg—b(1-DB,) = 0,
(A, —e®)g—b(1-B;) = 0,

which yields

(4.3)

(4.4)

(4.5)
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On the other hand, it follows from (4.3) that

e*B, = Z ap(2F — l)eo‘fa)C =A, — Z akeafak =A, —e*P(e?)
k=0 k=0

B, = Y an(@F - e ™ - (2F — e )
k=0

= A=Y Y e
k=0 k=0
= A —e*A.oP(e™ ).
Furthermore, substituting B, B}; into (4.5), we conclude that
(A, —e*)A o P(e™®) = (A, —e*)P(e” ). (4.6)

In addition, we can deduce that
Al =e” Z a2 te ™ _ 4,

Thus, (4.6) can be rewritten as follows:

e AP )+ P2e —e ™) =Y @2 e ™ T p(e).
Substituting A, into the above equality, we have

P27 — e_al) = Z ak2k+1e_ak+1P(e_o‘) - Z ak2ke_akP(e_al).
k=0 k=0

Setting dj, = 2k —a" (0 <k <n+1), the above equality can be shown as follows:

—n-+1

™ P2 Z ardipy1P(e Z apdp P(e™® (4.7)

Case 1: « is a constant.
Obviously, e* = A(# 0). From (4.2), we have

which implies A.f(z) = f(z) — a(z) + @. Furthermore, by (4.3) and (4.4),
Z ak2 B A Z ak2

(A7L—A)g—b<1—A”>:O.
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If A, # A, then g = f%. Therefore, T'(r,g) < O(T(r,b)) = S(r,g), which is impossible. Hence, A = A,, =
> h_oar2” is a nonzero constant. Thus, the first conclusion of Theorem 1.7 holds.
Case 2: « is nonconstant polynomial.

In this case, for any 0 <i < j <n+ 1, we have T(r,e® ~@ ) = S(r,e®). Hence, T(r,dy) = S(r,e*)(0 <
k <n+1). Therefore, (4.7) can be rewritten as follows:

_an+1

tnyo = toe™* + tle—al et tne_an +tnt1e , (4.8)

+1

where T(r,t,) = S(r,e®)(0 <k <n+2) and t,49 =™
Subcase 2.1: ;42 # 0. By (4.8), we have

P(2em* —e ).

T(r,e®) = m(r,e”)

< tO + tlea_al 4+ 4+ tnea—an + thr16(1_an+1 )
= m /’17

tn+2
1 n+1 n+1 —k
< m(r,—)+ Z m(r, ty) + Z m(r, e ) + S(r,e%)
b2 (5 k=1
< S(re),

which yields a desired contradiction.

Subcase 2.2: t,,,2 = 0. In this case, we have

n—1
k+1 _a7z+1

0=P(2e™ - e_al) = QaOe_EO + Z(?akH —ap)e” ™ —ape
k=0

If deg(a® —@’) > 0 holds for any 0 <i < j <n+ 1, then by Lemma 2.4, we have

2@0 = O, 2a1—a0:O

20, —ap—1 = 0, —a,=0,

which implies ax = 0(0 < k <n), a contradiction.
-a

Thus, there exist ig,jo such that deg(@ — @/®) = 0. We may assume that & —a = B , and

o’ —a’

e = B~ for any 0 < i,j < n. Furthermore, by some calculation, we have the following:

P(2e ¢ — e_al) =(2—B)e @ Z apB*.
k=0

Since P(2¢~® — e~ ) =0, we have S h_gaxrB*¥ =0 or B=2.

k

If Yr_,axrB* =0, by (4.3) and (4.4), B, = e “A, and g = M1-Bn) — _pe—a, Hence, g* = —be ™

A, —eo
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and

n

P(f) = Pg) = Za;@k = —bZake_ak
k=0

k=0

n n
—k
= —be @ E ape®” % = —be @ E aB"
k=0 k=0
= 0’

which is impossible for the hypothesis.
If B =2, then from the discussion above, it can be seen that Y ;_, ap2® # 0. On the other hand,

n n n
—k —k
Ple™™) = E are”® =e @ E ape® Y =e @ g ai2”,
k=0 k=0 k=0
n

n n
1 k41 _ k41 _
Pe™™) E are”® =e @ E ape®™ % =2 ¢ E ap2”.
k=0 k=0

k=0

Obviously, A. o P(e™®) = P(e~*)(# 0). Furthermore, owing to (4.6), we have A, = AY. From (4.3), we get
A, =30 _gard® and A =337, ard®. It can be concluded that A, =Y ) _; ax4” = 0. Thus, we complete
the proof of Theorem 1.7.

5. The proof of Theorem 1.8

Since f(z) —a(z), f(z+c¢)—a(z), and P(f)—b(z) share 0,00 CM, there exist two polynomials «(z), 8(z) such
that
f(z+e¢)—a(z) a(2) P(f)—b(z) _ ) (5.1)

=€

f(2) —a(z) L f(z) —alz)

By the above equalities and Lemma 2.1, we deduce that
T(r,e®) = m(r,e*) = S(r, f).

By the first equality of (5.1), we can deduce that for any k(> 1)

—k —k —1
f—a il—a f —a_ yhw
_ —u f_a

f—a 7

Here, we use the short notations mentioned above for brevity. Thus, P(f) can be rewritten as follows:

P(f) = ( + > ape>i ) (f - a). (52)
k=1

Together with the second equality of (5.1),
(e’B —ag — Zakezé‘:& O‘j> (f—a)+b=0. (5.3)
k=1
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Case 1: b(z) =0. By the fact that f —a # 0 and (5.3), we have

ap + are® + aze®T 4. f g eXic0® = b (5.4)

If « is a constant, then Theorem 1.8 holds. Hence, we assume that « is not a constant, i.e. deg(a) > 1. (5.4)
can be rewritten as follows:
bo + bre® + boe®® + -+ bpe" =€, (5.5)

where by = ag, by, = eZi=0 (aj_")(;ﬁ 0) for 1 < k < n. It follows from Lemma 2.7 that T'(r,b;) = S(r,e®) for
0<k<n.
Subcase 1.1: by # 0.

From (5.5), we conclude that T(r,e?) = nT(r,e®) + S(r,e®). Applying the second main theorem, we

have
nT(r,e®) = T(r,by+ bre* + bope** + - + b,e™™)
1
S N(T76ﬁ)+N(T3676)+N(T7657_b0)+5(r76ﬁ)
< N L +S(r,e®)
r re

>~ ’ ea(b1 + b2€a 44 bne(n—l)ea) )

< T(rby+be® + -+ bpe™ D) 4 S(r, )

< (n—=1)T(r,e*) 4+ S(r,e),

which yields a contradiction for « is not a constant.
Subcase 1.2: by =0.

Obviously, (5.5) can be written as follows:
by + bye® + - 4 e = B, (5.6)

It is not difficult to see that deg(8 — «) < deg(a). Therefore, if deg(8 — o) = deg(«x), then n > 2. By Lemma
2.3,

(n — 1)T(T, eo‘> = T(T, by + boe® + -+ + bne(n—l)a)
—a 1 .
S N+ Nir =) + N gmg—) +5(re”)
=" 1 +5(r.e)
" re
> ’ ea(bQ —+ b3604 + 4+ bne(n—Z)ea) )
< T(r,bg + bge® + -+ bng("*Q)E”) + S(r,e%)

< (n—2)T(r,e*) 4+ S(r,e”),
which is impossible. Hence, deg(8 — «) < deg(a). Thus, (5.6) can be rewritten as follows:

by — P fboe® + - 4 buemTHE =0, (5.7)
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Applying Lemma 2.4, it can be seen that b = e~ b, = 0(2 < k < n), which contradicts the fact that
b, = 62?;3@]‘70‘) £0(1 <k <n).
Case 2: b(z) Z0.

In this case, all we need is to prove that e* = A, and A=1 or > ,_,aA* = 0. From (5.1), we have

T(ref) = m(re®) <m ( f(f)> (r,f1a>+5(r,f)

(e

T(r, f)+ S(r, f).

IN

+T(r,f)+ S(r, f)

IN

Subcase 2.1: T(r,e?) = S(r, f).
If e —ag— >, akezi‘:& & # 0, then from (5.3),

f - +
= — a’
e —ap— 30 1%62 =L

which implies T'(r, f) = S(r, f), a contradiction. Thus,

n

k=1 i

=ap+ E ape>=i=o &
k=1

It follows from (5.3) that b(z) =0, a contradiction.
Subcase 2.2: T(r,e?) # S(r, f).

If « is a constant, then we may assume that e® = A(#£ 0). From (5.2), we have
n
P(f) = (f—a)ZGkAk
k=0

P(fz+0) = (F —a)) apA"
k=0

Together with the second equality of (5.1), we deduce

b = (f—a) (ZakAkeﬁ) ,
k=0

b = (f—a)A <Z apAF — 6'81> , (5.8)
k=0
which implies ( ZakAk _ AP ~#). By Lemma 2.4, we have (1 — A)S°7_,axA* = 0. Hence,

A=1or Y} _jaA =0.
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If o is not a constant, then it follows from T'(r,e?) # S(r, f) that

n
k—1—j
e? £ag+ ) apei=0 .

k=1

Therefore, by (5.3), we have

—b
_ — ——

a _ f —a eﬁl—ao—Z}ézl akezjzl «
= F—a = .

Zk—l
ef —ag—p_, are™i=0

wl

The above equality can be rewritten as follows:

n

_— T

eoHr,B _ eﬂ — ao(eoé _ 1) 4 E akezﬁol o’ (eak _ 1)
k=1

From the right side of the above equality and T'(r,e®) = S(r, f), it can be seen that e” (eo“rgl’ﬁfl) = o tB _¢f
is small function with respect to f. By Lemma 2.7 and T'(r,e?) # S(r, f), we deduce that eotB =B 1 =
S(r,ef). If ¢®+B =8 _1 2 0 holds, then

atB' _ B

B € e

ea+31*ﬁ — ]_7

—1
which implies that e® is small function with respect to f, a contradiction. Thus, e**? =% — 1 =0. Owing to

(5.1), we can conclude that

P(f(z+¢) = b(2)
P(f(2)) = b(2)

which implies P(f(z)) = P(f(z+ ¢)). From (5.2) and the first equality of (5.1), we have

=1,

P(f(z+¢) = (ao-i-zak@ J[’a]“)(fl—a)

- ()i

Owing to f —a #0 and P(f(z)) = P(f(z +¢)), we have

ay + (a1 —ag)e* + (az — al)e”‘+al + (as — a2)ezizoaj + ...

n—1—j n =3
+ (an —ap_1)e=i= ¥ —a,eXim® =0
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Furthermore, the above equality can be rewritten as follows:

do + d1e® + d262a + ot dpe™ + dn+16(n+1)a =0, (59)
where
do = ao,
di = a1 —ao,
—1
dy = (ag—ay)e” ~7,
d3 = (az— az)ez:?:l(aj_a),
dn = (a'n - an—l)eZ;L;ll(aj_a)a

dpyr = —apeZia@ =),

Note here that T'(r,di) = S(r,e*)(0 < k < n+1). Applying Lemma 2.4 for (5.9), we have d, = 0(0 < k < n+1).
Hence, ag = a; = - -+ = a, = 0, which contradicts the fact that ar(0 < k < n) are not all zero. That completes
the proof of Theorem 1.8.
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