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Abstract: A typical problem in the theory of analytic functions is to study a functional made up of combinations of
coefficients of the original function. Usually, there is a parameter over which the extremal value of the functional is
needed. One of the important functionals of this type is the Fekete–Szegö functional defined on the class of analytic
functions. In this paper we transfer the Fekete–Szegö problem to some classes of meromorphic functions.
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1. Introduction
Let A denote the class of functions that are analytic in D = {z ∈ C: |z| < 1} and let Ω := {ω ∈ A : |ω(z)| ≤ |z| (z ∈ D)} .
We denote by Σ the class of normalized meromorphic functions f of the form

f(z) =
1

z
+

∞∑
n=0

anz
n, (1)

defined on the punctured unit disk ∆ := D\{0}.
Let α be a real number, 0 ≤ α ≤ 1 , and let ϕ, φ, ψ, χ ∈ Σ, p, q ∈ A be of the form

φ(z) =
1

z
+

∞∑
n=0

φnz
n, ϕ(z) =

1

z
+

∞∑
n=0

ϕnz
n (z ∈ ∆),

χ(z) =
1

z
+

∞∑
n=0

χnz
n, ψ(z) =

1

z
+

∞∑
n=0

ψnz
n (z ∈ ∆),

p(z) = 1 +

∞∑
n=1

pnz
n, q(z) = 1 +

∞∑
n=1

qnz
n (z ∈ D),

with
φn − ϕn > 0, χn − ψn > 0, p1, q1 > 0 (n = 0, 1, ...). (2)
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By Σα (ϕ, φ;ψ, χ; p) we denote the class of functions f ∈ Σ such that (φ ∗ f) (z) (χ ∗ f) (z) ̸= 0 (z ∈ ∆) and

(1− α)
ϕ ∗ f
φ ∗ f

+ α
ψ ∗ f
χ ∗ f

≺ p,

where ∗ denotes the Hadamard product or convolution and ≺ is the symbol of subordination. Moreover, let us
define

Σ∗ (p) := Σ0 (−zφ′ (z) , φ;φ,φ; p) , φ (z) =
1

z
+

∞∑
n=0

zn.

The class Σα (ϕ, φ;ψ, χ; p) is related to the classes of meromorphic Mocanu functions, meromorphic starlike
functions, and meromorphic convex functions.

We denote by C (ϕ, φ; p, q) the class of functions f ∈ Σ for which there exist a function g ∈ Σ∗ (q) such
that (φ ∗ g) (z) ̸= 0 (z ∈ ∆) and

ϕ ∗ f
φ ∗ g

≺ p.

The class is related to the class of meromorphic close-to-convex functions.
Motivated by Fekete and Szegö [3] (see also [1,2,4,5,6,7]), we consider the coefficient functional Λ (f) =

a1 − µa20. The object of this paper is to estimate the absolute value of the functional Λ in the defined classes
of functions. Some consequences of the main results are also considered.

2. The main results
The following lemma will be required in our present investigation.

Lemma 1 [4] Let ω ∈ Ω be a function of the form

ω(z) =

∞∑
n=1

ωnz
n (z ∈ D) . (3)

Then,
|ωn| ≤ 1 (n = 1, 2) , |ω2| ≤ 1− |ω1|2 ,

∣∣ω2 − µω2
1

∣∣ ≤ max {1, |µ|} (µ ∈ C) .

The results are sharp with the extremal functions of the form

ω (z) = z, ωa (z) = z
z + a

1 + az
(z ∈ D, |a| < 1) .

Theorem 1 If f ∈ Σα (ϕ, φ;ψ, χ; p) , then

|a0| ≤
p1

(1− α) (φ0 − ϕ0) + α (χ0 − ψ0)
, (4)

|a1| ≤
p1

(1− α) (φ0 − ϕ0) + α (χ0 − ψ0)
max {1, |β|} , (5)

∣∣a1 − µa20
∣∣ ≤ p1

(1− α) (φ1 − ϕ1) + α (χ1 − ψ1)
max {1, |γ|} (µ ∈ C) , (6)
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where

β =
p2
p1

+
(1− α)φ0 (ϕ0 − φ0) + αχ0 (ψ0 − χ0)

[(1− α) (ϕ0 − φ0) + α (ψ0 − χ0)]
2 p1 (7)

γ =
(1− α) (ϕ1 − φ1) + α (ψ1 − χ1)

[(1− α) (ϕ0 − φ0) + α (ψ0 − χ0)]
2 p1µ− β. (8)

The results are sharp.

Proof Let f ∈ Σα (ϕ, φ;ψ, χ; p) . Then there exists a function ω ∈ Ω of the form (3) such that

(1− α)
ϕ ∗ f
φ ∗ f

+ α
ψ ∗ f
χ ∗ f

= p ◦ ω. (9)

It follows easily that
(p ◦ ω) (z) = 1 + (p1ω1) z +

(
p1ω2 + p2ω

2
1

)
z2 + ... (z ∈ D) . (10)

Moreover, if we put

(ϕ ∗ f) (z)
(φ ∗ f) (z)

= 1 +

∞∑
n=1

xnz
n,

(ψ ∗ f) (z)
(χ ∗ f) (z)

= 1 +

∞∑
n=1

ynz
n (z ∈ ∆) ,

and

(1− α)
(ϕ ∗ f) (z)
(φ ∗ f) (z)

+ α
(ψ ∗ f) (z)
(χ ∗ f) (z)

= 1 + w1z + w2z
2 + ... (z ∈ ∆) , (11)

then

x1 = (ϕ0 − φ0) a0, xn = (ϕn−1 − φn−1) an−1 −
n−1∑
k=1

xn−kφkak (n = 2, 3, . . .) ,

y1 = (ψ0 − χ0) a0, yn = (ψn−1 − χn−1) an−1 −
n−1∑
k=1

yn−kχkak (n = 2, 3, , . . .) ,

and

w1 = [(1− α) (ϕ0 − φ0) + α (ψ0 − χ0)] a0,

wn = [(1− α) (ϕn−1 − φn−1) + α (ψn−1 − χn−1)] an−1

−
n−1∑
k=1

[(1− α)xn−kφk + αyn−kχk] ak (n = 2, 3, . . .) . (12)

Therefore, by (9)–(12) we obtain

a0 =
p1ω1

(1− α) (ϕ0 − φ0) + α (ψ0 − χ0)
, (13)

a1 =
p1ω2 + p2ω

2
1 + [(1− α)φ0 (ϕ0 − φ0) + αχ2 (ψ0 − χ0)] a0
(1− α) (ϕ1 − φ1) + α (ψ1 − χ1)

. (14)
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Thus, by Lemma 1 we have sharp estimation (4). Moreover, by (13) and (14) we get

a1 − µa20 =
p1

(1− α) (ϕ1 − φ1) + α (ψ1 − χ1)

{
ω2 − γω2

1

}
,

where γ is given by (8). Hence, by Lemma 1 we obtain (6). In particular, taking µ = 0 in (6) we obtain the
estimation (5). To prove that the results are sharp let us define the functions f1, f2 ∈ Σ such that

(1− α)
(ϕ ∗ f1) (z)
(φ ∗ f1) (z)

+ α
(ψ ∗ f1) (z)
(χ ∗ f1) (z)

= p (z) (z ∈ ∆) ,

(1− α)
(ϕ ∗ f2) (z)
(φ ∗ f2) (z)

+ α
(ψ ∗ f2) (z)
(χ ∗ f2) (z)

= p
(
z2
)

(z ∈ ∆) .

The functions exist since we can obtain their coefficients from (12). In particular, the coefficients a0 and a1 are
given by (13) and (14). It is clear that f1, f2 ∈ Σα (ϕ, φ;ψ, χ; p) and the functions f1, f2 realize the equality in
the estimation (6). Therefore, the obtained results are sharp. 2

Theorem 2 Assume that ϕ0ϕ1 ̸= 0. If a function f ∈ C (ϕ, φ; p, q) is of the form (1), then∣∣a1 − µa20
∣∣ ≤ 1

2 |ϕ1|
[Z + max {0, Uµ}+ max {0, Vµ}] , (15)

|a1| ≤
1

2 |ϕ1|
[Z + max {0, U0}+ max {0, V0}] , (16)

|a0| =
p1 + q1 |φ0|

|ϕ0|
, (17)

where

Uµ =

∣∣∣∣φ1

(
q2 + q21

)
+ 2µ

φ2
0ϕ1q

2
1

ϕ0

∣∣∣∣+Wµ − |φ1| |q1| , Z = 2 |p1|+ |φ1| |q1| , (18)

Vµ = 2

∣∣∣∣p2 − µ
ϕ1p

2
1

ϕ20

∣∣∣∣+Wµ − 2 |p1| , Wµ = |φ0| |p1| |q1|
∣∣∣∣1− 2µ

ϕ1
ϕ20

∣∣∣∣ . (19)

The results (15) and (16) are sharp for UµVµ ≥ 0 and U0V0 ≥ 0, respectively.

Proof Let f ∈ C (ϕ, φ; p, q) . Then there exists a function g ∈ Σ∗ (q) and functions ω, η ∈ Ω,

ω(z) =

∞∑
n=1

ωnz
n, η(z) =

∞∑
n=1

ηnz
n (z ∈ D) ,

such that
ϕ ∗ f
φ ∗ g

= p ◦ ω, zg′ (z)

g (z)
= − (q ◦ η) (z) (z ∈ ∆) . (20)

Thus, by (10) we have

b0 = −q1η1, 2b1 = q1η2 −
(
q2 − q21

)
η21 , a0 =

ω1p1 − φ0η1q1
ϕ0

, (21)

2φ1a1 = −φ1

{
q1η2 +

(
q2 − q21

)
η21
}
− 2φ0p1q1ω1η1 + 2p1ω2 + 2p2ω

2
1 ; (22)
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and
by Lemma 1 we obtain the sharp estimation (17). Let µ be a complex number. Then, by (21) and (22), we
have

2φ1

∣∣a1 − µa20
∣∣ ≤ |φ1q1| |η2|+ 2 |p1| |ω2|+

∣∣∣∣φ1

(
q2 − q21

)
+ 2µ

φ2
0ϕ1q

2
1

ϕ20

∣∣∣∣ |η1|2
+2

∣∣∣∣p2 − µ
ϕ1p

2
1

ϕ20

∣∣∣∣ |ω1|2 + 2 |φ0p1q1|
∣∣∣∣1− 2µ

ϕ1
ϕ20

∣∣∣∣ |ω1| |η1| .

Therefore, by Lemma 1 we get

2 |ϕ1|
∣∣a1 − µa20

∣∣ ≤ (U −W ) |η1|2 + (V −W ) |ω1|2 + 2W |η1| |ω1|+ Z (23)

or equivalently
2 |ϕ1|

∣∣a1 − µa20
∣∣ ≤ U |η1|2 + V |ω1|2 −W (|η1| − |ω1|)2 + Z, (24)

where U = Uµ, V = Vµ,W =Wµ, Z are defined by (18) and (19). Thus, we obtain

2 |ϕ1|
∣∣a1 − µa20

∣∣ ≤ U |η1|2 + V |ω1|2 + Z, (25)

and, in consequence, by Lemma 1 we have (15). It is easy to verify that the equality in (25) is attained by
choosing ω1 = η1 = 1 , ω2 = η2 = 0 if U ≥ 0, V ≥ 0 or ω1 = η1 = 0 , ω2 = η2 = 1 if U ≤ 0 , V ≤ 0 . Therefore,
we consider functions f1, f2 ∈ Σ such that

(ϕ ∗ f1) (z)
(φ ∗ g) (z)

= p (z) ,
(ϕ ∗ f2) (z)
(φ ∗ g) (z)

= p
(
z2
)

(z ∈ ∆) .

Then the functions belong to the class C (ϕ, φ; p) and they realize the equality in the estimation (15) for UV ≥ 0.

Putting µ = 0 in (15) we get the sharp estimation (16). 2

The following theorem gives the complete sharp estimation of the Fekete–Szegö functional in the class
C (ϕ, φ; p, q) .

Theorem 3 Assume that ϕ0ϕ1 ̸= 0. If a function f ∈ C (ϕ, φ; p, q) is of the form (1), then

∣∣a1 − µa20
∣∣ ≤



1
2|ϕ1| (U + V + Z) if (−U ≤ V ≤W,U ≤W )

or (U ≥ 0, V ≥ 0) ,

Z
2|ϕ1| if U ≤W,V ≤W,U + V ≤ 0,

1
2|ϕ1|

(
Z + V −W + W 2

W−U

)
if U < 0, V ≥W,

1
2|ϕ1|

(
Z + U −W + W 2

W−V

)
if V < 0, U ≥W,

(26)

where U = Uµ, V = Vµ,W =Wµ, Z are given by (18) and (19). The result is sharp.

Proof If UV ≥ 0, then the result follows from Theorem 2. Let U ≥W, V < 0 and let

h (x) := − (W − V )x2 + 2Wx+ (U −W ) + Z.
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Then, by (23) and Lemma 1, we obtain

2 |ϕ1|
∣∣a1 − µa20

∣∣ ≤ h (|ω1|) .

An easy computation shows that the function h has a maximum in [0, 1] for x = W
W−V ≤ 1. Thus, we get (26)

for U ≥ W and V < 0 . If we define the functions η (z) = z, ω (z) = z z+a
1+az , for a = W

W−V , then ω1 = W
W−V ,

η1 = 1 , and ω2 = 1 − |a|2 , η2 = 0. Therefore, we have the equality in (23) and, in consequence, the result is
sharp.
Now, let U < 0, W ≤ V and h̃ (x) := − (W − U)x2 + 2Wx+ (V −W ) + Z. Then, by (23) and Lemma 1, we
obtain

2 |ϕ1|
∣∣a1 − µa20

∣∣ ≤ h̃ (|η1|) .

An easy computation shows that the function h̃ has a maximum in [0, 1] for x = W
W−U ≤ 1. Thus, we get

(26) for U < 0 and W ≤ V . If we define the functions ω (z) = z, η (z) = z z+a
1+az , for a = W

W−U , i.e. ω1 = 1,

η1 = W
W−U , and ω2 = 0, η2 = 1− |a|2 , then we obtain the equality in (23) and the result is sharp.

In the last step, let us assume (0 ≤ U ≤W, V ≤ 0) or (0 ≤ V ≤W, U ≤ 0) and let us define

G (x, y) = − (W − U)x2 − (W − V ) y2 + 2Wxy + Z.

Then, by (23), we have

2 |ϕ1|
∣∣a1 − µa20

∣∣ ≤ G (|ω1| , |η1|) . (27)

It is clear that G is the continuous function on B := [0, 1] × [0, 1] . Therefore, if we denote by P the set of
critical points of the function G in B, then by (27) we get

2 |ϕ1|
∣∣a1 − µa20

∣∣ ≤ maxG (B) = maxG (∂B ∪ P ) . (28)

An easy computation shows that

P ∖ ∂B =


∅ if

W 2 ̸= (W − U) (W − V )
or U =W,{

(x, y) ∈ intB : x = W
W−U y

}
if

W 2 = (W − U) (W − V )
and U ̸=W.

If we assume W 2 = (U −W ) (V −W ) ̸= 0, then we have

G

(
W

W − U
y, y

)
=
W 2 − (W − U) (W − V )

U −W
y2 + Z = Z (y ∈ [0, 1]) .

Moreover, we obtain

G (x, 0) = − (W − U)x2 + Z ≤ Z (x, y ∈ [0, 1]) ,

G (0, y) = − (W − V ) y2 + Z ≤ Z (x, y ∈ [0, 1]) ,

G (x, 1) = − (W − U)x2 + 2Cx+ V −W + Z ≤ G (1, 1) = U + V + Z (x ∈ [0, 1]) ,

G (1, y) = − (W − V ) y2 + 2Cy + U −W + Z ≤ G (1, 1) = U + V + Z (y ∈ [0, 1]) .
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Hence, we get

maxG (∂B ∪ P ) =
{
U + V + Z if U + V ≥ 0

Z if U + V ≤ 0
,

and by (28) we obtain (26) for (0 ≤ U ≤W, V ≤ 0) or (0 ≤ V ≤W, U ≤ 0) . Moreover, if we put ω1 = η1 = 1 ,
ω2 = η2 = 0 for U + V ≥ 0 or ω1 = η1 = 0 , ω2 = η2 = 1 for U + V ≤ 0, then we get the equality in (27).
Therefore, the result is sharp and the proof is completed. 2

Remark 1 By choosing parameters in the defined classes of functions we can obtain several additional results.
Some of these results were obtained in earlier works; see, for example, [8, 9].
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