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Abstract: A typical problem in the theory of analytic functions is to study a functional made up of combinations of
coefficients of the original function. Usually, there is a parameter over which the extremal value of the functional is
needed. One of the important functionals of this type is the Fekete—Szeg6 functional defined on the class of analytic

functions. In this paper we transfer the Fekete—Szegd problem to some classes of meromorphic functions.
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1. Introduction

Let A denote the class of functions that are analyticin D = {z € C:|z| < 1} andlet Q :={w € A: |w(2)| <|z| (2 €D)}.

We denote by X the class of normalized meromorphic functions f of the form
I = .
)=+ > ane, (1)
n=0

defined on the punctured unit disk A := D\{0}.
Let « be a real number, 0 < o <1, and let ¢,p, ¥, x € &, p,q € A be of the form

 — 1
plz) =~ + T;%z”, o(z) = - + ;%z” (z € A),
 [— 1 &
X(z) =~ + > X", w(z) = o+ e (z€ D),
n=0 n=0
p(z)=1+ anz”, qz) =1+ Z gnz" (2 €D),
n=1 n=1

with
On—n >0, Xn —®Un >0, p1,q1 >0 (n=0,1,...). (2)
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By X4 (¢, ¢;9, x; p) we denote the class of functions f € 3 such that (¢ * f) (2) (x* f)(2) #0 (2 € A) and

aqb*f aw*f
pxf x* f

=D

where * denotes the Hadamard product or convolution and < is the symbol of subordination. Moreover, let us
define

. 1 — .
X" (p) = Zo (—2¢ (), 30, 95D) @(Z)=;+ZZ~
n=0

The class X, (¢, v;1, x;p) is related to the classes of meromorphic Mocanu functions, meromorphic starlike
functions, and meromorphic convex functions.
We denote by C (¢, p;p,q) the class of functions f € ¥ for which there exist a function g € £* (¢) such
that (pxg)(2) 20 (2 € A) and
¢ f
p*g

< p.

The class is related to the class of meromorphic close-to-convex functions.
Motivated by Fekete and Szeg6 [3] (see also [1,2,4,5,6,7]), we consider the coefficient functional A (f) =
ay — pad. The object of this paper is to estimate the absolute value of the functional A in the defined classes

of functions. Some consequences of the main results are also considered.

2. The main results

The following lemma will be required in our present investigation.

Lemma 1 [}/ Let w € Q be a function of the form

w(z) = anz" (zeD). (3)

Then,
Wl 1 (1 =1,2), fwa] <1 fwr]?, Jwn — pw?| < max {1, s} (n€C).

The results are sharp with the extremal functions of the form

w(z) =2, wal(z)= ZIZ:Eaz (zeD, Ja| <1).
Theorem 1 If f € X, (¢, 0;9,x;p), then
b1
laol < (1—a)(po — ¢0) + a(xo — %0)’ )
b1
|a’1|§ (1_a)((p0_¢0)+a(xo_w0) max{17‘6|}7 (5)

b1
—a)(pr—¢1) Falxy —

an = o] < 5 syl bl (re©), ©)
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where

_ P2 (L=a)@o(¢o = o)+ axo (Yo — xo) ) 7
’ p1 i [(1 = @) (¢0 — po) + a (o — x0)]* g “
(1—a)(p1—p1) +a(¥1 —x1)

_ = B. 8
! [(1—04)(%—<P0)+@(¢0—X0)]2p“ 7 &)

The results are sharp.

Proof Let f €3, (&, ;%,x;p). Then there exists a function w € Q of the form (3) such that

oxf  U+f_

(lfa)w*f x+f T

ow. (9)

It follows easily that
(pow)(2) =1+ (prw1) z + (prwa + pawi) 2° + ... (2 €D). (10)

Moreover, if we put

(o= f)(2) :1+§:xnzn, (V= f)(2) =1+§:ynzn (z € A),
) n=1 (X n=1

(p* f) (= *f) (2)
and
(1-a) Ezigg +agqii;§§2 =l4wz+wz®+... (2€A4), (11)
then
n—1
21 = ($o—¢0)ao, Tn=(Pn1—Pn1)an-1— P T gprar (n=2,3,...),
k=1
n—1
vi = (Yo —Xx0) @0, Yn = (Yn-1— Xn—1) an-1— Zyn—kaak (n=2,3,,...),
k=1
and
wr = [(1—a)(do— o)+ (o —Xo)]ao,
Wn = [(1 - Oé) ((bnfl - @nfl) + a (’(/Jn,1 — anl)] Ap—1
n—1
=D (1= @) Tnkpr + oYnkxklax  (n=2,3,...). (12)
k=1
Therefore, by (9)—(12) we obtain
a0 = P11 (13)

(I —a)(do — o) + (o —xo)’

W = P2+t + (1) o (do = wo) + axs (Yo — Xo)] a0 (14)
' (I—a)(d1—¢1) +a (¥ —x1) '

2508



DZIOK et al./Turk J Math

Thus, by Lemma 1 we have sharp estimation (4). Moreover, by (13) and (14) we get

al—lﬂl%: p1
(1—a)(p1 — 1) +a(r —

) {wz =0},

where 7 is given by (8). Hence, by Lemma 1 we obtain (6). In particular, taking © = 0 in (6) we obtain the
estimation (5). To prove that the results are sharp let us define the functions f1, fo € ¥ such that

G R, @G
- e o PB Eea).
—a (¢ f2) (2) a(w*ﬁ)(z): 52 5
A=) e T e P e,

The functions exist since we can obtain their coefficients from (12). In particular, the coefficients ag and a; are
given by (13) and (14). Tt is clear that fi, fo € 4 (&, ©;%, x;p) and the functions fi, fo realize the equality in

the estimation (6). Therefore, the obtained results are sharp. O

Theorem 2 Assume that ¢op1 # 0. If a function f € C (¢, ;p,q) is of the form (1), then

a1 ua0|_2|¢MZ—i—max{OU}—l—max{OV}] (15)
lai| < 2|¢ | [Z + max {0,Up} + max {0, Vp}], (16)
o) = P14 ol (1)
|0l
where
2 Pio14t
Up = |1 (g2 +ai) +2u oy | T Welerllarl Z=2lpul + el ol (18)
P1p7 ¢1
Vi=2{ps — i | + Wy = 2|p1|, Wy = |pol [p1] o] |1 = (19)
b ¢o
The results (15) and (16) are sharp for U,V, >0 and UygVy > 0, respectively.
Proof Let f €C(é,9;p,q). Then there exists a function g € ¥* (¢) and functions w,n € €,
z) = anz", n(z) = Znnz" (z e D),
n=1 n=1
such that
o f zg' (2)
=pow =—(qon)(z z€A 20
Y 0 (gom)(z) ( ) (20)
Thus, by (10) we have
WD —
bo = —qim, 2b1 =qin2 — (QQ - Q%) 7737 ag = W7 (21)
20101 = —p1 {q1m2 + (a2 — @) 11} — 2p0p1qriwim + 2p1ws + 2pawi; (22)
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by Lemma 1 we obtain the sharp estimation (17). Let u be a complex number. Then, by (21) and (22), we

have
2, 2
©5P19 2
2p1 ar — pag| < lprar] 2l + 2 |pif |ws| + |1 (02 — 4F) + 2p °¢2 =\ ml
0
P17
+2|p2 —p 121 |b<11|2 +2|pop1qa] |1 — 2M¢% || 1] -
o o
Therefore, by Lemma 1 we get
2|¢1||ar — pad| < (U = W) I + (V= W) w1 |* + 2W || |wr| + Z (23)
or equivalently
2|¢1|[ar — pad| < Ul + V|wi [P = W (In1| = |wr])* + 2, (24)

where U =U,,V =V,,W =W,, Z are defined by (18) and (19). Thus, we obtain
2|1l |ar — pag| <UmP+ V|l + 2, (25)

and, in consequence, by Lemma 1 we have (15). It is easy to verify that the equality in (25) is attained by
choosing wi =m =1, wo=m=0ifU>0, V>00rw =m=0,w=n=1if U <0, V <0. Therefore,

we consider functions fi, fo € ¥ such that

(¢ f1)(2) . (6% F)(2) _ P .
m_p()’ (@*g)(z) p( ) ( EA)-

Then the functions belong to the class C (¢, ¢; p) and they realize the equality in the estimation (15) for UV > 0.
Putting g =0 in (15) we get the sharp estimation (16). O

The following theorem gives the complete sharp estimation of the Fekete—Szegd functional in the class

C (¢, pip:q)-
Theorem 3 Assume that ¢pod1 # 0. If a function f € C (¢, p;p,q) is of the form (1), then

(“USVIWULW)
or (U>0,V>0),

2@1' U+V+2) if

Z if  U<W,V<W,U+V <0,

a; —paj| < ¢ 2l (26)

L (z+V-W+5) i U<0, V=W,
Z+U-W+20) if V<0, U>W,

where U =U,,V =V,,W =W,, Z are given by (18) and (19). The result is sharp.
Proof If UV > 0, then the result follows from Theorem 2. Let U > W, V < 0 and let

h(z):=—(W —-V)z>+2Wz + (U - W)+ Z
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Then, by (23) and Lemma 1, we obtain
2[¢1| a1 — pag| < h(lenl).

An easy computation shows that the function h has a maximum in [0, 1] for z = W v < 1. Thus, we get (26)

for U > W and V < 0. If we define the functions 7 (z) = z, w(z) = zlz_:'aaz, for a = WL then w; = 3o,

m=1,and wy =1 — |a|2, 72 = 0. Therefore, we have the equality in (23) and, in consequence, the result is
sharp.
Now, let U <0, W <V and h(z) = — (W —U) 22+ 2Wz + (V — W) + Z. Then, by (23) and Lemma 1, we
obtain

2(¢1] |ar — pag| < h(jml).

An easy computation shows that the function h has a maximum in [0,1] for = = % < 1. Thus, we get
(26) for U < 0 and W < V. If we define the functions w(z) = z, n(z) = zlzjil , for a = %, ie. wp =1,

m = %, and wy =0, 7y =1— |a|2, then we obtain the equality in (23) and the result is sharp.
In the last step, let us assume (0 <U < W, V <0) or (0<V <W, U <0) and let us define

Gx,y)=—W-=U)z? - (W =V)y* +2Wazy + Z.
Then, by (23), we have

2|¢n]|ar — pag| < G (Jwrl,|ml) . (27)

It is clear that G is the continuous function on B := [0,1] x [0,1]. Therefore, if we denote by P the set of
critical points of the function G in B, then by (27) we get

2|¢1||a1 — paf| < max G (B) = maxG (9B U P). (28)
An easy computation shows that

W2 £ W =U) (W -V)

0 if
P~\0B= o
_ . W2=W-U)(W-V
{(x,y) €intB:x = WVKUZ/} if (gndU;é)T(/V. :

If we assume W2 = (U — W) (V — W) # 0, then we have

v+Z=2 (yelo,1].

W W2 — (W —U) (W —V)
G(W—Uy’y>: U—w

Moreover, we obtain

G(x,0)=—W-U)2*+2Z2<7Z (x,y<€[0,1]),
GO,y)=—W-V)y*+2Z2<2Z (x,y€]0,1]),
Gz, 1)=—(W-U)a>+202+V -W+Z<G,1)=U+V+Z (zel0,1]),
GlLy)=—(W-WVy?+20y+U-W+Z<GL1)=U+V+2Z (yelo,1]).
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Hence, we get

U+V+Z if U+V >0

maxG(@BUP):{ 7 if U+V <0

and by (28) we obtain (26) for (0 <U < W, V. <0) or (0 <V <W, U <0). Moreover, if we put w; =m =1,
wo=mp=0for U+V >00rwy =m =0, wy=1ns =1 for U+ V <0, then we get the equality in (27).
Therefore, the result is sharp and the proof is completed. O

Remark 1 By choosing parameters in the defined classes of functions we can obtain several additional results.

Some of these results were obtained in earlier works; see, for example, [8, 9.
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