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Abstract: In this work, we study the one-dimensional Dirac system on a whole line with impulsive conditions. We
construct a spectral function of this system. Using the spectral function, we establish a Parseval equality and spectral

expansion formula for such a system.
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1. Introduction

Many problems of engineering interest are governed by partial differential equations. When we seek a solution of
a partial differential equation by separation of variables, it leads to the problem of expanding an arbitrary func-
tion as a series of eigenfunctions. The method relies on the completeness of the eigenfunctions corresponding to
one of the variables. Thus, spectral expansion theorems are important in mathematics. Using several methods,
the eigenfunction expansion is obtained, including the methods of integral equations, contour integration, and
finite difference (see [19], [32]).

The Dirac operators play an important role in the theory of relativistic quantum mechanics because
fundamental physics of relativistic quantum mechanics was formulated by the Dirac operators. For example,
they predict the existence of a positron and elucidate the origin of spin1/2 of an electron. We refer the reader
to [30].

Discontinuous (or impulsive) boundary value problems have been extensively investigated in recent years
(see [1-16, 18, 2027, 29, 31, 33-41]). Many researchers have investigated these problems due to their significant
applications in various fields of science and engineering, such as in radio science (see [22]), the theory of heat
and mass transfer (see [21]), and geophysics (see [18]).

On the other hand, direct or inverse spectral problems for Dirac operators were studied in [1, 4, 6, 7,
12, 14, 19, 23, 34, 36, 39, 40]. In [13], Hira and Altimgik investigated asymptotic behavior of eigenvalues and
eigenfunctions of the discontinuous Dirac system, which includes an eigenvalue parameter in a transmission
condition. In [31], Tharwat and Bhrawy computed the eigenvalues of discontinuous regular Dirac systems with
transmission conditions at the point of discontinuity numerically. In [15], Kablan and Ozden studied a Dirac
system with transmission condition and eigenparameter in boundary conditions. They investigated the existence

of the solution and some spectral properties of this problem.
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In this work, we construct a spectral function and obtain a Parseval equality and a spectral expansion

theorem for Dirac systems with impulsive conditions on the whole line.

2. Main results

Let us consider the Dirac system

T(y) == ( (1) Bl ) dydim) +B@)y(x)=My(z), z€J:=J Uy, (1)

where A is a complex spectral parameter and

v0=( 0 ) 20=("0 L0 )

Jy = [a,¢), Jy := (¢,b], —00 < a < ¢ < b < 400. We assume that the points a, b, and ¢ are regular for
the differential expression 7. p and r are real-valued, Lebesgue measurable functions on J and p,r € L'(J)
(k=1,2). The point c is regular if p,r € L'[c — €, ¢ + €] for some € > 0.

We will consider the Dirac system (1) with the boundary conditions

Y2 (a) cosy + Y1 (a) Sin’}/ =0, v e R:= (_007 OO) ) (2)
ya (b)cosa+yy (b)sina =0, a € R,

and impulsive (or transmission) conditions
y(c+)=Cy(c—), C € My (R), detC=4§>0, (3)

where My (R) denotes the 2 x 2 matrices with entries from R.

We introduce the direct sum Hilbert space H = L2 (Jy; E) + L2 (Jo; E) (where E := R?) of vector-valued

functions with values in R? and with the inner product

c b
(o= [ (wla) 0 @) pdo+ 5 [ (ule) @) pdo, B3,

where

uy) (x), x€Jy’

u(l)a: x u(l)x T
uy (z) = { %2)()7 <h U2($):{ %2)(>7 <

vgl) (), z€J va () = Uél) (), xz€J
v§2) (), z€Jo
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We will denote by

T (1)1' T 1
b (2.)) = (¢11§x;§§),¢11<x,A>={ 1 (@), e q

i (x), xe o
, eJ
$12 (2,\) = { 2 (z), z€h

and

(1)
¢2 (z,A) = ( o2 (2, 2) >, ¢21(x,/\){ o) (x), @€ ,

21 (@), T €

¢22 (.’E, )\) = { %22) (J,‘) , T &€ Jl

5o (z), weJy
the solution of the Dirac system 7(y) = Ay (x), x € 3 U Q2, which satisfies the initial conditions

gll) (a,\) = —cos7, ¢§12) (a,\) = sinvy,
& (5, A) = cosa, @53 (b,A) = —sina,

and impulsive conditions (3).

Now we will prove that system (1) with conditions (2)—(3) has a compact resolvent operator and thus it
has a purely discrete spectrum. Furthermore, we get a Parseval equality for this problem.
Let us define

$2(z, N1 (8,0)
G(x’t7>\): W(¢1’;$2) ’ a§t<l" x7é0,t7éc

T
%, r<t<b x#ct#c,

which is called Green’s matriz of the problem (1)—(3) (see [19] and [12]).

Definition 1 A matriz-valued function M (x,t) in E of two variables with a < x,t <b is called the Hilbert—
Schmidt kernel if

b b
//||M(m,t)||%Ed:cdt<+oo.

Theorem 2 ([28]) If

laix]* < +oo, (5)
1

oo
i,k=

then the operator A defined by the formula A{y;} = {z}, where
Zi= aiyk, (i=1,2,.), (6)
k=1

is compact in the sequence space 2.
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Theorem 3 Without loss of generality, we can assume that A\ = 0 is not an eigenvalue of the problem (1)-
(3). Then G (z,t) defined by

b2(2)$7 (1)
Wio gy, etz x c,t c
G(z,t) =G (z,t,0) = V1,02 £t #

T
OGN g ct<h atette

is a Hilbert—Schmidt kernel.

Proof By the upper half of formula (7), we have

b T
/dz/ |G (, 1)), dt < +oo,

and by the lower half of (7), we have

b b
/dx/ |G (,t)||3 dt < 400

since the inner integral exists and is a linear combination of the products ¢;; (x) ¢r; (t) (4,7, k,1 = 1,2), and

these products belong to L?(a,b)xL?(a,b) because each of the factors belongs to L?(a,b). Then we obtain

b b
//||G(x,t)\|2Edmdt<+oo. (8)

O

Theorem 4 The operator K defined by the formula

b
o) = (Kf) (z) == / G (1) f (1) dt

is compact and self-adjoint in space H .

Proof Let ¢; = ¢; (z) (i =1,2,...) be a complete, orthonormal basis of H. Since G (z,t) is a Hilbert—-Schmidt

kernel, we can define
b

c

Qik

b b
//(G(x,t)gzﬁi(x),qzﬁk(t))Edmdt (i k=1,2,.).

Then  is mapped isometrically to /2. Consequently, our integral operator transforms into the operator defined
by formula (6) in the space [? by this mapping and condition (8) is translated into condition (5). By Theorem

2, this operator is compact. Therefore, the original operator K is compact.
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Let f,g € H. As G (x,t) = GT (t,x) and G (x,t) is a matrix-valued function in E defined on J x .J, we

have

c b
Kf.g)n / (KS) (@) 9 (2)) g dc + B / () ()9 (x)) p d

| [©woso. @,
8 / b / (G o) £ (1) g () dtds
= [0, [ 6a)g@) e

b b
8 / (1), / G (t,2) g (2)) pdedt = (f, Kg)n.

Thus, we have proved that K is self-adjoint in H. O

From Theorem 4 and the Hilbert—Schmidt theorem [17], there is an orthonormal system {¢,} (n € Z :=
{0,4+1,+2,...}) of eigenvectors of the self-adjoint problem (1)—(3) with corresponding nonzero eigenvalues A,
(n € Z) such that

c b [e'e]
/||f<x>uzdx+ﬁ/ I @Rde= 3 a2, (9)

n=—oo

which is called the Parseval equality, where f € H and a,, = (f, pn)u (n € Z).
We will denote by

_ 1/111 (.’17, )\) o 1 (;E) , T E Ql
sen = (G ) mien - {228

(0 (), z€Q
7/)12 ((ﬁ, )‘) = 12 ’ ! )
S (@), 2e

(where Q4 := (—00,¢), Q2 :=(¢,00)) and

_ Yo1 (, ) _ Dz), ze
e = () e - R 220

)
, TzEQ
Pog (z,N) = { %g) (z), =z 1

the solution of the Dirac system 7(y) = Ay (z) (z € Q1 UQs), which satisfies the initial conditions

W@ =1, v (N =0,
DN =0, oY @M\ =1a<d<ec

and impulsive conditions (3).
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Let A, (n € Z) be the eigenvalues and y,, (n € Z) be the corresponding eigenfunctions of the self-adjoint
problem (1)—(3), where

_ Yny (@)
UYn (1:) = ( Y, (CC) )7
{y,s?@), reldi M(x):{ v (2), @€

e (T
o (2) & @), zeds

Since the solutions 97 (x,A) and s (2, A) of system (1) are linearly independent, we get
Yn () = cnt1 (z, \n) + dpt2 (2, ) (n € Z).

There is no loss of generality in assuming that |c,| <1 and |d,| <1 (n € Z). Now let us set

c b
o :/ o (w>||zdx+/s/ lom @)% dz (n € Z).

Let

(1) 1)
fl(l'){ 1(2)($), erl, fg(x){f%Q)(x)a $€J1.

If we apply the Parseval equality (9) to f(x), then we obtain

c b

[ @ik 1 @i
oo c b 2
- ¥ ;{/ (F (@) ) pdo 6 [ <f<x>,yn<x>>de}

n=—oo

2

o

o L T, cnwl (@, An) + dntha (2, An))  da
Z % { +be (f Cnﬂ}l (JC A :)+dn'l/)2 (IvAn))EdI }

& A U@ @A) pde
- Za%{+ﬁf(f )1 (2, M0)) g dm}

2 2 { B 17 (@), (2, ), da }

X{ f( (@), ¥2 (2, An)) p d }
+B [ (f (2) %2 (2, An)) p d

2

> d% f; (f (z), 92 (=, /\n)) dx
+_Z{+5ff wzxwda:}' .
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Now we will define the step function p;; .5 (4,7 =1,2) on R by

, for A<0
for A > 0,

= LA<rn<0

EO<)\7L<)\

:m‘§ N

P10, (A) =

:w‘: w R

for A <0

iy
() = - Z,\<>m<0 Ca% ) =
H12 [a,b] S 0<n, <x CZ# for A > 0,

P12,[a,p] (A) = H21,[a,8) (A)

for A <0
for A > 0.

> %

T 2A<An<0 a2

P2z fab) (A) = et
0<An<A af

From (11), we obtain

/nf ||de+5/ If (2 ||de-/ S BB ) diy oy (V) (12)

3,j=1

where

By = /C<f<>w1<m> dx+5/ )1 (2 0) g dz,

B0 = [ U@ g8 [ () ol ) pde

Now we will prove a lemma, but first we recall some definitions.
A function f defined on an interval [aq,b1] is said to be of bounded variation if there is a constant C > 0
such that
n
S OIf (@) = far)| <C
k=1
for every partition

=29 < 21 <...<Tp=0b (13)

of [a1,b1] by points of subdivision xg, z1, ..., Zy.
Let f be a function of bounded variation. Then, by the total variation of f on [a1,b1], denoted by

by
V (f), we mean the quantity

ai

V(f) = sup 3 If (@x) — f ()],
k=1

where the least upper bound is taken over all (finite) partitions (13) of the interval [a1, ;1] (see [17]).
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Lemma 5 There exists a positive constant A = A(§), £ > 0 such that

¢
VAktistan N} <A (7 =1,2), (14)

where A does not depend on b.
Proof From (10), we have
D (o, N) = 655
where 0;; (i,j =1,2) is the Kronecker delta. The functions wg) (z,\) (i,7 =1,2) are continuous both with

respect to x € [a,¢) and A € R. Thus, for any £ > 0 there exists a ¢y < k < ¢ such that

O (2, A) — 8y

<eg e>0, |Al <&, z € [co, K. (15)
Let
_( Sm (=)
fe (z) = < fr2 (2)
be a nonnegative vector-valued function such that fx; () vanishes outside the interval [cq, k] with

/ fr1 () de =1, (16)

and fi2 () = 0. Set

k
Fa) = [ (@) n)pds
_ / for @D (2,0 de (i =1,2).
Using (15) and (16), we obtain
[P (N) — 1] <&, [Far (V)] <&, [Nl <& (17)

Now, by applying the Parseval equality (12) to fi (x), we get

k I3 £
/ f2 (@) de > / F3 () dpiny oy (V) + 2 / Fuie (V) Far (V) dpna gy (V)
co —£

13
13 ) 13 13
+ / R ) i / PR O i) () - / Ik O] Pk O iz oy O]

From (17), we have

k 3 13
/ fA (x)de > / (1—¢)? dpat ) (A) — 2/ e(L+¢)|dpiz o (V)|
Cco 76

—£

= (1—2)” (111,40 (§) = 11y (=€) — 26 (1 +¢) 5; {12,000 )}
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Since
Vol 90} < 5 | L B () | 13
we get
L?%@Mw> (1= 32) {pinna0) (€) — s o) (—6)}
e (1 €) {122, 00) (€) — 22 ) (—E)} (19)
Let

g (z) = ( gr1 (2) )

gr2 ()

be a nonnegative vector-valued function such that ggo (x) vanishes outside the interval [cg, k] with fclz g2 () dx =

1, and gg1 (z) = 0. Similar arguments apply to the function g (z), and we obtain

k
/ﬁNM$>(F%WmW&FMWM%H

o

—e (14 2) {1m1,a) () = 1,0a) (=)} - (20)

If we add the inequalities (19) and (20), then we get

42 p11fas) (€) = H11,[a,) (=€) }
/ {fkl +gk2 )}dx> (1 i E){ + 1422 [a,b] (€) - H22, ab( £)

If we choose € > 0 such that 1 — 4e —e? > 0, then we obtain the assertion of the lemma for the functions
p11,[ap] (—€) and pigg (4.5 (=€) relying on their monotonicity. From (18), we have the assertion of the lemma

for the function g3 [q,0) (=€) - O

Now we recall Helly’s theorems.

Theorem 6 ([17]) Let (wn),cy (N := {1,2,..} be a uniformly bounded sequence of real nondecreasing
functions on a finite interval ag < X\ < by. Then there exists a subsequence (wn,),cy and a nondecreasing
function w such that

lHm wy,, (A) =w(A), ag < X < bo.

k—o00
Theorem 7 ([17]) Assume that (wy),cy 95 a real, uniformly bounded sequence of nondecreasing functions on
a finite interval ag < A < by, and suppose that

lim w, (A) =w(A), ag < X < by.

n— oo
If f is any continuous function on ag < A < by, then

bo

bo
lim ) dw, (X)) = F)dw((N).

n—oo ao ao
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Now let ¢ be any nondecreasing function on —oco < A < oco. Denote by Lg (R) the Hilbert space of all

functions f : R — R that are measurable with respect to the Lebesgue—Stieltjes measure defined by ¢ and such

that
[ P2 (N de (M) < o

D, [ T0g o).

We introduce the direct sum Hilbert space H := L? (Qy; E) + L2 (Q; E), (21 = (—00,¢), Q3 = (c,00))

with the inner product

with the inner product

o= [  (f(@),g(@)pdet B / T (@) g (@), dr,

where

fl(l)(m)7 LL‘EQl f(x)* fél)(x)7 xEQI
f1(2)(fﬂ), xT € QQ ’ 2 N (2)($), T € QQ

(1) (1)
, T€E , en
{ e T ; g2(2) :{ o e,

€T =
g1(z) g§2) (), =€ (2) (2), €.

The main results of this paper are the following three theorems.

Theorem 8 Let f € H. Then there exist monotonic functions pi1 (\) and pao (X)), which are bounded over
every finite interval, and a function pia (N), which is of bounded variation over every finite interval with the

property

[\|f IIde+6/ If (o Hde—/ SO F ) diy (). (21)

0 4,5=1

which is called the Parseval equality, where

W=t { Ll o0 -
F”(A)nli“io{wf o e, | =12,

We note that the matrix-valued function p = (M”)Z =1 (12 = po1) is called a spectral function for the

singular Dirac system 7(y) = Ay () (z € 1 UQy) with the impulsive conditions (3).

fin (2) )’

Proof Assume that the vector-valued function f, (z) = ( Fom ()
2n

(1) (1)
x), x € n(x), z€Q
fln(x) = { 1(721)( ) ! , fon(z) = { 2(2)( ) ' )

(@), ey

satisfies the following conditions:
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1) fn (z) vanishes outside the interval [—n,c) U (¢,n], where a < —n < c <n <b.
2) The vector-valued functions f,, (z) and f] (z) are continuous.
3) fn (x) satisfies the conditions given by (2)—(3).

If we apply the Parseval equality to f, (x), then we get

[ 1o @)% de + B / 1 @)% d

2

S L @)k (@) pda
- Z i{ +5f:(fn (%), yx (x)) g dx } : (22)

k=—o00

Then, via integrating by parts, we obtain

¢ b
[ n e @pde s s [ (@) @)par
= /\ik/ ) (@ )[ y' (@) +p () yld) (2 )]dx
+>\kﬁ/ A2 @) [~u3) (@) +p (@) i) (@ )} dz

)\k/ o ykll)/( )t (2) ) (@ )] i

+/\k6/ V@)@ @) do
= o [ A @@ 1) 0] o) @) ds
b [ [ @+ 0@ 2 @] ) @

4L / A @ @ 18D @] oY (@) de

b
58 [ @+ @15 @] o @) da

Thus, we have
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S ) @ @) Y @ )}yé?( ) da
+8 [—fQ 7) +p () 1(?3 (@) 41? (@) da
W @)+ (@) f <x)%;;>()
@” z) 47 (@) f, (@)| 43 (@) do

1 1
<5 ) =

2
s W |+
+5 [

S [0 @)+ p @) 1) @)] 9l (2) do

BRI S [*fgn 2)+p (@) 1) (@) uf? () do
SO L A @) @) %c) v (@) do
+3 2>’ )+ (@) f3) (@) | v (2) do

oA @ 4 @) D )] d
L) ol [ @) e Y )] e
HE A @ 4 r @) ) @) da
F8 L [ (@) 4 @) 1) @)

By using (22), we obtain

‘/ | <x>\|%dx+ﬁ/n I fn @) de— alk {(fa () sy <.>>H}2|

—N<A<N

< Z Oj-]%{<fn(')’(ckwl (a/\k)+dkw2 (7>‘k))>H}2

—N<A.<N

N
- LN Z Fin () Fin, (A) dptijfa,5) (A,

where
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Consequently, we get

TS N @5 dz+ B [ || fn ()17 do
— 2 X it Fin (V) Fin (V) i o, (V)

< L5 [ A @+ p @) Y @) do
2)1 2 2 (23)
B3 I [15 @ +p @) £ @] da

e % [ @) ) 58 )]

FB 0 [FY @) 4 (@) 12 ()] e

By Lemma 5 and Theorems 6 and 7, we can find sequences {as} and {bs} (as — —oo and by — 400, s = 0)
such that the functions fu;; jq, 5,] (M) converge to a function p;; (A) (i, = 1,2). Passing to the limit with respect

to {as} and {bs} in (23), we have

IZ, an g dz + 5 [ 1o (2] dz

[y 2 O ()] de
NS o (N i () dpgy (V) [ @@ i @)

S N2

sy [ [ @4 ) @) do
v [ @ @ ) @]

i | [ @@ @) e

As N — oo, we get

/llfn \\Emﬁ/ Vo o \\de—/ S B () Fy () ity ().

0 4.5=1

Now let
V), zeQ
f‘””)‘{ O ), ey

f(.) € H. Choose vector-valued functions

(1)17 o 1
Jw):{ INONE

7(]2)(%)7 x €y

satisfying conditions 1-3 and such that

lim Hf(l) f7(71) (a:)HZ dz + 6nli_>rgo /OO Hf(2) (x) — f7(72) (@HZ de = 0.

n—r0o0
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Let

F) = [ (@)

+5/ ), (@, /\))de (i=1,2).

Then we have

J K R A VX ey Z Fin ) Fyy (N g ().
Since
| - @) s [0 @- s @) w0
as np,1n2 — 0o, we have

/ Z e () Eypy (V) = Figy (V) Eygy (V) iy (V)

[ e -l [T -2 @] o

as 1n1,m2 — 0o. Therefore, there is a limit function F; (i = 1,2) that satisfies

/;Hf(l) (w)HQde+5/600 Hf@)( dx_/ Z F( ) dui; (),

by the completeness of the space Li (R).
Now we will show that the sequence (K,;) (i =1,2) given by

KW= [ GO @) @ Npde + [ GO @), e, Mo (=1,2)

converges as 1 — o0 to F; (i = 1,2) in the metric of the space Li (R). Let g be another function in H. By

similar arguments, G (\) can be defined by g¢. It is obvious that

[ oo -t [ |5 o

/ S {(F () — G (0) (B () = Gy () sy ().

0 4,5=1

Let
g(x):{ f(w)v MS [*n,C)U(C,U]

0, otherwise.
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Then we have

/ S (B () = Ko O0) (5 () — Koy (M)} sy )

1,7=1
- 2 oo 2
:/ |0 @) dx+5/ |7@ @) _de 0 ),
oo E 0 E
which proves that (K,;) converges to F; (i =1,2) in L%(R) as n — oc. O

Theorem 9 Suppose that the functions

M (), Q M (z), Q
f(z) = { i(z)gg, i 2 Q; , g(x) = { z(z)gg’ ii Q; )

fig€ H, and F;(\), G;(\) (i =1,2) are their Fourier transforms. Then we have

[ (1@ @) e [ (10007 @) ds

/ Z Fi( N) dpi; (N,

which is called the generalized Parseval equality.

Proof It is clear that F' = G are transforms of f F g. Therefore, we have

2
/ Hf“ )+gY (2 d:c+5/ Hf +9? (a )Hde
/ S (B )+ G () (B () + G () iy ()
i,j=1
and
¢ 2
[ ro@=-g @[ aers [ 1@ -9 @) ar
o 2
= [ B0 - G (5 ) = G () ds ().
o0 5=1
By subtracting one of these equalities from the other one, we obtain the desired result. O

Theorem 10 Let

W (z), O
ro={ Jal) T sen

Then the integrals

/ TRy @ ) sy (V) () = 1,2)

— 0o
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converge in H. Consequently, we have
0=/ S F O e A iy O,
3,j=1
which is called the expansion theorem.
Proof Take any function f; € H and any positive number s, and set
D= [ 3 R )i 3,
“%4,5=1

where

- fs(l)(ac), €
fs(:zr){ (1), 7€

Let

(1)
] ¢\WW(z), zed
g(‘T)_{ 9(2)(1,)7 zeQ ,9g€H

be a vector-valued function that is equal to zero outside the finite interval [—7,¢) U (¢, 7], where 7 > s. Thus,

[ (0@ @) s [ (52007 @), do
/‘UQZF %x&@()mm>m

1,7=1

+B/ (/ S B0 6y (00 di ()g‘”(m)) du

$4,j=1

we obtain

- [ mon{ S,

1,7=1

/_ Z Fi( dﬂw (A). (24)

3,5=1

From Theorem 9, we get

| (V@ @) doss [T (1206 @) o

o E

/ Z F; ( A) dpi; (A) . (25)
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By (24) and (25), we have

f — fughy = / S F () Gy () dpg ().

[A>s 5 =1

Applying this equality to the function

g(ac)—{ f(x) = fs(x), x€[-sc)U(cs]

0, otherwise,

we get
2
2
9= 2= [ 3 B E O dus ().
[A|>s ij=1

Letting s — oo yields the expansion result. O
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