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Abstract: In this paper, we deal with the semilinear beam equation with localized viscosity. Under mild conditions on
the viscous coefficient, we establish the well-posedness and boundedness of the weak solutions. Then we prove that the

semigroup generated by this problem has a smooth global attractor in H* (0,1) x H (0,1).
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1. Introduction

This paper is devoted to the long-time behavior of the following semilinear beam equation with localized
viscosity:

Uit + Uz — (@ (2) )y, — (F (W), = 9 (2), (L,2) €(0,00) X (0,1). (L.1)

Beam equations attract great interest from mathematicians due to their wide range of applications in

diverse fields of science. For example, the Boussinesq equation,
Ust + QUpgpy — Ugy — O (uQ)m =0, a>0, BeR, (1.2)

was introduced by Boussinesq (see [3]) to model shallow water wave propagation. Boussinesq equations find
applications in numerous areas of physics, extending from wave propagation in shallow water to systems of
nonlinear elastic beams. Among many papers related to (1.2), we confine ourselves to citing [7, 26-27]. The

original Boussinesq equation can be generalized as follows:
Ut + QUgzre — Ugz — (f (1)), = 0. (1.3)

Papers related to long-time dynamics of (1.3) can be exemplified by [1] and [19]. Due to the importance of
viscosity in real processes, the following damped Boussinesq equation,

Utt + QUgppr — 20Uzzt — Ugy — B (uQ)M =0,b>0, a>0, 8 €R, (1.4)

is studied by some authors (see [6, 10, 23-25]). Equation (1.1) can be seen as a generalized version of the
Boussinesq equation with localized internal damping.
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We also mention that by replacing the localized internal damping term (a (z)u¢),, with frictional

damping wu; in (1.1), we obtain the hyperbolic relaxation of the Cahn—Hilliard equation having the form

Utt + Uggzr + Ut — (f (u))zx =g (:l?) ) (15)

which was proposed by Galenko [8] to describe the rapid spinodal decomposition in materials like glasses. For
contributions related to (1.5), we refer to [2, 8, 9, 11-15, 18, 21, 28].

The main novelty of this paper is that equation (1.1) includes localized viscosity, unlike the papers
mentioned above. Namely, in the aforementioned papers viscosity is effective on the whole domain, but in this
paper viscosity coefficient @ (z) can vanish on a set of nonzero measures (see (2.3)—(2.4)). This situation bears
some difficulties. We overcome these obstacles by applying a multiplication technique and with the help of
compact embedding theorems. This paper is organized as follows: In the second section, we give the statement
of the problem and the main results. In the third section, the well-posedness and the boundedness of the weak

solutions are proved. Finally, in the last section, the existence of the regular attractor is established.

2. Statement of the problem and main results

This paper is devoted to the following initial boundary value problem:
Utt + Uggae — (a(T) ut),, — (f (W), =g(z), (t,2)€ (0,00)x(0,1),
w(t,0) =u(t,1) = ugy (¢,0) = uyy (¢,1) =0, ¢ € (0,00),
U(O,l‘) = Ug (I)v Uy (O,SC) = u1 (l’), T € (071)

Defining the linear positive operator A : D (A) — L?(0,1) where A = —j—; and D (A) = H?(0,1)N HE (0,1),

we can restate the original problem as follows:

ue + A(Au+a(z)u + f(u) =g(x), (tz)e(0,00)x(0,1), (2.1)

u(0,z) =ug (), u(0,z) =uq(x), z€(0,1). (2.2)

Here, g € L? (Q) and the viscous coefficient a (-) satisfies the following conditions:

@ €W (0,1), a(z) 2 0ae. in (0,1), (23)

a(x) > ag>0a.e. in (rg,r1), for some 0 <rg <ry <1, (2.4)

and there exists a constant ¢ > 0 such that

a"’ (z) < cy/a(z) ae. in (0,1). (2.5)

Additionally, we assume that for the nonlinear function f the following holds:

fec®®), imintl® 5 g2 (2.6)

|s| =00 S

The following well-posedness theorem is the first main result of our paper.
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Theorem 2.1 Let assumptions (2.3)—(2.6) hold. Then, for every T > 0 and (ug,u1) € (H? (0,1)NH} (0,1)) x
L?(0,1), the problem (2.1)-(2.2) has a unique weak solution u belonging to the class C([0,T];H? (0,1) N
H} (0,1))nC* ([0,T]; L% (0,1)) and satisfying the inequality

”U(t)HHZ’(oJ) + fJue (t)”L?(o,l) <a (H(UO>Ul)HH2(0,1)><L2(071)) , Ve 0,

where ¢ : RY — RY ds a nondecreasing function. Moreover, if v, w € C([0,T];H? (0,1) N H (0,1)) N
C* ([0,T]; L*(0,1)) are the weak solutions of the problem (2.1)-(2.2) with initial data (vo,v1) € (H* (0,1) N
H} (0,1)) x L?(0,1) and (wo,w1) € (H? (0,1) N H} (0,1)) x L?(0,1), then

v (@) = w ()]l 0,1y + lve (&) = we ()]l gr-1(0,1)

< (T)r) [H'UO - UJO”Hl(o,l) + |lor — w1||H—1(0’1)} , vVt e0,17,

where ¢y : RT x RT — RT s a nondecreasing function with respect to the each variable and

7 = max {”(UO»U1)||H2(0,1)><L2(0,1) ; ||(U/0»wl)HH?(o,l)xLz(o,l)} .

Hence, we observe that the problem (2.1)-(2.2) generates a weakly continuous semigroup {5 (¢)},5, in
(H?(0,1) N H{ (0,1)) x L?(0,1), given by the formula S () (ug,u1) = (u(t),u¢ (t)), where u(t,z) is a weak
solution determined by Theorem 2.1.

The second main result of our paper is as follows:

Theorem 2.2 Assume that assumptions (2.3)-(2.6) hold. Then the semigroup {S (t)},5, generated by the
problem (2.1)—(2.2) possesses a global attractor A in (H? (0,1) N Hg (0,1)) x L2 (0,1). Moreover, A is bounded
in H3(0,1) x Hj (0,1).

3. Well-posedness
We start with the following theorem.

Theorem 3.1 Let assumptions (2.3)—(2.6) hold. Then for every T > 0 and (ug,u) € (H? (0,1) N Hg (0,1)) x
L?(0,1), the problem (2.1)-(2.2) has a weak solution u belonging to the class C ([0, T]; (H?(0,1) N H§ (0,1)))N
C' ([0,7]; L*(0,1)) and satisfying the inequality

”u(t)HHz(O,l) + [Jue (t)”Lz(oJ) <a (H(UmUl)HH2(0,1)xL2(oy1)) , Vi >0,

where ¢; : RT — RT s a nondecreasing function.

Proof First, we will deal with the strong solutions, and then by using the density argument we will obtain
the desired result for weak solutions. Namely, assume that (ug,u1) € Hy := {(u,v) € (H*(0,1) N Hg (0,1)) x
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(H?(0,1) N HJ (0,1)) & gy (£,0) = ugy (¢,1) =0, t € (0,00)}. Then the problem (2.1)—(2.2) can be reduced
to the following initial value problem in H := (H?(0,1) N H{} (0,1)) x L?(0,1) :

{ L(u (), ue (1) =B (u(t),ue (t) + @ (u(t),u(t), vt>0, (3.1)

(u(0), ug (0)) = (uo, u1)
where D (B) = H1, B (w1, w2) = (w2, —A?wy — A(a(z)ws)) and @ (wy,w2) = (0,—A(f (w1)) +g). It is easy
to show that B is a maximal dissipative operator in H. Thus, due to the Lumer—Phillips theorem (see [20,

Theorem 4.3]), it generates a linear continuous semigroup {etB } >0 0 H and Hy. Also, one can easily prove

that the operator ® : H — H is Lipschitz continuous. Hence, applying semigroup theory (see [4, Theorem 4.3.4
and Proposition 4.3.9]), for every (ug,u1) € H1 the problem (3.1), and consequently (2.1)-(2.2), have a unique
strong solution (u,u;) belonging to the class C ([0, Tiax); H1) N C ([0, Timax); H) . Let u (t,x) be a local strong
solution of (2.1)—(2.2) in (0, Tynax) X (0, 1); then, multiplying (2.1) by A~!u; and integrating over (0,t¢) x (0,1),

we obtain
1

2 1
A- ‘ - HA’ / t.2))d
QH 2ut ®) L2(0,1) 2 ’ L2(0 1)+ —fOult,z)) de
0
1 t 1
—/g()A utmdw—i—//a ) |u (7, 2)|* dedr
0 0’0
1
At 2]ty +/ — [ (0)uo (x))d
= u = ug (x)) dz
2 ! L2(0,1) 2 L2(o1 0
0
1
—/g (z) A ug (2) dz, 0 <t < Thax, (3.2)
0
where F(z) = [, f . By the conditions of the theorem, we infer from (3.2) that
2
e (ONr-10,1) + llu O 71 0,1y
t 1
" / [ @l (r o) dodr < QI un, ), ¥t € 0. T, (33)
0

where @ : Ry — R, is a nondecreasing function. Next, multiplying (2.1) by 2u; and integrating over (0,1),
with the help of (3.3) and the embedding H! (0,1) < L* (0,1), we have

1 1
d
o7 Hut(t)lliz(o,1>+||um(t)lliz<o,1)+/f’(u(t,x))luz(t,w)l2dx +2/a(x)luzt(t,x)l2dw
0 0
1 1 1
< " (ult, @) ug (8, 2) Jug () do + [ a” (@) Jug (¢, 2)|* do+ 2 [ h(z)u (¢, x) do
/ / /
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< e lun (1) 2o, e (O30, + €1 (1 llawe () 2o,y ) e (Dl 0,1

2
< 2 Jlus ()l 20,1y It (O a0,y + €1 (1 + e Ol o1 ) lae Dl o,

3/2 1/2
< e flur ()l 2o, 1t O13550.1) e (D50 1) + 1 (14 o ()] 2o, ) e ()l o1

Then, recalling (3.3) again, we deduce

1 1
d
" (mt O220,1) + e (Ol20,0) + / F (wt2) fu, (1) dx) +2 / a (@) Juge (t, @) do
0

0

1/2
< csflu (t)||L2(0,1) I (t)||H/2(071) +a (1 + [|aw, (t)HL2(0,1)) g (t)”Lz(o,l) : (3.4)

1, 0<x<nrg

0, MEL <gp<p Now, multiplying (2.1) by e¢%xu, and

Let ¢ € C* ([0,1]), 0 < ((z) <1 and C(x):{

integrating over (0,1), we get

s% (/Ut (t,z) C% (z) zuy (¢, 7) do — %/a’ (@) ¢ () 2 |ug (8, 2)]" dx)
0

0

1

5 16 O30,y + 2 [ € @) @) fus (1, do
0

1

,g/ (¢ () 2)" Jug (t,2)” dz + 3s/c (2) ¢ () @ [ugs (8, 2)|? do
0

0

1

b5 [Gus (Ol + [ £ (w(6:0) s (4.0 (26 () )+ €2 ) o

0

1

te / F (0 (7)) e (£, 2) €2 (2) Ztms (£, 3) d + / o () ue (£, 2) 2¢ () €' (2) wug (,7) da
0

0
—|—5/a (@) Uty (t,2) 2¢ (2) ¢ (2) Uy (L, 2) do + s/a’ (z)ug (t,2) ¢ (x) ug (¢, 2) do
0 0

1 1
+€/a (z) us (t, ) ¢ () ug (¢, 2) do — 5/ (a (z) ¢* () x) g (t, ) ug (t, ) de
0 0

—|—6/a () gt (t,2) € (2) 2ULe (t, 2) do = 6/h (z) ¢* (2) zug (t, 2) da.
0 0
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Hence, by (2.3), (2.4), and (2.6), and using the embedding H! (0,1) — L (0, 1), applying the Young inequality,
we deduce

1 1
d 1
/utth()xux(txdx 5/@ )¢ (2) @ |ug (¢, )| da
0 0
+e | Cuae (8)]172(0,1) + € 16us (D1 7201y
2 2
<ecq (1 + ||ut (t)||i2(ro7r1) + ||\/&ux$ (t)HLQ(O,l) + ||\/&utﬂf (t)||L2(0’1)) . (35)

0, 0 <z < odn -
Next, assume that n € C*> ([0,1]), 0 <n(z) <1 and 75 (z) = 1 < <21 . Then, multiplying (2.1)
) 1> y

by en? (z — 1) u, and applying similar arguments used for the multiplier (2zu, , we get

1 1
/ut (t,x) 772 (x — 1) uy (t,x)de — %/a’ (z) 772 (z— 1) |ug (t,x)|2dx
0 0

2 2
Fe [[nuas ()] 120,1) + € lmue Ol z20,1)
2 2 2
< €Cs (]— + ||’th (t)”LQ(rg,rl) + ||\/6u1$ (t)HLQ(OJ) + H\/&utm (t)||L2(071)) .
Then, adding the last inequality to (3.5), we find that

1

Jd @¢ @l (t.0) da

0

Q“g‘
l\:)\»—t

1
/ut (t,x) ¢ (z) xuy (t,z) dr —
0

1 1
5% /Ut (t,2)n? (x — 1) uy (t,2) do — %/a/ (@) n* (z = 1) |ug (t,2)| do
0

0

2 2
Felluze Ol 0,0\ o)) T € 14t Ol 220,10\ r0,r1))

2 2 2
< e (1 e (28 (rg ) + V0 )220y + Va1 Ol 220 ) - (36)
Next, multiplying (2.1) by a (z) v and integrating over (0,1), we get

1

/ut ) a(a)u(t,2) de + [ () 2ag | + ||Vaves ¢)

2
20,1
0

1
< (Vs (Ol + | [ ()" (@) u (.0 do
0
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2
+||v1aTus @)

+ | [ f (u(t,2)ug (t,x)a(z) uy (¢, ) de
[

L2(0,1)
1 1
+ {f (u(t, @) ug (t,z)a’ (2) u g Yug (¢, @) ug (t, x) da
1 1
u (t, ) ugy (t,2) d x) Uy (t, ) Uty (¢, ) dz
o e

Taking into account (2.4) and (2.6), and again with the help of the embedding H' (0,1) < L* (0,1), from
(3.3) and the last inequality, it follows that

1
2 2
T (/Uf (t,x) u(t,x)de + ||la"u (t )||L2(0,1)> + || Vauz, (t)HLQ(OJ)

0

2
< cr (1 + H\/aut (t)HLQ(OJ)) +cr H\/&utz (t)HLQ(O’l) . (37)
Then, summing (3.3), (3.4), (3.6), and (3.7), choosing & small enough and applying the Young inequality, we
have
J 1
G L 10 + e Oy + [ (0 (t.2) s (2 o

0

1

1
—i—E% /Ut (t,x) ¢ (%) 2ug (t, ) do — %/a’ () ¢ (2) @ ug (t, )| da
A 0

1 1

—l—si /ut t,x)n? (x — 1) uy (1, m)dm—%/a'(x)nQ(x—1)|uz(t,x)|2dac

0 0

+% (/ut (t,z)a(z)u(t,z)de+ |a'u (t)iZ(Ovl))

0

1

2 2 2
+ [l Oz 0,1) + ltae O)lz2(0,1) + /a (@) [uga (t, )] d
0

2
< s (14 e O3 2y + VA 2o ) - (3.8)
From the last inequality and (2.4), it follows that

d

2w (8) + o (u (1) < exo (14 [[Vau: (8)]12,)) (3.9)
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1

where W (1 (1)) = s (0130 + Ditas (0103 + 100 (0130 + (0 020 s ()" d

1 1
+e [uy (¢, @) ¢ (2) 2uy (t,2) de — 5 [d ( @ |ug (¢, ) dersfut (t,2)n? (z — 1) ug (¢, x) do—

0 0

1
%{a' (@)1 (z = 1) |ug (t, 2)|* da + {ut (t,2) a(@)u(t,e)dr + [la'u (t)|72(, and B (u(t)) = lfuss ()] 7200,) +
|l (t)||2LQ(071). It is easy to show that
mE (u(t) = K <V (u(t) < pF (u(t) + K, (3.10)

for some 0 < p3 < p2 and K > 0. Then considering (3.10) in (3.9), we infer

d

dt\l’( ( )) +cen ¥ (U (t)) < 12 (1 + H\/aut (t)HiQ((],1)>

which yields
t
U (u (1)) < et (u (0)) + cue*“t/e’c“s (1+ [Vau: (9)][32(0.1)) ds
0

and consequently, by (3.3), the following holds:
E(u(t)) < cs. (3.11)

Now, by using the density argument, we will prove (3.11) for the weak solutions of (2.1)—(2.3). Let
(ug,u1) € H. Since H; is dense in H, there exists a sequence {(uon,u1n)}re; C H1 such that (uon,u1n) —

(ug,u1) strongly in H. Hence, following steps similar to those outlined above, for the problems

untt+A(Aun+f(un)+a(x)unt):h(‘r)7 ( )6(0 OO)X<O’1)7
{ t (0,2) = tgn () 5 tng (0,2) = urn (z), € (0,1), (3.12)
we readily obtain that
E (un (t)) <M, Vt>0, (3.13)

where M only depends on |[(ug,u1)ll;,, and is independent of n. Also, with the help of (3.13), from (3.12),

we infer that

—

||A’1umt||L2(071) <M, vt >0.

Then from (3.13) and (3.14), it follows that the sequence {(wn,unt)}ro;

quence in L (0, 00; H) N W1 (0,00; L? (Q) x D (A™')) . Without loss of generality, denote this subsequence
again by {(un,uns)},— ;. Then we have

has a weakly star convergent subse-

u, — u weakly star in L (0, 00; H2 (0, 1
Upt — u;  weakly star in L™ (O oo; L2 (
Uner — Uz  weakly star in L™ (0 oo; D (

(3.14)

:> \.O \/
—
,_.\_/
~—
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where (u,u;) € L (0,00;H) N W (0,00; L? () x D (A™1)). From (3.14); and (3.14), in virtue of [22,
Corallary 4], it follows that

u, —u strongly in C ([0, 7] s H?*7# (0, 1)), Ve > 0.
Moreover, from the last limit we can conclude that
u, = u strongly in C ([0,T] x [0, 1]), (3.15)
for every T'> 0. On the other hand, we get the following equation from (3.12)1:
(tun = tm)yy + A (A (n — ) + f (un) = f (um) + a(2) (Une = tme)) = 0.

Testing the last equation with 2 (u,: — ume), and taking into account (3.13), we then obtain that
2 2
||(unac:c - umaca:) (t)”LQ((),l) + ||(unt - umt) (t)”LQ(O,l)

2 2
< ||(U0n - uOm)m”L’z(o’l) + H(Uln - ulm>t”L2(0,1)

t

2 2
ters [ (tnza = tmae) (9301 + Ins = ) (5)F201)
0

+c1aT (||f7lL (un) = frm (um)HC([O,T}X[OJ]) +1fy (wn) = fim (um)HC([O,T]x[O,l])) , vt €10,T].
Hence, with the help of Gronwall’s lemma and (3.15), it readily follows that

i 1B (tn = ) qgo.myy = 0, VT 2 0,
m—0o0

and consequently

(Un,unt) — (u,uy) strongly in C ([0,T];H). (3.16)

Thus, considering (3.14) 3 and (3.16) and passing to the limit in (3.12) and (3.13), we complete the proof of the
theorem. O

Theorem 3.2 Let v (t,z) and w(t,x) be the weak solutions of (2.1)-(2.3) in [0,T] x (0,1), with the initial
data (vo,v1) and (wg,w1). Then the following inequality holds:

v (t) —w (t)HHl(O,l) + [lve (8) — wy (t)HHfl(o,l)
< C(T,’I’) [”UO - 'LUO”Hl(o,l) + ”vl - leH*I(OJ)} , VEE [O7T] ) (317)
where ¢ : RT x RT — RT s a nondecreasing function with respect to the each variable and

r=max {0, v)llogorian 1w w)llogora b -
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Proof Let us set the function w:=v —w. Then u € C ([0,T]; H?(0,1) N Hj (0,1))
nct ([0, T); L? (0, 1)) N W2 (07 oo; D (A_l)) and u is the solution of the following problem:

{ ., uy + A%u+ A(f (v) = f(w)) + A(a(z)u) =0, (3.18)

(0) =wvg —wo, u(0) =0y —wy.

Testing (3.18)1 with A~'u, and considering (3.18), we obtain that

2 2

1 2 1
+ |[Atu ) < a7t @ - w)|

_1
HA Fue (t)‘ L2(0,1)

L2(0,1) L2(0,1)

t

2 1
ar+e | [4bu )
2o T+ cl/ w(T)
0

2

+ HA% (vo — wo)‘ dr. (3.19)

12(0,1)

2 ! A 1
32
ot A7)
0

Therefore, by applying Gronwall’s inequality, we obtain (3.17) and the proof of the theorem is complete. a
Consequently, Theorem 3.1, together with Theorem 3.2, proves Theorem 2.1.

4. Existence of the smooth global attractor

Firstly, we prove the following asymptotic compactness lemma by using the idea in [16].

Lemma 4.1 Let conditions (2.4)—-(2.6) hold and let B be a bounded subset of H. Then every sequence of the

form {S (t) o }rey » where {@i}re, C B, ti, — 00, has a convergent subsequence in H.

Proof Due to Theorem 3.1, the sequence {S (-) ¢ }re,is bounded in L* (0,00;H). Thus, for every T > 0

there exists a subsequence {k;,} -_, such that ¢, > T and

Umt — Uy weakly star in L™ (0

U, — u weakly star in L (0, 00; H2 (0 ( 1) NH;(0,1)),
00;
U, — u strongly in C ([0,77;

for some u € L (0,003 H* (0,1) N H{ (0,1))NW 1> (0,00; L2 (0,1)) , where (tnm, (£) , tme (t)) = S (t + tr,, — T) Pr, -

With the help of (3.3), we find that

t

/ H\/aumt (3)H2L?(0,1) ds < ¢y, VE> 0. (4.2)
0

Now, by (2.1), we have

(Untt — Wpmae) + A? (un —um) + A(f (un) = f (um)) + A(a (x) (Unt — ume)) = 0. (4.3)

With multiplication of (4.3) by (unt — umt) and integrating over (0,1) x (0,t), we readily get

t
2
/H\/&(um (5) = tmta ()| 200 45 < €2 1+/||unt (8) = wme ()| 20,1 I
0
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Then, multiplying (4.3) by & (sz +n?(z — 1)) (Unz — Umys ), integrating over (0,1) x (0,¢), and considering the

last estimate, we have

t

2 2
6/ (Ifanza (8) = ttmas (5)E20.0(rpryy + e (5) = tme () Z 0.0, ) 98
0

t
< 5/ (H\/&(un:ﬂm (5) — Umazx (3))Hi2(0,1) + ||unt (S) — Umt (S)HiQ(ro,rl)) ds
0

t
teesh (un () um (8) +ecs [ 1+ / [unt (8) = wmet ()l £2(0,1) @5 | » (4.4)
0

where [ (up (t) , um () = [ (ILf" (un (s)) = f" (um ()l Lo 0,1) + 1" (un (5)) = " (tm ()] Lo (0,1) ) ds+

o—

t
f Hun (S) — Um (S)”Hl 0,1 ds + ||un - um”c 0,T);H'(0,1)) and from (41)
0 (0,1) ({0,7]

limsup limsupF (un (t),um (t)) = 0. (4.5)

n—oo m—r 00

After that, multiplying (4.3) by a (x) (un, — um,) and integrating over (0,1) x (0,t), the following holds:

J IV i (5) =t (D15 < o (80 (1)
0

+C4/ V@ (g () = tme (s))Hiﬂ(O,l) ds. (4.6)
0

Thus, summing (4.4) and (4.6), and exploiting (4.2) and (4.5), for sufficiently small ¢, we deduce that

n—oo m—r o0

t
limsup lim sup/E (un (8) — um (s))ds < ¢s5, Vt > 0. (4.7)
0
Now, multiplying (4.2) by 2t (un: — ume) and integrating over (0,7) x (0,1), from (2.5), it follows that

T
TE (un (T) =t (T)) +2 [ ||V (tnta () = timta ()|[32., dt
(0,1)
0

T

< /E (tn (£) = U (£)) dt + c6 (T + 1) F (t (£) i (1))
0
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T

b [V (e 0) = 0 ()] 0y 1t () = 0 (D01 (48)

0

Then, multiplying (4.2) by € (¢?z 4+ n* (z — 1)) ¢ (Ung — Ums) and integrating over (0,7) x (0,1), we infer that

T
2 2
E/t (Hunxw () — Umaa (t)HL?((O,l)\(m,rl)) + llune () — wne (t)HL?((O,l)\(m,m)))
0

T
Swﬁ@mmwwmw@mmﬂmw%%mm%mﬂt
0

T
tecrh (un (T) ,um (1)) +5C7/t [vVa (unts (£) = tmes (t))HiZ(o,n dt
0

T

teer / (V@ (e (8) = tmae (022 0.1 (4.9)

0

Next, multiplying (4.2) by ta (z)u and integrating over (0,7") x (0, 1), the following inequality holds:

T
/w%mw—wmaw;mmé%FwMﬂmm@»
0

T T
s / (V@ (@t (8) = e ()22 0.1t + cs / [V (s (8) = ot () .1, - (4.10)
0 0

Then, summing (4.8), (4.9), and (4.10), we obtain

TE (U,n (T) — Um (T))

T
< [En ® = ®)dt -0 (T D F (1 (0) 0 (1)
0

T

+69/t V@ (une (t) = tme (t))H;(O’l) dt. (4.11)

0

At this point, to estimate the last term on the right-hand side of (4.11), a multiplication of (4.3) by 2t A1 (upn; — wm¢)

entails that

2 2

7|47 (e (7) = e ()]

+THA% (tt (T') =ty (T))(

L2(0,1) L2(0,1)
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T 1
—|—//ta (tnt () = Uy (£, 2)))° dacdt
00
Y 2
< A‘lnt—mt HA"_mt‘
<[4 o ® = wme @, / () = O]
0
+e10T [un — wmlloo,77:02(0,1)) -
from (4.1) and (4.7), which yields
T
limsup lim sup/t H\/a(unt (t) — Umet (t))Hiz(O n dt < ecy11, forall T > 0. (4.12)
n— oo m—roo )
Then, taking into account (4.5), (4.7), and (4.12) in (4.11), we infer
limsup limsupE (uy (T) — upm (T)) < Cﬁ, for all T > 0,
n—oo m—o0 T

which gives

. . C13

limsup limsup ||.S (¢ — S (tm) omlly < .

imsup Limsup [[S (tx) r — 5 (tm) omll3 Wi
Consequently, we deduce

liminf liminf[|S (tx) ok — S (tm) pmlly =0,

and in view of the proof of [17, Lemma 3.4], the last equality completes the proof of the lemma. O

Now we are in a position to prove the existence of the global attractor.

Theorem 4.1 Under the conditions (2.4)-(2.6), the semigroup {S(t)},5, possesses a global attractor A in
H.

Proof Let B be a bounded subset of 7. Then, as a consequence of the previous asymptotic compactness

lemma,

wB)=nNn US({t)B

T>0t>T

is a nonempty, compact set. Also, it is invariant with respect to S (t) and attracts B. Let 6 € w(B) and
(u(t),us (t)) = S (t) 0. Then, from (3.2), it follows that the Lyapunov function L (u (t),u; (t)), defined by the

formula

1 2

Z |4z t‘
L2(0,1)+2H u(t)

L2(0,1)

1

+/ (F(u(t,z))— f(0)u(t,x)) de — /g () A" u (¢, z) () de,
0

0

is a nonincreasing function with respect to ¢ . Therefore, since L ((u (t),u (t))) is also bounded, we infer

lim L (u(t),u (t) =L (4.13)

t——o0
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On the other hand, let us establish an «-limit set as follows:

a(0) :== {¢ € w(B) : there exists a sequence {(u (tx),us (tr))}pey , such that ¢ N\, —o0
and (u (tg),uqs (tg)) — o strongly in H}.

One can readily deduce that o () is a compact and invariant subset of w (B). Then, in view of the definition
of the set a (0) and (4.13), the following holds:

L(p)=1, VYpeal).
Hence, recalling the invariance of a (), we also find
L(St)e)=1, Ypeal(d), Vt>0.

Now, assume that ¢ € «(0) and establish (v (¢),v; (¢)) = S (t) p. Then, considering the last equality in (3.2),

// ) vt (7, 2)|* dedr = 0, Yt >0,

and recalling (2.3) and (2.4), from the last equality it follows that

we have

v (1,2) =0 a. e. in [0,00) X (rg,71) . (4.14)

Our objective is to show that
vt (1,2) =0 a. e. in [0,00) x (0,1). (4.15)

Defining w (¢, z) := v (¢, ), from (4.14), w € C (O, oo; L2 (0, 1)) nct (O, oo; D (A_l)) and it is the solution of
the following problem:

{ A 2wy 4 AV A2 (f (0)w) = 0, (1,2) € [0.00) x (0,1), (4.16)

20, (2] € ooty % lrocrs).

Then, testing (4.16); by 2"¢?w and taking into account (2.6), we have

t 1 t 1
B _ 2
W//mn—%?\fr?’/?wt (t,2) dxdt+g//x"_1C2 jw (¢, ) dadt
00 00
t 1
<or [ 4" wta) duat
00

Since z € (0,1), for sufficiently large n, from the last inequality, it follows that

t 7o

//x" lw (¢, 2)|? dedt = 0.
0’0
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Therefore, from the last one, we deduce
w(r,z) =0 a. e. in [0,00) x (0,79) . (4.17)

Similarly, a testing of (4.16)1 by (1 — )" p?w yields

]]a—@ﬂw@@FMﬁ:Q

0 r
and so
w(r,z) =0 a. e. in [0,00) X (r9,71),

which proves (4.15), together with (4.14) and (4.17). Since (4.15) is satisfied, there holds
S(t) e =, V¥t €0,00),

and so a (6) is the subset of the stationary points N (for definition, see [5, p. 35]). Then, from the definition
of the set « (0), w(B) is the subset of the unstable manifold M* (N') emanating from A’. On the other hand,

since {S(t)},s, is weakly continuous and asymptotically compact, and A is bounded in #, we readily obtain
that M¥ (N) is invariant and compact. Hence, we conclude that A := M" (N) is a global attractor. O

Finally, we establish the regularity of the global attractor in the following theorem:.

Theorem 4.2 The global attractor A is a bounded subset of H®(0,1) x H'(0,1).

Proof Assume that (ug,u1) € A. Due to the invariance of A, there exists a full trajectory {(u (¢),u; (t)), t € R}
C A, such that (u(0),u: (0))) = (uo,u1). Denoting v (t) := M, h >0, by (2.1), v solves the following

equation:

v + A%v + %A (fut+h)—fu(®))+A(a(x)v) =0, (t,z) eRx(0,1). (4.18)

A multiplication of (4.18) by 24~ !v; and then integration on (0,1) entail that

% <HAévt (t)‘ : ;(071) + /01 /01 F(w(t) + tho (t,x)) dr v (t, )| dx)

L2(0,1)

+HA%u@ﬂ

2
+ H\/a’l]t (t)||L2(0’1) <a HU (t)HiQ(Q) ) vt e R. (419)

O, T € (O, 1)\(T0,T1)

~ 2 where 79,71 € (70,71).
1, ro<zx<nr 0,71 € (ro, 1)

Now, assume that k € C* ([0,1]), 0 < k(z) <1 and & (z) = {

Then we test equation (4.18) by A~! (ex (z)v), so as to get

2

L2(70,71)

1
5% /A%lvt (t,z) k (x) A= (t,x)dz | +¢ HA%U (t)’
0

2 2
<ecy v (B)l2(0,1) €2 00 Ol L2790 - (4.20)
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~ ~ ~ 1 <z <7
Let ( € C*([0,1]), 0 < ((z) <1 and ((z) = { 0 ’Fﬂg i—xlo | - A further testing of equation (4.18) by
) 2 — —

A1 (st?vz) gives us

1

1
/A%lvt (t,x) 2C2AT v, (t,x)dx + /A_lvt (t,z) A A3 (a:g“ ) = 0, (t,x)dz
0

0

2 2

+e? HA%IW (t)‘

g HA%v(t)‘

L2(0,70) L2(0,70)

2

. 4.21
L2((70,71)) ( )

2 1
< s [|o (8)172(0,0) +E%es |[Vave (Ol 20,0) + &% HAQ’U (t)‘

0, 0 <o < Ddh

1, m<z<i1 and testing equation (4.18)

Similarly defining 77 € C* ([0,1]), 0 < 7j(z) <1 and 7 (z) = {

9

by A7 (% (1 — x) 7?v,), the following holds:

1
/A%lvt (t,2) (1 — 2) P AT 0, (1, 2) do + /A‘lvt (t,2) A¥ (1 - 2)7) A v (t,2) da

2 =1 2 2 i 2
AT v, (¢ ‘ HAz ¢ ‘
te H v () L2(71,1) te v(?) L2(7,1)
) s 2
<e%eyllv (ﬂHi?(O,U +eea || Vavy (t)HL2(o,1) +eey ‘Aév (t)‘ L) (4.22)
70,71

Finally, summing inequalities (4.19)—(4.22) and picking e sufficiently small, with the help of (2.4), we obtain

the estimate
d ~

D (0 (0) +eaB (0 (1) < es 0 Ol (4.23)
A- i abo o) [a7 AT d
where U (v ( H 1y, )‘ L2 0) + H 2y ( ‘ 2 0) +£ z o (t, o)k (x) Az v (t,z)de

1 v 1
+fA%lvt (t, ) 2C2AT v, (t,2) dx—l—fA Log (t,x) A2 (:UCQ) A7 v, (t,x)dw

+fff' t) + 7ho (t,z)) dr |v (¢, 2))* dz and E(v 1) = HA_%’Ut (t)‘

+ HA%U(t)]

At this point, it is worth mentioning that estimate (4.23) is first justified for strong solutions, and then it can

L2(0,1) L2(0,1)

be extended to weak solutions by using the density argument.
On the other hand, by the conditions of the theorem, it is easy to show that

ME (u(t) — M <0 (u(t) < A\E (u(t), (4.24)
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for some 0 < Ay < Ag and M > 0. Considering (4.24) in (4.23), we find that

%\i (0 (8) + 6 ¥ (v (1) < ez llv (B)][ 7201y »

and in particular

t
U (v(t) <e )T (v(s)) + ¢r / e o (7) |12y dr s < . (4.25)

At this point, recalling the definition of v, we have

1
[0 @z < [ Tre ¢+ 1) dr < ca, e € B,
0

which, together with (4.23), yields that

U (v (t) < e T (v (s)) + ¢y, s < L. (4.26)

Then passing to the limit in (4.24) as s — —oo and recalling (4.24), we find

E(U (f)) < ¢19, Vt € R.

Consequently, passing to the limit as A — 07 in the last inequality, by using the definition of v, the following
holds:
e 01+ e () vy < e, Ve € R,

Taking into account the previous estimate in (2.1)—(2.2), we infer that
||u(t)||H3(Q) + ||ut (t)”Hl(Q) < cy9, Vt € R.
Hence, choosing ¢t = 0 in the last inequality, we eventually obtain that
ol sy + lluall g (o) < s

which concludes the proof of the theorem. O

In conclusion, Theorem 2.1 follows from Theorem 4.1 and Theorem 4.2.
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