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Abstract: In this paper, we find explicit formulas for higher-order derivatives of the inverse tangent function. More
precisely, we study polynomials that are induced from the higher-order derivatives of arctan(z). Successively, we
give generating functions, recurrence relations, and some particular properties for these polynomials. Connections to

Chebyshev, Fibonacci, Lucas, and matching polynomials are established.

Key words: Explicit formula, derivative polynomial, inverse tangent function, Chebyshev polynomial, matching

polynomial

1. Introduction
The problem of establishing closed formulas for the n-derivative of the function arctan(z) is not straightforward
and has been proved to be important for deriving rapidly convergent series for m [2, 3, 14]. Recently, many
authors investigated the aforementioned problem and derived simple explicit closed-form higher derivative
formulas for some classes of functions. In [1, 6, 8] and references therein, the authors found explicit forms
of the derivative polynomials of the hyperbolic, trigonometric tangent, cotangent, and secant functions. Several
new closed formulas for higher-order derivatives have been established for trigonometric and hyperbolic functions
in [19], tangent and cotangent functions in [16], and arc-sine functions in [17].

We note from entries 1.1.7(3) and 1.1.7(4) in chapter 1 of Brychkov’s handbook [7, p. 14] that the

higher-order derivatives of arctan(x) can be expressed in terms of Chebyshev polynomials as follows:

d2n n e

= (arctan(az)) = (=1)" (2n — Dla> 1z (14 a2?) "2 gy (%) (n>1)
d’ntt n —n—1/2
7d‘r2’ﬂ+1 (arctan(ax)) = (_1) (Qn)!GQn-I—l (1 + a2x2) n—1/ T2n+1 (7\/@72#) (Tl > 0)

In the present work and in order to simplify the above formulas, we study polynomials that are induced from

the higher-order derivatives of arctan(z). Then our main result is

4" arctan(az)) = -2 0Dy (—”) (n>1),

dxn (1 + a222) = V1 4+ a?a2?

where U, is the nth Chebyshev polynomial of the second kind. In the rest of paper, without loss of generality,

we assume a = 1.
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2. The fundamental properties of the alpha and beta polynomials

We consider the problem of finding the nth derivative of arctan(z). It is easy to see that there exists a real
sequence of polynomials
Pu(z) = (=1)"n! Im((z +4)" )

dar (a cta ) dar—1 1 1 1
rctanzx) = — —
dx™ * den=1 |2 \z—¢ x+1

such that

Pn,1 (l‘)

T+ M

where Im (z) denotes the imaginary part of z.

By differentiation (1) with respect to x, we get the recursion relation [14]
Py(z) =1, Pppy(z) = (1+2°) Pl (2) —2(n+1) 2P, (z). (2)

An explicit expression of P, (z) is obtained by using the binomial formula

[n/2]
_(_ nn _ k ’/l+]. I‘n72
Pute) = (0t 3D 0 () ®

where |z| denotes the integral part of x, that is, the greatest integer not exceeding x. We may rewrite

In particular, we have
™

2" cos ((n -1 Z) =2"% sin ((n +1) %) .

B (1)

In 1755, Euler derived the well-known formula [11, p. 39]

arctan (x) =

Z 22n (TL')2 x2n+1
= (2n+1)! 1+ x2)n+1 .
As an immediate application of (4), we obtain another expansion of the inverse tangent function.

Theorem 1 We have

Bn(x) 1
arctan (z) = Z nt 1 (1L a2
n>0
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Proof From (1) and [14, p. 228, Eq. (9)]

arctan (z) = Z (=)t A arctan () T
T

we get the desired result. O

Now we give some fundamental results concerning S, (z).

Theorem 2 (Generating function) The ordinary generating function of By (x) is given by

fo(2) = Zﬂn () 2" = 1—2z2 -I-l(l + z2) 22 (z € R;l2] <1) (5)

n>0

Proof We have

x
n>0
_ 1 n _oantl . An+1
=527 (z(x i) iz (x +1) )
n>0
= iz(x—z)Z(z(x—z)) — §z(x+z)2(z(z+z))
n>0 n>0

1 i(z—i)  i(z+19)

2 \1l—z(x—14) 1—z(x+i))’
Thus, the proof of the theorem is completed. O

Theorem 3 (Generating function) The exponential generating function of By (x) is given by

Zﬁn (z) %T = (cos(z) + zsin(z))e®. (6)

n>0

Proof From (4), we have

—
=)
/N
—
8
+
=
3
+
[
N—
3%
I
—
=
)
+
~
~
—
8
+
~.
~
N
~—
3

n>0 n>0
— T (2 + ) exp (2 +1) 2))
= e Im((z + i)e™?)

=e"% (cosz + xsinz).
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Thus, the proof of the theorem is completed.

Theorem 4 (Recurrence relation) The 53, (x) satisfy the following three-term recurrence relation:

ﬁn-&-l (l‘) = 2xﬁn (J}) - (1 + $2> ﬁn—l (37) P
with initial conditions By (x) =1 and B (z) = 2x.

Proof By differentiation (5) with respect to z, we obtain

(1 —2xz + (1 + xz) z2) %fm (2) = (Qx -2 (1 + 952) Z) fz(2),
or equivalently

(1—2z24 (1+2%) 2%) > npy (2) =(2e-2(1+2%)2)) Bn(x)

n>0 n>0

After some rearrangement, we get

S (1) B (@) 2" =D (22 (n+1)Ba(z) — (1+27) (n+1) By (2)) 2"

n>0 n>0

Equating the coefficient of 2™, we get the result.
The first few G, (z) are listed in Eq. (8).

Bo(z) =1,

61(I) = 2I7

Ba(z) = 322 — 1,

B3(x) = 42 — 4w,

Ba(x) = bzt — 1022 + 1,
Bs(z) = 62° — 202 + 62.

Theorem 5 The leading coefficient of ™ in B, (x) is n+ 1 and the following result holds true:
B (=) = (=1)" B (x).
Proof From (4) we may rewrite f3,, (z) as
n 1 2 n—2
Bn(@)=(n+1)x fgn(n —1)a" 4
in which the leading coefficient of 2™ in 3, () is n 4+ 1. On the other hand, since
foz(=2) = f2 (2)
Y Bal=a)(=2)" = Bula)z

n>0 n>0

Comparing these two series, we get (9).
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Remark 1 Using (9) we can write
P, (z) =nlB, (—x), (10)

and the exponential generating function of P, (x) is given by

ZP” (x) Z—T: = L .
= nl 142zxz+4+ (1+22)22
and (2) becomes
Bt (1) = 228, ()~ - ). (1)
Theorem 6 For n > 1, we have
%6,1 () =(n+1)Bp-1(2). (12)

Proof By differentiation of 3, (x) with respect to x, we obtain

d

2700 @) = (n+ Dlm ((z +14)")

— (04 1) B ().

O

Theorem 7 (Differential Equation) 5, (x) satisfies the linear second order ODE
(14 2%) Bl (z) — 2nzpl, (z) + n(n+1) B, (z) =0 (13)
Proof By differentiating (11) and using (12), we find (13). O

Remark 2 [t is well known that the classical orthogonal polynomials are characterized by being solutions of the

differential equation
A (@), (@) + B (2) 7, () + Anyn () = 0,

where A and B are independent of n and A, is independent of x. It is obvious that the B, (z) are nonclassical

orthogonal polynomials.

Using matrix notation, (7) can be written as

@) Araa) = (6.0 ) (0 O3,

Therefore
(Bu+r (@) Brsrra (2)) = (B (2)  Braa () <(1) _(1245;3:2))

for n > 0. Letting r = 0, we get

Il
—
—
)
S—
/N
=)

\
—
[N
g8 +
8
[\v}
S—
N———
3

2647



BOUTICHE and RAHMANI/Turk J Math

Theorem 8 We have
_ 2)\ "
Bu(@)= (1 2) (2 (12;95)) (3)

It follows from the general theory of determinant [18] that £, () is the following n x n determinant:

20 — (1+a?%) 0 0
-1 2z — (1 +ac2)
Bn (m) =10 —1 ' 0
" — (1+2%)
0 0 -1 2z

In order to compute the above determinant, we recall that the Chebyshev polynomials U, (x) of the second

kind is a polynomial of degree n in x defined by

sin(n+1)0
sin 6

U, (z) =

when x = cos®,

and can also be written as determinant identity

22 1 0 0
1 22 1
Un(x)=|0 1 0 (14)
oy
0 0 1 2z

The next lemma is used in the proof of Theorem 9

Lemma 1 For a,b,c nonzero, we have

b ¢ 0o --- 0
a b c : .
o = "Up (. 1
0 o . . oo0=(a)'l (2 \/@> (15)
: o e
0 0 a b
Proof From (14), we have
b  ac 0 0
. Vac b yJac
(Vac)" U, <W> =0 Ja 0
0 0 +Vac b
Now, by the symmetrization process [4], we get the result. O
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Theorem 9 For n > 1, we have

dr (n—1
g (arctan (z)) = 11

))n Tm((i — 2)™)

S G (—x>
122 " \VT+a2)
where U, is the nth Chebyshev polynomial of the second kind.

Proof We apply Lemma 1 with a = —1,0 =2z, and ¢ = — (1 + x2) to obtain

fute) = (Viea) U, (ﬁ) | (16)

From (1) and (10), we get the desired result. O

Corollary 1 We have

2n —n— 1
da2n (arctan(z)) = (—1)" (2n — )l (1 + 2?) Y2 U () (n>1)
d2n+1

n—1/2 (17)
FroTESY (arctan(z)) = (=1)" (2n)! (1 +x ) Toni1 (m (n > 0)

Proof Formula (17) is an immediate consequence of Theorem 9, upon considering even and odd cases for n

and using the relations
—x 1
U1 | —m— | = (-1)"2Usp_1 | — |,
’ 1(@) (1)l 1(m>

o 1
U (=) = (1) V1T 22T, ()
? (\/1+z2> (=1) el 1+ 22

where T, is the nth Chebyshev polynomial of the first kind. O

Corollary 2 For n > 1, we have

da” (n—1)!

D (tanh ™" (z)) = —7352)"((33 +1)" — (z—1)")

Proof Since tanh™' (z) = % arctan(iz), we have

d" — —1)" Pn—l (5
T (tanh™" (z)) = (inJr)l (1_152)2

Thus, the proof of the Corollary is completed. O
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Theorem 10 The roots of B, (x) of degree n > 1 have n simple zeros in R at
k
T}, = cot (nfl) , foreachk=1,... n. (18)

Proof Since the zeros of U, (z) are

k
zkcos( T ),kl,...,n,
n+1

it follows from (16) and by setting

Tk

V1+ a3

that the zeros of 8, (x) are given by (18). O

R =

It is well known that for any sequence of monic polynomials p,, () whose degrees increase by one from

one member to the next they satisfy an extended recurrence relation [10]

Pt () = 2 (1)~ 3 =

=0

and the zeros of p, (x) are the eigenvalues of the n x n Hessenberg matrix of the coefficients [?] arranged

upward in the jth column

NI R
S R
wo|o B B ED
0 0 0 o] 1]
0 0 O 1 ["a ]
Let
m (2) == il (19)
be the monic polynomial of degree n.
Theorem 11 For n > 0, we have
"L 90+t
70(0) = 1 mupr (o) =7 (0) = 3 2 (1) Byl 7 (o). (20)

where B,, denote the Bernoulli numbers.
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Proof By using generating function techniques, we can verify (20) directly. From (19) and (6), we have

S [ame @) -3 20 (") Bl m, (@) | 2 = > ) §j 27 |§j
x7y (x) — - . i ()| — =2y m () — — Ty -
c~ j+1\j g+ J n! n! (j—i—l Bjsa =i —])!

n>0 Jj=1 n>0
1 1 27 - z
S _Z 2B 5 ol
= |« sz! 1Bjl 27 | Y B (x)
Jj=2 n>1
Since
cot ( —f:—z \B|z] L
j>2
and
ZTL
Z/J’n,l () = = /e” (cosz + xsinz) dz
n>1 -
= e"*sin z.
We get

22

n 2j+1 n Tz
Z xmy, (x) — Z T (?) |Bjt1]| mn—j () % = ((zz —1)sinz + zcos 2) .

Z B
ZW"H nl Z n+—41—2 n!

n>0
S 0+ 1) i ()
=S (1) B (1) —
= (n+2)!
Zn72
n>1
z
B0 S NELANES JPANRE
n>0 n>1
1 Tz . 1 Tz s
= —e" (cosz +xsinz) — e sinz
z z
=3¢ (zcosz + (zx — 1)sin z) .
The theorem is verified. O

Now, using the fact that Bs,11 =0 for n > 1, we can write

n n 227+2 n
| = 0 and . = —— . |ng+1| .
27 25 +1 27+2\25+1
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Then the n x n Hessenberg matrix H,, takes the form

0 3 0 % 0 g 1Bl
102 0 £ 0 2" 1B, 4|
010 1 0 2 (n—1)2""3|B,_s|
u 001 0 % 0 (n—1) (n—2) 25" |By_3]
— n—7
n 000 1 0 32 (n—=1)(n—2)(n—3) 25— |By_4
o0 o0 0 0 - 0 F(n—1)
000 0 0 --- 1 0
in which the eigenvalues are Ax = cot ("k_:l) ,for k=1,...,n.

It is convenient to define a companion sequence o, () of 8, () by

an (z) = Re((z +1)")

=S ()

S (e (5)

ap(z) =1,

() =z,

as(x) = 2% — 1,

az(z) = 2% — 3,

ay(z) =2 — 622 + 1,
as(z) = 2° — 1023 + 5z

Similarly, we obtain

Theorem 12

1. The ordinary generating function of oy, (z) is given by

et " 12wz (14 22) 22

2. The exponential generating function of ., (x) is given by
Zn
Zan (z) i cos(z)e”?.

n>0 n
3. The ay, (x) satisfy the following three-term recurrence relation:
1 (2) = 220, (z) — (14 2°) ey (),

with initial conditions ap (z) =1 and a; (x) = x.
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4. We have
an (2) = (1 )(? (12}'9”2))”(3) (24)
T (1+x ) 0 0
-1 2z —(1+2?)
=10 ~1 ' 0 (25)
(1+2?)
0 0 -1 2x
- (Viva)'n (). (26)

where T, is the nth Chebyshev polynomial of the first kind defined by

T, (x) = cos(nf) when x = cosb.

5. The following result holds true

an (—2) = (=1)" an (x). (27)
6. We have
d
el (x) = nop—1 (). (28)

7. ap (x) satisfies the linear second order ODE

(14 2*) ol (x) —2(n — Dzal, (z) + n(n—1)ay, (z) =0 (29)

8. The roots of an (x) of degree n > 1 have n simple zeros in R at

2k — 1
Ty, = cot (WT) , foreachk=1,...,n. (30)
2n
9. For n >0, we have
9i+1 (2741 — 1) (n
00 () = 1; aiup (2) = 210 g (0] 1mlans ). (31)

Theorem 13 For all n > 1, we have
Qo (J?) = ﬁn (J?) - xﬁn—l (Jf)
Bn (z) = (1 + xQ) an—1 () — (x2 — 1) ap, ().

Proof Since

o (z) = (x+1) —;— (x —1) (32)
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and

-n+1_x_in+1
o) = CH @2 (33)

we get the desired result. O

In the same manner, we can prove the Turdn’s inequalities for «, (z) and 3, (z).

Theorem 14 Turdn’s inequalities for c., (x) and B, (x) are

n

oy (2) — a1 (2) gy (z) = (2 4+ 1) 50, forn>1

57% (%) = Bn—1 (%) Bry1 (z) = (x2 + l)n >0, forn>0.

3. Connection with other sequences

It is well known that tan (narctan (x)) is a rational function and is equal to the following identity: [5]

tan (narctan (v)) = % 8 IZ;” 1 8 : Z;n

It follows from (32) and (33) that for all n > 1 we have

. 611—1 ($)
., meven
tan (n arctan (z)) = N O‘(”xg‘r)

o (1)’ n odd

T — (1 + xQ) o1 (7) n even
_ ap (x)
- bn (2) n odd

Br-1(x) ’

3.1. Fibonacci polynomial

Let h(xz) be a polynomial with real coefficients. The link between Fibonacci polynomials and Chebyshev

polynomials of the second kind is given by

Fop (2) = " WUp_y <h2(f)> ;

now using (16) we get

)h"—% () (B (z) +4) g (34)
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3.2. Lucas polynomial

In the same manner, Lucas polynomials and Chebyshev polynomials of the first kind are related by

o h(z
Lo (@) = 20°T, (; >) ,
Using (26), we get

"N

L, (z)= ! ( h? (z) + 4)n n (—zh(x))

on—1 h?(z)+4
1 [n/2] n .
= g 2 ()1 @ (@ 4 2
k=0

Note that the above formulas (34) and (35) are given in [15] and they generalize the Catalan formulas

for Fibonacci and Lucas numbers (see Koshy [13] page 162).

3.3. Matching polynomial
The matching polynomial [9] is a well-known polynomial in graph theory and is defined by

Ln/2]
Mg(x) =Y (-=1)*m(G, k)z"~".

k=0

We know from Hosoya in [12] about transformation of a matching polynomial into typical orthogonal polynomials
by

Mp, (z) = Un(z/2),
Me, (z) = 2T, (z/2),

where P, and C,, are the path and the cycle graph, respectively.
Now, by using (16) and (26) with an appropriate change of variables, we get

[n/2]
Mp,(2)= = 3 (—1)’“(”+ ! )x (4-2)", (36)
k=0

AL 2k +1
1 [n/2] n .
Me, (z) = T Z (—1)* <2K> z" 2k (4 - :cz) . (37)
k=0

4. Conclusion

In our present investigation, we have studied polynomials induced from the higher-order derivatives of arctan(x).
We have derived some explicit formula for higher-order derivatives of the inverse tangent function, generating
functions, recurrence relations, and some particular properties for these polynomials. As a consequence, we
have established connections to Chebyshev, Fibonacci, Lucas, and matching polynomials. We did not examine
the orthogonality of ay,(z) and S, (x) polynomials. We think that these polynomials are a nice example for

Sobolev orthogonal polynomials.
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