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Abstract: In this paper, matrix rings with the summand intersection property (SIP) and the absolute direct summand
(ads) property (briefly, SA) are studied. A ring R has the right SIP if the intersection of two direct summands of R is
also a direct summand. A right R-module M has the ads property if for every decomposition M = A@® B of M and
every complement C' of A in M, we have M = A @ C'. It is shown that the trivial extension of R by M has the SA
if and only if R has the SA, M has the ads, and (1 — e)Me = 0 for each idempotent e in R. It is also shown with an

example that the SA is not a Morita invariant property.
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1. Introduction
The purpose of this paper is to study matrix rings that have both the summand intersection property (SIP)
and the absolute direct summand (ads) property (briefly, SA).

Wilson [11] defines a right R-module M to have the SIP if the intersection of every pair of direct
summands of M is a direct summand of M. The ring R has the right SIP provided that the right R-module
R has the SIP.

Fuchs [4] introduced the ads property for abelian groups. Burgess and Raphael [3] define a right R-module
M to have the ads if for every decomposition M = A® B of M and every complement C' of A in M we have
M =A@ C. The ring R has the right ads provided that the right R-module R has the ads.

Takil Mutlu [10] defines a right R-module M to have the SA property (or briefly have the SA), if M
has the SIP and the ads. In [10], the author studied the class of modules with the SA and investigated some
properties of these modules. The ring R has the right SA provided that the right R-module R has the SA.

The motivation of the current study comes from the following question:

When does the full matrix ring over a ring have the SA property?

In this paper we provide necessary and sufficient conditions for rings and trivial extensions to have the
SA.
Throughout the paper all rings are associative with unity and R always denotes such a ring. Modules

are unital and for an abelian group M we use Mp to indicate that M is a right R-module. For any right
R-module M, SocM will denote the socle of M. The notions that are not explained here can be found in [12].
We begin with the following lemmas and a proposition that are useful in determining the ads property

and the SA property of a module.
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Lemma 1.1 (/3], Proposition 1.1) A module Mg is an ads-module if and only if for any decomposition
Mpr=A® B, B is A—injective.

Proposition 1.2  ([10], Proposition 2.6.) A module Mg has the SA if and only if the following statements
are satisfied:

for any decomposition Mr =A@ B,
i) for every homomorphism [ from A to B, the kernel of f is a direct summand.

ii) for any complement C of A in My and the projection map m: M — B, the restricted map mc : C — B

s an tsomorphism.
Lemma 1.3 ([10], Lemma 2.7.) Every direct summand of a module that has the SA has again the SA.
The following example shows that a direct sum of modules that have the SA may not have the SA.
Example 1.4 This example is taken from [10].

(i) Consider a right Z-module Z. It is clear that Z is indecomposable and hence it has the SA. Since Z is

not Z-injective, Z & Z is not an ads-module by Lemma 1.1 and hence it does not have the SA.
(i) Consider a right Z-module Prifer p-group Zps . It is clear that Zy- is indecomposable and hence it has

the SA. Now define a homomorphism f from Zps to Zpe as the multiplication by p

f<nt+Z)ﬁl+Zwithn€Zandt€N.
p p

It is clear that Kerf = (% —l—Z). However, Zp~ 1is indecomposable and hence Kerf is not a direct
summand of Zype . By Proposition 1.2, Zpe @ Ly~ does not have the SA.

Lemma 1.5 (/5/, Lemma 3.1) Let R be a product of rings, R =[[R;. Then R has the SIP on the left if and
1

only if each R; has the SIP on the left.

2. Rings with the SA property
We shall give the following examples that do not have the SA.

Example 2.1 i) Let R be the algebra of matrices, over a field K, of the form

=

|
coococoa
coocooy
coocn oo
cosr oo
ococooco
=l =l==)

as in [7]. Let e = e11 + eas + esq + €55, where e;; denotes the matriz in R with (i,4) entry 1 and all other
entries 0. Then e is an idempotent of R and ReR # R. By [9], S = eRe does not have the ads. Hence, S
does not have the SA.
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i) Let R = (ZO3 ZZ3) be the formal triangular matriz ring. Then the only direct summands (as right ideals) of

Rare0, R, (§9), (%), (O1)R, and (J2)R. Since (39)N(91) R is not a direct summand of R, R

does not have the SIP. It follows that R does not have the SA.

Let R be a ring, e an idempotent in R such that R = ReR, and S the subring eRe. It is clear that if
M is a right R-module, then Me is a right S-module.

Lemma 2.2 ([1], Lemma 5(i)) With the above notation, C is a complement of X in M if and only if Ce is

a complement of Xe in Me.

Proof Suppose that C is a complement of X in M. Since CNX =0, Cen Xe = 0. Then there exists a
complement Ke of Xe in Me such that Ce < Ke. Hence C < K < M. On the other hand, (K N X)e =0.
Therefore (KN X)eR =0 or (KNX)ReR = (KNX)R = 0. It follows that K N X = 0. By assumption,

K =C and so Ke = Ce.
For the converse, assume that Ce is a complement of Xe in Me. We show that C is a complement of

X . Since CeNn Xe = 0, by the above proof, C N X = 0. Then there exists a complement L of X in M such

that C < L. Then Ce < Le and LeNXe =0. As Ce is a complement of Xe in Me, Le = Ce. Thus L =C'.
O

Lemma 2.3 With the above notation, M = X &Y if and only if Me = Xe® Ye.

Proof Suppose that M = X ®Y. Since XNY =0, XeNnYe =0. On the other hand, for every M € M,
there exist x € X and y € Y such that m = x + y. Therefore me = ze + ye. Hence Me = Xe® Ye.

For the converse, assume that Me = Xe®Ye. For every m € M, we have me = xe+ ye for some x € X
and y € Y. Then meriery, = xeriery + yeriers and hence Mrp < X + Yg. It follows that Mrp = Xr + Yi.
Let > ,ar; = Zj y;8j, where x; € X, y; €Y, and r;,s; € R. For all r € R, we obtain that

Zmi(rire) = Zyj(sjre) € XenVYe.
i J

Since XeNYe = 0, we have ), x;(r;re) = 0, which implies that (3, z;7;)Re = 0, and by the assumption

ReR=R, (3 ,z;r;) =0. Thus, Mp = Xr ® Yg. O

Theorem 2.4  With the above notation, if the module (Me)s has the ads, then the module Mg has the ads.

Proof Let M = X @Y and C be a complement of X. Then Me = Xe®Ye and Ce is a complement of Xe
in Me by Lemma 2.2 and Lemma 2.3. Since Me has the ads, Me = Xe ® Ce. By Lemma 2.3, M = X & C,
i.e. M has the ads. O

Theorem 2.5 With the above notation, the module Mg has the SA if and only if the module (Me)s has the
SA.

Proof By ([6], Theorem 6), the module Mg has the SIP if and only if the module (Me)s has the SIP. By
Theorem 2.4, if the module (Me)g has the ads, then the module Mg has the ads. To finish the proof, we prove
that if the module Mg has the ads, then the module (Me)s has the ads.

Let Me = Xe®Ye and Ce be a complement of Xe. By Lemma 2.2 and Lemma 2.3, C' is a complement
of X and M = X @Y. Since M has the ads, M = X @ C'. Thus Me = Xe® Ce, i.e. Me has the ads. O
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Example 2.6 Let A be a right Ore domain, D the division ring that is the classical right ring of quotients of

A, and R the ring of 2 X 2 matrices over D. Let e = [8 (1)] € R. Then e is an idempotent and ReR = R.

Let M = R and S the subring eRe = [8 g} . Hence, (Me)g = [8 g} is indecomposable. Therefore, (Me)g
has the SA and hence Mg has the SA by Theorem 2.5.

Corollary 2.7 With the above notation, the ring R has the right SA if and only if the module (Re)c.re has the
SA.

Proof This follows immediately from Theorem 2.5. O

Now let S be a ring, n a positive integer, M, (S) denote the ring of n x n matrices over S, and ej; be
the matrix in M, (S) with (1,1) entry 1 and all other entries 0. It is well known that e;; is idempotent and
S = elan(S)ell and Mn(S) = Mn(S)Blan(S)

Thus, Theorem 2.5 gives the following result, which was mentioned above without proof.

Theorem 2.8 With the above notation, the ring M, (S) has the SA if and only if the free module Sg has the
SA.

Example 2.9 Let p be any prime integer and S the polynomial ring Zy[z]. Consider the ring of 2 x 2 matrices

S el [ v

over Zplz], i.e.

Since Z, is a right Noetherian domain, S = Zy[z] is also a right Noetherian domain. Hence, Z,[x] is a right Ore
domain. Thus, by (2], Proposition 4), S% = Z,[x] ® Zy,[z] has the SIP. On the other hand, since f(z) € Zy[]
is idempotent iff its constant term is idempotent and other coefficients are zero, Z,|x] is indecomposable. Then
S% = Z,[x] ®Zy[z] is indecomposable and hence it has the ads. Finally, S% has the SA. Then, by Theorem 2.8,
M5(S) has the SA.

Recall that a ring theoretic property P is said to be a Morita invariant property if and only if all the
following hold:

whenever a ring R has P then
i. M,(R) has P for all n > 2,

ii. eRe has P for all €2 = ¢ € R such that R = ReR.

The following example shows that the SA property is not a Morita invariant property.

Example 2.10 Let R = 7. Consider the ring R?> = 7 x 7. Since 7 x {0} is not ({0} x Z)-injective, R* does
not have the ads by Lemma 1.1. Hence, My(R) does not have the SA by Theorem 2.8. Thus, the SA property

is not a Morita invariant property.
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Given a ring R and a R — R-bimodule M, the trivial extension of a ring R by M is defined to be the
ring whose additive group is the direct sum R & M with multiplication given by

(rym) - (r/,m/) = (rr/,rm/ +m7"/).
Now we give the following result on trivial extensions.

Theorem 2.11 Let R be any ring, M be an R — R-bimodule, and T be the corresponding trivial extension of
R by M. Then T has the SA if and only if all the following hold:

(i) R has the SA,
(i) M has the ads,
(iii) (1 —e)Me =0 for each idempotent e of R.

Proof Suppose that 7" has the SA. Then, by ([6], Theorem 11) and ([9], Theorem 3.6), (i), (ii), and (iii) hold.

Assume that (i), (ii), and (iii) hold. Then, by ([6], Theorem 11), T" has the SIP and each direct summand
of T is (eR,eM) for some idempotent element e of R. To finish the proof, we show that T has the ads. Let
T = (eR,eM)® (fR, fM) for some idempotent element e, f of R and (K, L) a complement of (eR,eM). Then
K is a complement of eR and L is a complement of eM . By hypothesis, R=eR® K and M =eM ® L, and
so T = (eR,eM)® (K, L). Hence, T has the ads, as desired. O

Example 2.12 Let R = Zg. Consider the R-R bimodule M = 2Zg. Let

Ze 276 rm
T—|: N :|—{|: :|T€Zg,m€2z6}.
0 ZG 0r

denote the trivial extension of R by M. Since Zg is semisimple, the only nontrivial decomposition of Rgr is
27¢ D 3Zg and 2Zg is 3Zg-injective, Rr has the SA by Lemma 1.1, and hence Zg and 2Zg have the SA by

Lemma 1.3. On the other hand, all idempotent elements of Zg are 0, 1, 3, and 4 and for each idempotent e
of Z¢, (1—e)Me=0. Then, by Theorem 2.11, T has the SA.

From now on this paper, let T be the formal triangular matrix ring [g M7, where R and S are rings
with identities and M is a S — R-bimodule.

Theorem 2.13 If T has the SA, then R has the SA.

Proof The result is a consequence of ([6], Theorem 15) and ([9], Theorem 3.6). O

Note that the converse of Theorem 2.13 is not always true. In fact, let T'=[E 4] = [229%2] The Z®Z

as a right Z-module is not ads since Z is not Z-injective. Thus, T' does not have the SA by ([9], Theorem 3.6),
although Z has the ads.

Theorem 2.14 Let SocT' be a direct summand of T. If T has the SA, then both R and S have the SA.

2661



TAKIL MUTLU/Turk J Math

Proof Since SocT is a direct summand of T by assumption, M = 0 by ([6], Lemma 12). Hence, T = S x R.
Then R and S have the SA by Lemma 1.3. O

Now we provide the following example for comparison to Theorem 2.14.

Example 2.15 Let F be a field and T the formal triangular matriz ring over F', i.e.

{6 2 raveer}.

Routine calculations show that any nontrivial idempotent of T has one of the following forms, where f € F':

B el )

It can be easily seen that ¢I' NeT = 0. Hence, T has the SIP. Consider the decomposition T = ¢TI @ eT .

One can then verify that the only complement of ¢T' is A =[5 E] and the complement of eT' has one of the

0 0 0 f
B:[O F},C:{[O ﬂm;&x,fez«“}.

Moreover, T=cT ®A, T=eT ®B, and T =eT ®C. Hence, T has the ads. Therefore, T has the SA. On
the other hand, F has the SA and SocT = [§ L] is not a direct summand of T .

following forms:

Theorem 2.16 Let R and S be mutually injective CS rings. Assume that SocT is a direct summand of T .
Then T has the SA if and only if R and S have the SA.

Proof (=) It is clear from Theorem 2.14.

(<) Let R and S have the SA. Then S x R has the SIP by Lemma 1.5. Furthermore, since both R and S
are CS and ads, both R and S are quasicontinuous. Hence, S x R is quasicontinuous by ([8], Corollary 2.14).
Therefore, S x R has the ads by ([8], Theorem 2.8). It follows that 7" has the SA. O
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