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Abstract: Akyol [Conformal anti-invariant submersions from cosymplectic manifolds, Hacettepe Journal of Mathematics
and Statistics 2017; 462: 177-192] defined and studied conformal antiinvariant submersions from cosymplectic manifolds.
The aim of the present paper is to define and study the notion of conformal slant submersions (it means the Reeb vector
field ¢ is a vertical vector field) from cosymplectic manifolds onto Riemannian manifolds as a generalization of Riemannian
submersions, horizontally conformal submersions, slant submersions, and conformal antiinvariant submersions. More
precisely, we mention many examples and obtain the geometries of the leaves of vertical distribution and horizontal
distribution, including the integrability of the distributions, the geometry of foliations, some conditions related to total
geodesicness, and harmonicity of the submersions. Finally, we consider a decomposition theorem on the total space of

the new submersion.
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sion, conformal slant submersion, horizontal distribution

1. Introduction
O’Neill [34] and Gray [22] independently studied the notion of Riemannian submersions between Riemannian
manifolds in the 1960s. This notion is related to physics and has some applications in Yang—Mills theory [9, 49],
supergravity and superstring theories [29, 32] and Kaluza—Klein theory [10, 28]. For Riemannian submersions,
see also [27, 42]. After that, by using the notion of Riemannian submersion and the condition of almost complex
mapping, Watson [48] introduced almost Hermitian submersions. In this case, the vertical and horizontal
distributions are invariant with respect to the almost complex structure of the total manifold of the submersion.

Sahin [40] defined the notion of antiinvariant Riemannian submersions from almost Hermitian manifolds.
Afterwards, he also defined slant submersions from almost Hermitian manifolds in [41]. After that, many
geometers studied this area and obtained lots of results on the new topic (see [3, 4, 6, 13, 21, 25, 26, 36, 38, 44—
46]). Recent developments on the notion of Riemannian submersion can be found in [43].

In [14], Chinea introduced the notion of almost contact Riemannian submersions between almost contact
metric manifolds. He obtained the differential geometric properties among total space, fibers, and base spaces.

A related topic of growing interest deals with the study of the so called horizontally conformal sub-

mersions: these maps, which provide a natural generalization of Riemannian submersion, were introduced
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independently by Fuglede [20] and Ishihara [30]. As a generalization of holomorphic submersions, the notion of
conformal holomorphic submersions was defined by Gudmundsson and Wood [23, 24] (see also [1, 2, 4, 7, 15—
17, 23, 35, 37]). In 2017, Akyol and Sahin [5] defined a conformal slant submersion from almost Hermitian
manifolds onto a Riemannian manifold. In this paper, we consider conformal slant submersions from a cosym-
plectic manifold onto a Riemannian manifold.

The paper is organized as follows. In Section 2, we recall several notions and formulas for other sections.
In the third section, we introduce conformal slant submersions from cosymplectic manifolds onto Riemannian
manifolds, mention a lot of examples, investigate the geometry of leaves of the vertical distribution and the
horizontal distribution, and find necessary and sufficient conditions for a conformal slant submersion to be
totally geodesic and harmonic, respectively. Finally, we consider a decomposition theorem on total space of the

new submersion.

2. Cosymplectic manifolds

A (2n + 1)-dimensional C'*°-manifold is said to have an almost contact structure if there exist on N a tensor

field ¢ of type (1,1), a vector field £, and 1-form 7 satisfying

There always exists a Riemannian metric g on an almost contact manifold NV satisfying the following conditions:

91(6 X1, 9 X2) = g1(X1, Xo) — n(X1)n(X2), n(X1)=g1(X1,¢), (2.2)
where X1, X2 € I'(TN).

An almost contact structure (¢,&,n) is said to be normal if the almost complex structure J; on the

product manifold N x R is given by

d

B0, ) = (6% — 6 (X)),

where f is a C*°-function on N x R having no torsion, i.e. Jj is integrable. The condition for normality
in terms of ¢,&, and 1 is [p,d] + 2dn ® £ = 0 on N, where [¢p, ¢] is the Nijenhuis tensor of ¢. Finally, the
fundamental two-form @ is defined ®(X1, X3) = g1(X1, 9 X3).

An almost contact metric structure (¢,&,7,¢g) is said to be cosymplectic if it is normal and both & and

n are closed [8, 31], and the structure equation of a cosymplectic manifold is given by
(Vx,0)X2 =0 (2.3)

for any X7, X, tangent to N, where V denotes the Riemannian connection of the metric ¢ on N. Moreover,
for a cosymplectic manifold, we have,
Vx, &=0. (2.4)

The canonical example of a cosymplectic manifold is given by the product B?" x R Kaehler manifold B?"(J, g)

with the R real line. Now we will introduce a well-known cosymplectic manifold example of R?"+1,

Example 2.1 ([12, 35]) We consider R?*"*1 with Cartesian coordinates (u;,vi,t) (i =1,2,...,n) and its usual

contact one-form n = dt. The Reeb vector field € is given by % and its Riemannian metric gren+1 and tensor
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field ¢ are given by

n 0 d;; 0
grentr = (dt) + > ((du;)? + (dv;)?), o= | —d6;; 0 0
i=1 0 0 O

This gives a cosymplectic manifold on R*™+1. The vector fields e; = B%i’ Enti = 8%1" & form a ¢-basis for the

cosymplectic structure. On the other hand, it can be shown that R?"*1(4,€,n,g) is a cosymplectic manifold.

3. Conformal submersions
Let ¢ : (N™, gn) — (B™, gg) be a smooth map between Riemannian manifolds, and let ¢ € N. Then ¢ is
said to be horizontally weakly conformal or semiconformal at g [7] if either (i) dig =0, or (ii) dipy maps the
horizontal space H, = {ker(dwq)}J— conformally onto Ty, B, i.e. di, is surjective and there exists a number
A(q) # 0 such that

9B(dg X, dipgY) = AMg)gn (X,Y), (X, Y € Hy).

We say that point ¢ is of type (i) as a critical point if it satisfies the type (i), and we shall call the point ¢ a
regular point if it satisfies the type (ii). At a critical point, di, has rank 0; at a regular point, dip, has rank
n and 1 is submersion. Furthermore, the positive number A(q) is called the square dilation of 1 at q. The
map v is called horizontally weakly conformal or semiconformal on N if it is horizontally weakly conformal at

every point of N and it has no critical point; then we call it a horizontally conformal submersion.

A vector field X; € I'(T'N) is called a basic vector field if X; € I'((kery,)*) and v -related with a vector
field X; € I(TB), which means that (¢.,X14) = X1(¥(q)) € [(T'B) for any ¢q € T(TN).

Define O’Neill’s tensors T" and A by

AX1X2 = UVthhXQ + vVhX1UX27 (31)

TX1X2 = hVUleXz —+ UVUX1 hXs, (3.2)

where for any Xy, Xs € I'(T'N) and v, h are the vertical and horizontal projections (see [19]). Also, by using
(3.1) and (3.2), for Xy, X5 € T((kery,)t) and Vi, Vi € T'(kert,), we have

Vi, Va =Ty, Va + Vi, Va, (3.3)
Vv, X1 = hVy, X1 + Ty, X1, (3.4)
Vx, Vi = Ax, Vi +vVx, Vi, (3.5)

Vx, X2 = hVx, Xo + Ax, Xo, (3.6)

where ﬁleg = oV, Vo. If X is basic, then hVy, X7 = Ax, V1. Then we easily obtain —gy(Ax, E1, E2) =
gn(E1, Ax,E2) and —gn(Tv, E1,Es) = gn(E1,Tv, Es) for all Ey,Ey € T,N. T is exactly the second
fundamental form of the fibers of ¢. For the special case where 1 is horizontally conformal, we have the

following:
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Proposition 3.1 (/23]) Let ¢ : (N,gn) — (B, gp) be a horizontally conformal submersion with dilation A

and X1, Xo be horizontal vectors, then

1 1
Ax, Xy = —{v[X1, Xo] — N2gn (X1, Xo)grad,(~)}. (3.7)
2 A

Let (N,gn) and (B, gp) be Riemannian manifolds and suppose that ¢ : N — B is a smooth map between

them. The second fundamental form of v is given by
(Vb ) (X1, X2) = Vi 10 (X2) — . (VX, X2) (3.8)

for any X1, X2 € I'(T'N), where V¥ is the pullback connection. It is obvious that the second fundamental form
(V1)) is symmetric.

Lemma 3.1 [/7] Let (N,gn) and (B,gp) be Riemannian manifolds and suppose that 1 : N — B is a smooth

map between them. Then we have
Vi, s (X2) = Vi, 9 (X1) = (X2, Xa]) = 0 (3.9)
for X1, X5 € T(TN).

From Lemma 2.1, for any X; a basic vector field and V; € T'(keri,), we obtain [X1,V;] € T'(kerd.).

Remark 3.1 In this paper, we assume that all horizontal vector fields are basic vector fields.

Recall that 1 is called harmonic if the tension field 7(v) = trace(Vi.) = 0 (for details, see [7]).

Lemma 3.2 [7] Let v : N — B be a horizontally conformal submersion. Then we have:
(a) (Vi) (X1, X2) = X1(In N Xo + Xo(In N X1 — gy (X1, X2)(VIn \),
(b) (V) (V1,V2) = = (T, Va),
(¢) (V) (X1, V1) = = (VY V1) = =4 (Ax, V1),

for any Vi, Vy € T(kerip,) and X1, Xo € T'((kery,)™*).

Finally, we will mention the following from [39].
Let gy be a Riemannian metric tensor on the manifold N = N; x Ny and assume that the canonical
foliations Dy, and Dy, intersect perpendicularly everywhere. Then g¢n is the metric tensor of a usual product

of Riemannian manifolds <= Dy, and Dy, are totally geodesic foliations.

4. Conformal slant submersions
In this section, we introduce the notion of conformal slant submersions from cosymplectic manifolds onto
Riemannian manifolds. We mention lots of examples and obtain the integrability of distributions, the geometry

of foliations, some conditions related to totally geodesicness, and harmonicity of the map.
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Definition 4.1 Let ¢ : (N, ¢,&,n,9n8) — (B, gB) be a horizontally conformal submersion, where (N, ¢,£,1,gn)
is a cosymplectic manifold and (B,gp) is a Riemannian manifold. The map 1 is said to be slant if for any
nonzero vector Vi € I'(kery,)— < & >, the angle w(V1) between ©Vi and the space keri. is a constant (which
is independent of the choice of p € N and of Vi € T'(kerv,.)— < & > ). The angle w is called the slant angle of

the conformal slant submersion.

Conformal holomorphic submersion and conformal antiinvariant submersions are conformal slant submersions

with w = 0 and 7, respectively. A conformal slant submersion that is not a conformal holomorphic submersion
or conformal antiinvariant is called a proper conformal slant submersion.

Now we present some examples.

Example 4.1 R® has a cosymplectic structure as in Evample 2.1. Let 1, : R® — R? be a map defined
by 1 (uy,ug,v1,v2,t) = €7(uy cosa — vy sina, ug sin f — vy cos B). Then, by direct calculations, we obtain the
Jacobian matriz of 1 as:

7 |cosa 0 —sina 0 0
0 sin 3 0 —cosf O

Since rank(i1x) = 2, the map 1 is a submersion. By a straightforward computation, we see that

. 0 0 0 . 0 0
kerynx = span{V; = smoza—u1 —l—cosoza—vl7 Vo = cosﬁa—uQ —|—51nﬁ8—v2, Vs=¢= a}

and
0 0 0 0
(keri %)t = span{X, = cos oza—u1 — sin aa—vl, Xy = sinﬂa—u2 — cosﬁa—vz}.
Then the map Y1 s a conformal slant submersion with the slant angle w and dilation A = e’ such that

cosw =| cos(a+ 5) | .

Example 4.2 R® has a cosymplectic structure as in Example 2.1. Let ¥ : R® — R? be a map defined by

,v2). Then, by direct calculations, we obtain the Jacobian matriz of v¥s as:

Yo (ur, ug, v1,v2, 1) = O (B2

Since the rank of this matriz is equal to 2, the map o is a submersion. After some computations, we obtain

ker?ﬁg*:span{Hl:(%l_f_%’ ngaivl’ H3:§:%}
and
(kertpax): = span{Zy — \}5(631 _ a%)’ 70— a% |
Furthermore, 1o(H;) = _8%1 - 8%2 and 1py(Hs) = 6%2 imply that | g(vo(H1), Ha) |= % Thus, the map 1

is a conformal slant submersion with the slant angle w = 7 and dilation A = 7.
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Example 4.3 R” has a cosymplectic structure as in Example 2.1. Let 13 : RT — R* be a map defined by

3 (u1, uz, uz, v1, v2,v3,t) = elt(uq, ”1\;5”2 ,u3,uz). Then, by direct calculations, we obtain the Jacobian matriz of

V3 as:

co o~
—_o oo
oo oo
oo~
OOE‘HO
o~ oo
oo oo

We easily see that the map s is a submersion. After some computations, we derive

_ 0 _ 1,0 0 _ 0
kerisx = span{H; oy’ 2 \/i(avl + 0v2>’ 3=¢ ot
and
_ o - 1, 0 0 - 0 = 0
1= Il = — Zo=—(— — =, Za=— Zy=—1.
(keribsx) span{Z, duy’ 2 xﬂi(av1 8v2)’ 3 Dy’ 4 v
Moreover, 3(H;) = ——5?)1 and 3(Hy) = %(—822 + —8‘23) imply that | g(vYsHy, Ha) |= % Thus, the map 3

is a conformal slant submersion with the slant angle w = 7 and dilation A\ = ell.

Example 4.4 Let (N,p,&,n,gn) be an almost contact metric manifold. Suppose that o : TN — N is the
natural projection. Then the map o is a conformal slant submersion with the slant angle w = 0 and dilation
A=1.

Example 4.5 Let (N, ,&,n,g9n) be an almost contact metric manifold and (B, gp) a Riemannian manifold.
Suppose that 13 : N — B is a slant submersion [18]. Then the map s is a conformal slant submersion with
dilation A\ = 1.

Example 4.6 Let (N?"t1 o & n,gn) be an almost contact metric manifold and (B**,gg) a Riemannian
manifold. Suppose that 4 : N — B is a horizontally conformal submersion with dilation \. Then the map 4

is a conformal slant submersion with the slant angle w = 5 and dilation X =1 [1].

Let ¥ : (N,p,&,n,98v) — (B,gp) be a conformal slant submersion from a cosymplectic manifold

(N, ¢,&,m,g9n) to a Riemannian manifold (B, gg). Then for any V; € T'(keri,), we write
©Vi = DVi + EVy, (4.1)

where DV; and EVj are vertical and horizontal components of Vi, respectively.
Given X € T'(kery,)t, we write
(le ZXm —&—6)(17 (42)

where dX; € I'(kery,) and eX; € I'(kery,)*t.
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We denote the complementary orthogonal distribution to decomposition E(keri,) in (kery.)* by p.
Then we get

(kerip, )™ = E(keri,) @ p. (4.3)

From (2.4), (3.3), and (3.5) we have
TV1§ = 07 AXlE =0 (44)

for X; € T'((kery.)*) and V; € T'(keri,).
By using (2.2), (4.1), and (4.2) we get the following result:

Lemma 4.1 Let ¢ be a conformal slant submersion from a cosymplectic manifold (N,p,&,m,gn) onto a

Riemannian manifold (B,gp). Then we obtain

DdX, 4+ deX,; =0, (45)
EdX, +e*X, = — X1, (4.6)
D?*Vi +dEV; = V3, (4.7)
EDVy +eEV; =0, (48)
for X1 € T((ker.)t) and Vi € T'(kery.).
Using (3.3), (3.4), (4.1), and (4.2) we obtain
(VV1D)‘/2 = dTVl‘/Q - TV1EV27 (49)
(VVIE)‘/Q = eTV1Vv2 - TV1DV27 (410)
where
(Vy,D)Va = Vy,DVy — DV, Va, (4.11)
(Vv E)Vz = hVy, EVa — EVy, Va, (4.12)

for V1, V2 € T'((kert.). We call D and E parallel if VD =0 and VE = 0, respectively.

Since the proof of the following theorem is quite similar to Theorem 2.2 of [11], we do not give the proof
of it.

Theorem 4.1 Let ¢ be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,gn) onto a

Riemannian manifold (B,gg). Then we obtain
D? = —cos*w(I —n®¢). (4.13)
By (2.2), (4.1), and (4.13) we have the following result.
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Corollary 4.1 Let v be a conformal slant submersion from a cosymplectic manifold (N, p,&,n,gn) onto a

Riemannian manifold (B,gg). Then we obtain

gn(DVi, DVa) = cos® w(gn (Vi, Va) — n(Vi)n(Va)), (4.14)

gn(EVi, EV;) = sin® w(gn (Va, Va) — n(Vi)n(Va)), (4.15)
for Vi, Vo € T'((keriy).

Proposition 4.1 Let ¥ : (N,gn,,n,€) = (B,gB) be a conformal slant submersion. If N is a cosymplectic
manifold and E is parallel with respect to V on (keri,), then we have

Tpv,DVi = — cos®> wTy, Vi (4.16)
for any V1 € T'(ker.).

Proof If F is parallel, then we derive €Ty, Vo = Ty, DV; for any Vi, Vs € T'(keri,). Interchanging the role of
Vi and Va, we get €Ty, Vi =Ty, DV;. Thus, we have

Ty, Vo — €Ty, Vi = Ty, DVy — Ty, DV;.

Since T is symmetric, we get Ty, DVa = Ty, DX;. Then substituting Vo by DV; we get Ty, D*Vy = Tpy, DV;.
By (4.4) and (4.13) we obtain (4.16).
O

Theorem 4.2 Let 1 be a conformal slant submersion from a cosymplectic manifold (N*"*1 o, & n,gn) onto

a Riemannian manifold (B*,gp). Suppose that E is parallel with slant angle w € [0, %). Then all the fibers of

the map Y are minimal.

Proof Using (4.4) and Lemma 5 of [18], we have

EX
2

() = 3 (V) (B B) = — 3 6u (T, B + Taocwpi, secwDE,) — 1, (Te6).

i=1 =1

n— n—3

Since T:£ = 0, we get

—3
n—y

T=- Z Vu(Tg, E; + sec* wTpp, DE;).

i=1
By (4.16), we have

s s

n—g n—g
T=— Z Vo (T, B; + sec? w(— cos® wly, F;) = — Z V(Tg, E; — Tr,E;) = 0.
i=1 =1
Thus, we prove that ¢ is harmonic. O

Now we deal with the integrability of the distributions and the geometry of foliations.
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Theorem 4.3 Let v be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,9n) onto a

Riemannian manifold (B,gg). Then the following conditions are equivalent to each other:

(i) The distribution (keri.)® is integrable,

(ii) \2gp(V, beXi — VY teXo, 0. EV7)
=gn(vVx,dXs + Ax,eXs — vV x,dX1 — Ax,eX1,DV7)
+gn(Ax,dXs — Ax,dX1 — X, (InN)eXs + Xo(In N)eX;
—eXo(In M) X1 +eX1(In )X,

+ 298 (X1,eX2)(VIn ), EVy)

for any X1, Xa € T((keri,)t) and Vi € T'(keri,).

Proof In view of (2.2), (2.3), and (4.4), we have
gN([X15X2]vV1) :gN(le(PX2 7VX2<)OX17(I0‘/1) (417)

for any X1, Xo € I'((kery,)*) and Vi € T'(kert.). Then, using (4.1), (4.2), and (4.17), we derive
gm ([X, Y], W) = gn(Vx,dX2, DV1) + gy (Vx,d X2, EVY)
+ gN(VX16X2,DV1) + QN(VXIBXQ, EVl)

—gn(Vx,dXy1,DV1) — gy (Vx,d X1, EV1)

— gN(szeXl,Dvl) — gN(szeXhEvl).

Using the property of ¢, (3.5), and (3.6) we get

an([X1, Xo], V1) = gn(vV x,d X + Ax,eXo — vV x,dX, — Ax,eX1, DV})
4 gn(Ax,dXs + hVx,eXs — Ax,dX, — hVx,eX1, EV1)
=gn(WVx,dXs + Ax,eXy — vV x,dX; — Ax,eXy1, DV7)
+gn(Ax,dXs — Ax,d X1, EV7)

+ A2 (hV x,eXs — P (hV x,e X1, Y EVY).
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Thus, by (3.8) and Lemma 3.2 we obtain

gn([X1, Xo], V1) = gn(vV x,d X2 + Ax,eXo — vV x,dX| — Ax,eX;,DV7)
+ gn(Ax,dXy — Ax,dX1, EVY)
+ A2 gn (= (V) (X1, eXa) + Vi, dueXa + (V) (X2, eX1) = Ve Xy, . EVY)
= gn(VVx,dXs + Ax,eXy — vV x,dX1 — Ax,eX1, DV;)
+gn(Ax,dXy — Ax,dX1, EV1) + A" 2gp(VY e Xy — VY $ueX1, 1. EV7)
+ A 2gp(=X1(In N)eXs — eXo(In )0 X1 + gn (X1, eX2)10(VInX)
+ Xo(In A\)e X1 4 eX1(In A\, Xo — gy (X2, eX1)1, (VI ), 0, EVA)
=gn(WVx,dXs + Ax,eXs — vV x,dX; — Ax,eX;,DVi)
+gn(Ax,dXo — Ax,dX1 — X1(InN)eXo + Xo(In N)eX; — eXo(ln N) X,
+eX1(InAN)Xs + 295 (X1,eX2)(Vin ), EVy)

+A72gp(VY e Xs — VY thueXt, . EVY).

Hence, (i) < (7). O

We note that a horizontally conformal submersion ¥ : N — B is said to be horizontally homothetic if the
gradient of its dilation A is vertical, i.e. h(grad\) =0 at p € N, where h is the projection on the horizontal
space (kery,)*t.

Theorem 4.4 Let v be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,gn) onto a

Riemannian manifold (B,gg). Suppose that the distribution (keri.)* is integrable. Then the following
conditions are equivalent to each other:

(i) The map v is a horizontally homothetic submersion,

(ii) A\"2g5(V,bueX1 = Vi, vueXo, Y. EV1)
= gN(UledXQ + AXleXg — ’UVXQXm — AXzeXl, D‘/vl)
+ gN(AxldXQ — szXm, EVl)

for X1, Xo € T'((kerv)*) and Vi € T(keri),).
Proof For any X;, X, € I'((kery,)*) and V; € I'(kert.), by hypothesis, we get

Ong([XhXQLVYl) = gN(’UledXQ+AX1€X2—UVXZCZX1—AX2€X17DV1)
+ gN(AdeXQ — Angxl — X1 (ln )\)eXg + XQ(IH /\)eX1 (418)
— GXQ(IH )\)Xl + GXl(ln)\)XQ + 29N(X1, €X2)(v In )\),EVl)

+ A 2gp(Vy veeXs — Vi e X1, ¥, EV7). (4.19)
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By (4.19), we obtain (i) < (i#4). Conversely, using (4.19), we have
0 = gnv(—=Xi(InN)eXs+ Xao(lnA)eX; — eXo(In M) X7 + eX;(In M) X5
+ 29n(X1,eX2)(VInA), EVY). (4.20)
If X5 € T'(u), then by (4.3) and (4.20), we derive
0 = gv(Xa(InN)eX; — Xo(In X)X + 295 (X1, 0X2)(VInA), EVy). (4.21)

Now, taking X; = X5 in (4.21), we obtain

0 = gn(Xa(InA)p? X — pXo(In N)pXo + 29N (9 X2, 9 X2)(VInX), EV1)
= 2gn(X2, X2)gn(VIn A, EVY), (4.22)
which implies
gn (VXN EVy) =0, Vy € T(kery.). (4.23)

Taking X; = EV; in (4.21), we get
0 = gn(Xa2(InN)eEV] — pXo(In\)EVy, EVy)
= —pXo(InA)gn(EVL, EVY),
which means
gn(VA, X5) =0, X3€eT(p). (4.24)
Using (4.23) and (4.24), we obtain (i7) < (4). O
Theorem 4.5 Let ¢ be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,gn) onto a
Riemannian manifold (B,gp). Then the following assertions are equivalent to each other:
(i) (keri,)* defines a totally geodesic foliation on the total space,
(ii) A 2gp(V, ¥eXa, . EDVY) = A\"2gp(VY ¢hueXa, . EVi) = gn(Ax, dX2, EVY)
+gn(—X1(InA)eXs — eXo(In A) X7 + gy (X1,eX2)(VIn ), EVY)
—gn(—X1(In N Xo — Xo(In \) X5 + gy (X1, X2)(VIn ), EDVy)
for X1, Xo € T'((kery,)t) and Vi € T(keri,).
Proof Given Xi, X € I'((ker,)t), Vi € I'(kery,) and by (2.2), (2.3), and (2.4), we get
N (Vx, X2, V1) = gn(Vx, X2, 0V1).

From (2.3), (3.5), (3.6), (4.1), (4.2), and (4.13) we derive
9N (Vx, X2, V1) = gn(Vx, X2, DVI + EVY)

= cos’ wgn (Vx, X2, V1) — gn(Vx, X2, EDV})
+ gn(Ax,dXo + hV x, eXo, EVY)

sin® wgn (Vx, X2, Vi) = —gn (Vx, X2, EDV1) + gy (Ax,dXs + hV x,eXo, EVY).
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Using the property of ¢, (3.8), and Lemma 3.2, we have

sin® wgn (Vx, X2, V1) —gn(Vx, Xo, EDV1) + gy (Ax,dXa, EV1) + A 295 (1 hV x, e Xo, 1 EV7)

= —gn(Vx, X2, EDVi) 4 gn(Ax,dX2, EVY)

+ A gn(—(V) (X1, eX5) + V teeXo, 0. EV)
= —gn(Vx, X2, EDVY) + gn(Ax,dX2, EVi) + A\ 2gp(V ¥reXa, . EVY)
+ A 2gp(=X1(In N\)Y.eXs — eXo(In A\ X1 4 gn (X1, eX2)1h (VIn ), ¥, EV))
= —gn(Vx, X2, EDVY) + gn(Ax,dX2, EVi) + A 2g5(V, ¢eXa, 0. EV7)
+ gn(—Xi1(InN)eXs — eXo(In N) Xy + gy (X1, eX2)(VIn ), EVy).
On the other hand,

gn(Vx, X2, EDV) A 295 (4. Vx, Xa,9. EDV})

= A 2gp(—(V) (X1, X2) + VY, . X2, . EDV})

A 2gp(=X1(In N, X — Xo(In M) X1 + gn (X1, X2)1(Vin \)

+ Vi Xo, ) EDV)

gN(le(hl )\)XQ - Xg(hl )\)Xl + gN(Xl,XQ)(V In )\), EDVl)
+ A gp(VY, X2, U EDV).
Thus, we obtain (i) < (7). O

Theorem 4.6 Let v be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,gn) onto a

Riemannian manifold (B, gg). Suppose that the distribution (keri.): defines a totally geodesic foliation on

the total space. Then the following assertions are equivalent to each other:
(i) The map 1 is a horizontally homothetic submersion,
(ii) A2g5(V, % Xa, 0. EDVI) = A\"2gp (VY ¢neXo, . EVi) = gn(Ax, dX2, EVY)
for any Xo, X1 € T((ker,)t) and Vi € T'(kery.,).
Proof Given Xo, X; € I'((kery,)t) and V; € I'(keri,), from Theorem 4.5, we get
A2g5(V 1 X, 0 EDVY) — A" 2gp(VY tueXo, 1. EV7)
= gn(Ax,dX2, EV)
+gnv(=X1(In N)eXs — eXo(In N) X7 + gn(X1,eX2)(VInA), EVy)
—gn(—X1(In N Xo — Xo(In \) X5 + gy (X1, X2)(VIn ), EDVy), (4.25)
which implies (i) < (i7). Conversely, by (4.25), we obtain

0 = gyv(—Xi(InMN)eXs —eXo(InA) X1 4+ gn(X1,eX2)(VIn ), EVy)
— gN(le(h’l )\)XQ — Xg(ln )\)Xl + gN(Xl,XQ)(V In )\), EDVl) (426)

2683



GUNDUZALP and AKYOL/Turk J Math

Now, taking X5 € I'(u), and using (4.26), we arrive at

0 = gn(—pXo(In X)X +gn (X1, 0X2)(VInA), EV))
— gN(*XQ(lnA)Xl +gN(X1,X2)(V1n)\),EDV1) (427)

Taking X1 = X5 in (4.27) we find

0=gn(eX1,pX2)(VInA), EV), (4.28)
which implies

0= gn(VN,EV), Vi € T(kertp,). (4.29)

Taking X; = EX» in (4.27) and by (4.3) and (4.15), we have

0 = —gn(EVL, EVi)gn(9X2, VInA) + gn(Xa, VInA)gn (EV1, EDVY)
= —gnN(EV1, EV])gn (X2, VIn ), (4.30)
which implies
0=gn (VA X3), X3€T(p). (4.31)
Using (4.29) and (4.31), we obtain (i) < (7). O

Theorem 4.7 Let v be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,g9n) onto a

Riemannian manifold (B, gg). Then for any Vi, Vs € I'(kert,) and Xy € T'((kery,)t) the following assertions

are equivalent to each other:
(i) The distribution keri, defines a totally geodesic foliation on the total space,
(ii) gn(Vv, EDVa, X1) = gn(Tv, EV2,dX1) + gy (AVv, EVa, e X71).

Proof For Vi,Vo € D(kery,) and X; € T((ker,)t), by (2.2) and (2.3) we obtain gn(Vy, V2, X1) =
In (Vv oVa, 0 X7). Using (2.2), (3.4),(4.1), (4.2), and (4.13) we arrive at
gN (Vv Vo, X1) = gy (Vv DVa + EVa, 0 X1)
= —gn(Vv, D*Va + Vv, EDVa, X1) + gn (Vv EVa, d X1 + X))
= cos® wgn (Vv, Vo, X1) — gn (Vv EDVs, X1)

+ 9N (Ty, EVa2,dX1) + gy (hVy, EVa, eX1).

Thus, we have
sin® wgn (Vv, V2, X1) = —gn (Vv, EDVa, X71)
+ 9N (Tv, EVa,dX 1) + gn(hVy, EVa, eX1)

so that we obtain (i) < (i7). O

Now we are going to investigate the harmonicity of .
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Let ¢ be a horizontally conformal submersion from a Riemannian manifold (N, gn) onto a Riemannian
manifold (B, gp) with dilation A. Then the tension field 7(¢) of ¢ is given by

7(¢¥) = —np H + (2 — s)10. (VIn A), (4.32)

where H is the mean curvature vector field of the distribution keri., dimkeriy, =n, dimB = s [7].

Using Theorem 4.2 and (4.32), we have:

Corollary 4.2 Let v be a conformal slant submersion from a cosymplectic manifold (N,p,&,n,gn) onto a

Riemannian manifold (B, gp) with dimB > 2. Suppose that E is parallel with the slant angle w € [0, 7).
Then the following assertions are equivalent to each other:
(i) The map 1 is harmonic,

(i) The map 1 is a horizontally homothetic submersion.

Corollary 4.3 Let ¢ be a conformal slant submersion from a cosymplectic manifold (N,p,&,n,gn) onto a
Riemannian manifold (B, gp) with dimB = 2. Suppose that E is parallel with the slant angle w € [0, 7).

Then the map 1 is harmonic.

Let v be a conformal slant submersion from a cosymplectic manifold (N, ¢, &, n, gn) onto a Riemannian manifold
(B,gp). For Vi € T'(kery,) and X; € I'(u), we call the map (Ekery,, u)— totally geodesic if it satisfies
(Vips)(EV1, X1) = 0.

Theorem 4.8 Let v be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,gn) onto a

Riemannian manifold (B, gg). Then the following assertions are equivalent to each other:

(i) The map 1 is a horizontally homothetic submersion,

(ii) The map ¢ is (Ekeri., u)— totally geodesic.

Proof For Vj € I'(kery.), X; € T'(u), from Lemma 3.2, we obtain

(Vw*)(EVth) = EVl(ln )\)QZJ*Xl + Xl(ln A)?/)*Evl — gN(Evl,Xl)w*(V In )\)
EVi(In N, X1 + X1 (In Ay, EV;.

Since gp (V. X1,V.EVL) = Mgy (X1, EV1) = 0, {¢.X1,¢.EV;} is linearly independent for nonzero Vi, Xj.
Thus, we get (i) < (). O

Theorem 4.9 Let ¢ be a conformal slant submersion from a cosymplectic manifold (N,¢,&,n,gn) onto a

Riemannian manifold (B,gp). Then the following assertions are equivalent to each other:

(i) The map  is a totally geodesic map,

(ii) (a) e(Ty, DVy + hVy, EVy) + E(Ty, EVy 4+ Vv, DVa) = 0, (b) 1 is a horizontally homothetic map, (c)
6(AX1D‘/1 -+ hVXlEvl) + E(AXlEvl -+ UVXlD‘/i) =0

for X1 € T((kerv.)*) and Vi, Vs € T'(keri,).
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Proof Given V1, V, € T'(kery.), using (2.2), (2.3), and (3.8) we obtain (V,)(V1, Va) = ¥ (©Vy, ¢Va). Using
(3.3), (3.4), (4.1), and (4.2) we obtain

V) (Vi, V2) = i (0(Vv, DV2 + EV3)))
= . (¢(Ty,DVa + Vv, DVa + Ty1 EV + hVy, EV3))
= ¢, (dTy, DVy + €Ty, DVy + DVy, DVy 4+ ENVy, DV;
+ DTy, EVy 4+ ETy1 EVy + dVy, EVy + eVy, EVy)

=, (eTy, DVy 4+ ENy, DVy + ETy  EVa + eVy, EVs).
Thus, we have
(Vo )(Vi, Va) = 0 & eTy, DVy + EVy, DVy + ETy1 EVy + eV, EVy = 0. (4.33)

We claim that 1) is a horizontally homothetic map if and only if (V,)(X1, X2) = 0 for X1, X5 € I'((keri,)b).

From Lemma 3.2, we obtain
(Vb)) (X1, X2) = X1 (In )i Xo + Xo(In \) . X7 — gn (X1, X2)9u(VIn A) (4.34)
for X1, X, € I'((kert,)*) so that the part from left to right is obtained. Conversely, using (4.34) we get
0= X1 (In Ao, Xo + Xo(In ), X — g (X1, X2)1 (VIn V). (4.35)
Applying X; = X5 at (4.35), we have
0= 2X; (In N X1 — g (X1, X1)9u (V10 N). (4.36)
Taking the inner product with ¥, X; at (4.36), we derive
0= Ngn(X1, X1)gn (X1, VIn ),

which implies the result. For X; € ['((kery,)t) and Vi € T'(keriy), using (2.2), (2.3), and (3.8) we obtain
(Vo) (X1, V1) = ¥u(eVx, pV1).
From (3.5), (3.6), (4.1), and (4.2) we get

)
(
(

= (p(Ax,DVi + vV x,DVi + Ax, EVi + hVx, EVY))
= u(eAx, DV + EvVx, DV} + EAx, EVi + eV, EV}).
From here,
(Vi )(X1,V1) =05 eAx, DV + EvVx, DV} + EAx, EVi + eV x, EV; = 0. (4.37)
Thus, we have (i) < (i7). O

Finally, we consider a decomposition theorem. Denote by Nkery, and N(gepy, ) the integral manifolds of

keri, and (keri,)®, respectively. By Theorem 4.5 and Theorem 4.7, we have:
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Theorem 4.10 Let ¢ be a conformal slant submersion from a cosymplectic manifold (N, ¢,&,n,gn) onto a

Riemannian manifold (B, gg). Then the following assertions are equivalent to each other:

(i) (N,gn) is locally product manifold of the Nery, )t X Niery. ,

(i) A\ ~2gp(V, 1 Xa, b, EDVY) — A\~ 2gp(VY ¥ueXa, . EVi) = gn(Ax, dX2, EVY)
+gnv(=X1(In N)eXs — eXo(In A\) X7 + gn(X1,eX2)(VInA), EVy)
—gn(—X1(In A\ Xy — Xo(In \) X1 + gy (X1, X2)(VIn ), EDV;),
gn(Vy, EDVy, X1) = gn(Tv, EVa, dX1) + gy (hV v, EVa, eX1)

for X1, X € T'((kerm.)*) and Vi, Vs € T'(kerm,).
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