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Abstract: In this paper, we prove the bilaterally almost uniformly convergence of bounded Li(M)-noncommutative
quasi-martingales. We also prove Gundy’s decomposition for noncommutative quasi-martingales. As an application, we
prove that every relatively weakly compact quasi-martingale difference sequence in Li(M,7) whose sequence of norms

is bounded away from zero is 2-co-lacunary.
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1. Introduction

Inspired by quantum mechanics and probability, noncommutative probability has become an independent field
of mathematical research. The study of noncommutative martingales originated at the beginning of the 70s.
Today, the theory has achieved a satisfactory development and many classical martingale results have been
transferred to the noncommutative setting.

The noncommutative quasi-martingale is a generalization of noncommutative martingales and the non-
commutative analogue of classical quasi-martingales. In [4], we studied the duality theorems for some special
quasi-martingale spaces. In [5], we studied interpolation in the noncommutative quasi-martingale setting. In
the present paper, we continue to examine the noncommutative quasi-martingale. One of our main results is
Theorem 3.3, which is the convergence of noncommutative quasi-martingales. Our proof uses Cuculescu’s result
in [Proposition 6, 2] and Doob’s decomposition in [4]. The main novelty of our approach is Lemma 3.4, which
extends the classical Doob maximal weak type (1,1) inequality for martingales to the quasi-martingale setting.

The other main result of this paper is Theorem 4.1, which concerns Gundy’s decomposition of noncom-
mutative quasi-martingales. Such kind of result of noncommutative martingales was first obtained by Parcet
and Randrianantoanina [6]. Note that we can obtain our result by using Doob’s decomposition in [4] and the
result of Parcet and Randrianantoanina. However, this decomposition is not useful for our next proof. Hence
we will give a direct decomposition of quasi-martingales in Theorem 4.1.

The paper is organized as follows. In Section 2, we set some basic definitions concerning noncommutative
martingale and noncommutative quasi-martingale. In Section 3, we first prove Cuculescu’s inequality for
noncommutative quasi-martingales. Using the inequality, we prove the bilaterally almost uniformly convergence
of bounded L;(M) quasi-martingales. In Section 4, we present Gundy’s decomposition for noncommutative

quasi-martingales and its application.
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2. Preliminary
Let M be a finite von Neumann algebra with a normal faithful finite trace 7. For 1 < p < oo, we denote by

L,(M) the noncommutative L,-space associated with (M, 7). Note that if p = 00, Loo(M) is just M with

the usual operator norm; also recall that for 1 < p < oo the norm on L,(M) is defined by
1
[z]lp = 7([z[")7, 2 € Ly(M),

where |#| = (#*)2 is the usual modulus of .

Let us recall the general setup for noncommutative martingales. Let (M,,),>1 be an increasing filtration
of von Neumann subalgebras of M such that the union of M,,’s is weak*-dense in M and &, (with & =0)
the conditional expectation with respect to M,, . A noncommutative martingale with respect to the filtration

(My)n>1 is a sequence & = (2 )p>1 in L1(M) such that
En(xpy1) =, forall n>1.

If additionally, = (25)n>1 C Lp(M) for some 1 < p <, we call x an L,(M)-martingale. In this case, we
set |lz||, = sup, ||znllp. I ||z]lp < 0o, then z is called a bounded L,(M)-martingale. Note that the space
of all bounded L,-martingales, equipped with || - ||,, is isometric to L,(M) for p > 1. This permits us to
not distinguish a martingale and its final value =, (if the latter exists). For more details on noncommutative
martingales see [3].

Now we turn to the definition of noncommutative quasi-martingales, which is a generalization of non-

commutative martingales.

Definition 2.1 (see [4]). Let 1 < p < 0o. An adapted sequence x = (xp)n>1 i L1(M) is called a

p-quasi-martingale with respect to (M,,) (or simply a quasi-martingale for p=1) if
o0
Vp(@) = 3 1t (da) < o
n=1

If additionally, © = (xp)n>1 C Lp(M) for some 1 < p < 00, we call x an L,(M)-quasi-martingale. In this
case, we set

[]lp = sup,[[znllp + Vi ().

If ||z||, < oo, then x is called a bounded L, -quasi-martingale.

The following decomposition plays an important role in this paper.

Lemma 2.2 (Doob’s decomposition)(see [4]). Let 1 < p < co. Each p-quasi-martingale x = (Ts,)n>1
can be uniquely decomposed as a sum of two sequences Yy = (Yp)n>1 and z = (2n)n>1, Where y = (Yn)n>1 @S a
martingale and z = (2,)n>1 5 a predictable p-quasi-martingale with z1 = 0. Moreover, when © = (Ty)n>1 18
L,(M)-bounded, y = (yn)n>1 and z = (zn)n>1 are also Ly(M)-bounded.
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3. Convergence of noncommutative quasi-martingales

In this section, we focus on the convergence of noncommutative quasi-martingales. Of course, pointwise
convergence does not make sense in the noncommutative setting. Note that in the commutative case almost
every convergence and almost uniformly convergence are equivalent when the measure space is finite by Egoroft’s
theorem. The convergence bilaterally almost uniformly defined in the following is a replacement of almost every

convergence when M is finite.

Definition 3.1 (see [2]). Let (zn)n>1 be a sequence in Lo(M) and x € Lo(M). We say that (xn)n>1
converges bilaterally almost uniformly (b.a.u. in short) to x, if for every € > 0, there is a projection p € M

such that 7(1 —p) < e and

nh_}ngo Ilp(z,, — 2)p|| = 0.

As for the convergence of noncommutative martingales, we have the following results that we will need
later.

Lemma 3.2 (see [2]).

(i) Let x = (zn)n>1 be a bounded L,-martingale with 1 < p < co. Then there exists xoo € Ly,(M) such that

T, converges to Too tn L,(M) (in w*-topology for p = o0 ).
(ii) Let = (xn)n>1 be a bounded Ly -martingale. Then there exists Too € L1(M) such that x, — Too b.a.u.

We extend the results of Lemma 3.2 to the case of quasi-martingales.

Theorem 3.3 (i) Let © = (z,)n>1 be a bounded Ly, -quasi-martingale with 1 < p < oo. Then there exists

Too € Lp(M) such that x,, converges to xoo in L,(M) (in w* -topology for p = o).

(ii) Let x = (zp)n>1 be a bounded L -quasi-martingale. Then there exists Too € L1(M) such that x, — T

b.a.u.

The following lemma is the key ingredient of our proof.

Lemma 3.4 (Cuculescu’s inequality) Let © = (zn)n>1 be a bounded positive Ly -quasi-martingale and

s> 0. Then there exists a decreasing sequence (en)n>0 of projections in M such that for every n >1
(i) en € My;
(ii) e, commutes with e,_1xpen_1;

(iil) epxnen < sepn;

(iv) moreover, if e = Ap>1€y,, then
n 2
expe < se for alln > 1 and 7(e™) < —||z|1.
s

2726



MA et al./Turk J Math

Proof We define the required sequence (ey),>o by induction. First let e = 1. Then for every n > 1 define

€n = X(O,s] (enflmnenfl)-

It is clear that properties (i), (ii), and (iii) are satisfied. We also have ex,e < se for all n > 1. Thus it remains

to show the trace estimate (iv). It is easy to see that

(er—1 —er)(ex—12per—1)(er—1 —ex) > s(ex—1 — ex).

Let x, = yn + zn(n > 1) be its Doob’s decomposition. Then we deduce that

sT(l —ey)

IN

M+ I 1M

3

S T(ex—1 — ex)
1

>
Il

T((ex—1 — ex)(ex—12rer)(ek—1 — €k))
7((ex—1 — ex)Tk)

n
T((ex—1—ex)yr) + > 7((ex—1 — ex)z)
k=1

Il
—

IT.

—
+

Noting that y = (yn)n>1 is a martingale, by the trace preserving of & we have

= Z T((‘:k
k=1

Also

II

k

IN

€k— l_ek yn

n
k=1

n

n

ZT ek—1— ex)yYn) = T((1 — €n)yn)-
k=1

n
T(er—12k) E T(ex—12k—1) — T(€nZn)
k=1

Z T(ex—1dzr) — T(enzn)

—

Z lldzxlly — 7(enzn)-
k=1
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Combining the preceding estimates, we obtain

stl—en) < 7((1=en)@n—20)) + > lldzklls — 7(enzn)
k=1

= 7((1=en)wn) = 7(z0) + Y _ ldzilx
k=1

n
lzall +2) Izl

<
k=1
< 2(sup [lznll + Vi(z)).
Letting n — oo, we get 7(e*) < 2(sup,, ||z |1 + Vi(x)). Thus the theorem is proved. O

Remark 3.5 A general bounded L, -quasi-martingale x = (xn)n>1 can be decomposed into a sum of four
bounded positive Li -quasi-martingales. Indeed, let x,, = yn+2z,(n > 1) be Doob’s decomposition. We decompose
(Yn)n>1 into a sum of four positive martingales: yn, =yt — y2 + i(y> —y2)(n > 1) and (dz,)n>1 into a sum

of four positive parts: dz, = dz} — dz2 + i(dz} — dz})(n > 1). Noting that (dz¥),>1 is predictable, we have
oo o0 oo
Do lEnmrdzflly =) lldzill < Y lldzalh < oo
n=1 n=1 n=1

n
Thus for each k, (2F),>1 is a positive quasi-martingale with zF = > dz;?. Let xF = oF 4+ 2F(n > 1). Then
j=1

(zF)n>1 is a positive quasi-martingale for each k and x, =z} — 22 + i(x3 — 22)(n > 1). Thus Lemma 3.4 is

still valid for not necessarily positive quasi-martingales.

Proof of Theorem 3.3. Let « = (z,,)n,>1 be a bounded L,-martingale with 1 < p < oo and z,, = y,, +2n(n >
1) its Doob’s decomposition. Then y = (y,)n>1 is a bounded L,(M)-martingale. Suppose that m > n. Since

|2m — 2znllp < Z ldzkll, =0 as m,n — oo, (3.1)
k=n+1

(2n)n>1 is a Cauchy sequence in L,(M) for 1 < p < co.

(i) Let 1 < p < co. Since there exists yoo € L,(M) such that y,, converges to yo, in L,(M) (in w*-topology
for p = 0o )by Lemma 3.2, it suffices to prove that (z,),>1 has the same convergence. This is true since

(2n)n>1 is a Cauchy sequence in L,(M).

(ii) It is a little more complicated for the case of p = 1. Since there exists yo, € L1(M) such that y, — Yoo
b.a.u. by Lemma 3.2, it suffices to prove the b.a.u. convergence of (z),>1. For any € > 0, there exists

an increasing sequence (ng) of nonnegative integers such that

> ldznll < 47"e. (3.2)

n>ng
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For any nonnegative integer k, define

o — 0, n < ng
Zn = Zng, T >Ny

and let u* = (u¥),,>1. For any fixed k, it follows from (3.2) that

S e adukl = 3 el < 47" (33)
n=1 n>ng
and
sup uflli = sup (|20 = zn,lh < Y lldzalls < 47" (3.4)
n n>ng n>mn

Thus u* is a bounded L;-quasi-martingale. Then by Remark 3.5, for each k, there exists a projection
e® € M such that sup ||efufe®|| < 2-27% and
n

o0
c —
7(1 =€) < ool = 2 (sup fug |l + D [€n-rdup ) < 2¢-27%
n

n=1

7(1 — €F) < 2ce and

118

by using (3.3) and (3.4). Letting e = Ap>1ex, we have that 7(1 —e) <

k=1

1
le(zn = 2n,ell = lleuell < [le*upe®| <

- < 5e for any n > ny.

Thus (ezne)n>1 is a Cauchy sequence in M and hence there exists v € M such that
llezne —v|| = 0 asn — oo.
On the other hand, it follows that from (3.1) there exists zo, € L1(M) such that
llzn — Zoolls = O

and hence
llezne — ezoce|ls — 0 as n — oc.

Therefore, v = ezoce and

llezne — ezooe]| — 0 as n — oo.

Thus z, b.a.u. converges to z... The proof is completed.

4. Gundy’s decomposition and its application

In this section, we first prove Gundy’s decomposition for bounded L;-quasi-martingales. We should point out

that this result can be simply obtained by using Doob’s decomposition in [4] and Theorem 3.6 in [6]. However,

we will give a direct proof of Theorem 4.1 since by this way we can get Equation (4.1) which is useful for the

proof of Theorem 4.2 (that is the application of Theorem 4.1).
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Theorem 4.1 Let © = (zp)n>1 be a bounded positive Lq-quasi-martingale and s > 0. Then there exist a
bounded Lq-martingale y = (yn)n>1 and three bounded Li-quasi-martingales z = (2n)n>1, v = (Un)n>1 and

w = (Wp)n>1 satisfying the following properties:
(i) @p =yn + 2n + Un +w, for every n > 1;
(ii) ¥ = (Yn)n>1 s a bounded Lo-martingale such that

lylls < 15]|zlls  and [lyl5 < 8sllz];

(&)
(iil) Y [|dznllr < 12|21 ;
n=1

(i) masx(r(Var(dva)), 7(Val(dwn))) < 2]l
Proof

(i) Let s > 0 and (e,)n>0 be the sequence of projections associated with x as in the proof of Lemma 3.4.

We define the four required sequences as follows (with & = 0):
dyn, = epdzne, — En—1(endryey), (4.1)
dzp = ep_1dxnen_1 — dyn,
dv,, = en_lda:nefl_l, dw,, = ei_ldxn
for every m > 1. It is easy to see that (i) holds and y = (y,)n>1 is a martingale.

(ii) Using the orthogonality of (dyg)k>1 in La(M) and the contractivity of E,_1, we get for every n > 1

n n
lyalld =D Idyells <2 llexdwrel3.
k=1 k=1

Since

erdrre, = ep(epTrer — ep—1Tp—1€5—1)ek,

we have

lexdzrer3 < |lexzrer — ex—17k—1€k—1]13 == |lar — ax—1])3-

Now using the identity
(ar — ak—1)* = aj — aj_1 + ap—1(ar—1 — ar) + (ap—1 — ag)ag_1

and the tracial property of 7, we get that for any k& > 2

llar — ar—1]3 7(a) — T(aj_y) + 27[ar—1(ar—1 — ax)]

= 7(ap) — 7(af_y) + 27[ak—1(ar—1 — Ex—1(ar))].
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By the commutation of e and ep_ixrer_1, we have for any k > 2

Ee—1(ar) = Ep—i(erer—_1TreK_1€))

IN

Er—1(en—1xRer—1)

er—1Ek—1(xp—1 + drg)er—1

ag—1 + ep—1Ek—1(drr)er—1

Set a), = ap—1—Ek—1(ar)+er—1Ek—1(dxy)er—1(k > 2). It follows that aj, > 0 for any & > 2. Consequently,

by ax_1 < s, we get for any k > 2

Tlak-1(ar—1 — Ex-1(ar))] = 7(ar-1a;) — 7(ar-1€r-1Ek-1(dzr)ex—1)
< 7((ap)Ear—1(ap)?) + sl|E—1(day)
< st(ay,) + sl Ex—1(dap)|x
< st(ag—1 — ag) + 25[|Ex—1 (dwg) |1

Combining all preceding inequalities, we deduce that

lynllz < QZ ) — 7(aj_,) +4SZ T(ak—1 — ax) + 2[|Ex—1(dzr)|1]
k=2
< 27(a?) +4s7(ay) — 4s7(ay,) + 8s Z I€k—1(dzi)||1
k=1
< 8sl|zl1.

Therefore, ||y||3 < 8s||«||;. This is the second inequality of (ii). The first inequality is postponed after the

proof of (iii).

(iii) Set

Up = Ep—1Tnp€n—1 — EnTn€n and bn = €n—-1Tp—-1€n—1 — EnTn—-1€n

for any n > 1. Then dz, = ap — by, — En—1(an — bn) + En—1(en—_1drnen—1)(n > 1). It follows that

D ldznlli <2 (Idanlly + Idballt) + Y [1€n—1(dan) |-
n=1 n=1 n=1

Using the commutation of e, and e,_iz,e,_1, we have that

N|=

1
n = (e"_l - 6")6"—1x"e"—1 = (en—l - en)Zen—lxnen—l(en—l - en) > 0.
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Thus ||ay|l1 = 7(a,) for any n > 1. Therefore,

N

N N N
S llanlh =70 an) = 7D (en-12nen—1) — Y _(en—1Zn_1€n_1)] — T(enTNEN)
n=1 n=1 n=1

n=2

N
= Z T(en—1En—1(dzp)en—1) + T(eox1€0) — T(eENTNEN)
n=2

IN

N
> ll€n—rdanlly + 1l + 21,

n=2

e}
whence Y |lanll1 < 2||z|;. Pass to the sum on b,,. Writing b,, as

n=1
by, = en—lxn—len—l(en—l - en) + (en—l - en)en—lxn—len(n > 1)

and using that e,_12,_1€,-1 < s, we get, for any n > 1, ||b,]|1 < 2s7(en—1 — €,,). Thus by Lemma 3.4,

D lIbull < 2s7(et) < 4zs.

o]
Putting the preceding inequalities together, we obtain > ||dz,|l1 < 12]||z||;.

n=1
Now return to the first inequality of (ii). Note that

N N

Z en—1dTpen_1 = Z(en,lmnen,l —€n—1Tp—1€n—1)

n=1 n=1
N—1

= (en—1Tn€n—1 — EnTnen) + EN_1TNEN_1

n=1
N—1

= ap + EN-1TNEN—1-
1

3
I

N
Thus || > ep—1dxnen—1ll1 < 3||z|l1. Therefore,

n=1

N
lywll < 11D en—rdanen—lli + llznll < 15]|z]1,

n=1
whence the first inequality of (ii) holds.

(iv) By the definition of dv,,, for any n > 1, r(dv,) < et _; < et. Therefore V,,r(dv,) < e*. Thus, by Lemma
3.4,

2
T(Var(den)) < o]l

The second estimate on dw,, is proved in the same way. Thus the proof of Theorem 4.1 is complete. O

Theorem 4.1 is still valid for not necessarily positive quasi-martingales by Remark 3.6.
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Now we give an application of Theorem 4.1 that concerns 2-co-lacunary sequences in noncommutative
quasi-martingale spaces. We need the sequence of 2-co-lacunary, which we recall briefly below. We refer to
[1] for more details. Let X be a Banach space. A sequence (z,)p>1 C X is called 2-co-lacunary if there is a

constant 6 > 0 such that for any finite sequence (ay)n,>1 of scalars,

33 " lan®)® <1 anwallx.

n>1 n>1
The following is the application of Theorem 4.1.

Theorem 4.2 Let (di)k>1 be a relatively weakly compact quasi-martingale difference sequence in Ly (M, T)
whose sequence of norms is bounded away from zero. Then (dn)n>1 is a 2-co-lacunary sequence in Li(M,T).

Note that our proof mostly follows the proof of Theorem 3.6 in [6]. Our main novelty are Lemma 3.4 and
Theorem 4.1, which extend Cuculescu’s inequality and Gundy’s decomposition for noncommutative martingales

to the quasi-martingale setting.
Proof of Theorem 4.2 Set

yn =Y ardp(n > 1),

k=1

then y = (yn)n>1 is a quasi-martingale. By assumption that the series )", ardj is convergent in L (M, 1),
thus y = (yn)n>1 is Li-bounded. Let (er) be the sequence of Cuculescu’s projections associated with y as in

the proof of Lemma 3.4. Imitating the proof of Theorem 3.6 in [6], we can obtain that

. 1

inf{||exdrer — Ex—1(erdrer)|le : k > 1} > =0 (4.2)
where

o= inf{HdkHLl(M’T)JrM ck>1} > 0.

Let yn, = by + ¢ + vy + wp(n > 1) be Gundy’s decomposition of y = (y,)n>1 as in Theorem 4.1. Then we
have [|b||3 < cAlly|l: and
dby, = erdyrer, — Ex—1(exdyrer).

Thus
dby = erdyrer — Ex—1(exdyrer) = ag(erdrer — Ex—1(erdrer)).
This gives
> lakPllerdrer — Ex-1(erdrer) |5 < ellyl,
k=1

and therefore by (4.2) we conclude that

(o)
o? Z lar]? < 25¢A|ly||1 < oo.
k=1

The proof is complete. O
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