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Abstract: In this paper, we investigate the phenomena of concentration and cavitation and the formation of delta-shocks
and vacuum states in solutions of the pressureless type system with flux approximation. First, the Riemann problem
of the pressureless type system with a flux perturbation is considered. A parameterized delta-shock and generalized
constant density solution are obtained. Then we rigorously prove that, as the flux perturbation vanishes, they converge
to the delta-shock and vacuum state of the pressureless type system, respectively. Secondly, by adding an artificial
pressure term in the pressureless type system, we solve the Riemann problem of the system with a double parameter flux
approximation including pressure. It is shown that, as the flux perturbations vanish, any two-shock Riemann solution
tends to a delta-shock solution to the pressureless type system; any two-rarefaction-wave Riemann solution tends to
a two-contact-discontinuity solution to the pressureless type system and the intermediate nonvacuum state in between

tends to a vacuum state.
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1. Introduction

The pressureless type system reads as

{ (pu)i + (puf(u))z =0, (L.1)

where p and u represent the density and velocity, and f(u) is given to be a smooth and strictly monotone
function. The Riemann solutions of (1.1) were obtained in [12], which comprise two kinds: delta-shock and
vacuum. Under the generalized J§-Rankine-Hugoniot relation and entropy condition, all of the existence,
uniqueness, and stability of Riemann solutions of (1.1) to viscous perturbations were also proved in [12]. The
Riemann problem of (1.1) with initial data containing Dirac delta functions was discussed in [15]. Huang [6]
studied the Cauchy problem of (1.1). Moreover, when f(u) = u, the system (1.1) coincides with the Euler

equations for pressureless fluids:

pt + (pu)x = 0,
{ (puw)s + (pu?), = 0, (1.2)
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which has been analyzed extensively; see [1, 2, 5, 7, 10, 12], etc. It has also been shown that §-shocks and
vacuum states do occur in the Riemann solutions. Since the two eigenvalues of (1.2) coincide, the occurrence of
d-shocks and vacuum states can be regarded as a result of resonance between the two characteristic fields. Such
phenomena can also be regarded as the phenomena of concentration and cavitation in solutions to the Euler
equations for compressible fluids as the pressure vanishes; for instance, see [3] for isentropic Euler equations,
[8] for isothermal Euler equations, [4] for nonisentropic fluids, etc. Recently, motivated partly by [3, 4, 8],
Yang and Liu [13, 14] introduced a two-parameter flux approximation including pressure in the isentropic Euler
equations and adiabatic Euler equations to study the phenomena of concentration and cavitation as the flux
approximation vanishes.

In this paper, we continue the topic of formation of delta-shocks and vacuum states in solutions and
study the two-parameter flux perturbation problem in a pressureless type system. For this purpose, we add an

artificial pressure term in the pressureless type system and consider the flux approximation system

(pu)e + (puf (u) — €1u® + e2p(p))a = 0,
which is strictly hyperbolic and genuinely nonlinear, where €1, €5 > 0 are small parameters, p and u are in the

261

physical region {(p,u) : p > 7oy > 0, |u| < Vp} for some Vj, the pressure function p(p) is taken to be the

polytropic gas
p(p) =A4p", v>1, (1.4)

and A > 0 is a constant. For convenience, the constant A is chosen as A = % in the present paper. In addition,

we assume f”(u) > 0 for the sake of convenience and the rest of the case can be discussed in a similar way.

We first investigate a pure flux approximation

pt + (pf(u) — 2€1u), =0,
{ (pu)t + (Puf(U) — 61U2)I = 0, (15)

which is the special case ez = 0 in (1.3). Taking initial data as

(u—ap—)a T < Oa
(U+,P+), x>0,

(u,p)(t =0,z) = {

where (u4,py) are constants, we solve the Riemann problem of (1.5). The Riemann solutions contain a

parameterized delta-shock when w_ > w; and a generalized constant density solution (p = f%a)) when

u_ < uy. As € — 0, we show that any parameterized delta-shock of (1.5) converges to the delta-shock of the
system (1.1). By contrast, any generalized constant density solution tends to the vacuum of the system (1.1).
Then we solve the Riemann problem (1.3) and (1.6) and analyze the limits of solutions as €;,e2 — 0. It
is shown that when u_ > u,, any two-shock Riemann solution of (1.3) converges to the delta-shock solution
of the system (1.1) as €1,e2 — 0. It is also shown that when u_ < uy, any two-rarefaction-wave Riemann
solution of (1.3) tends to a two-contact-discontinuity solution of (1.1), and the nonvacuum intermediate state
in between tends to a vacuum state as e;,e; — 0. Besides, when ¢, = 0 and ea — 0 in (1.3), the limits of

solutions were considered in [9]. Compared with [13], one can find that the results from [13] are recovered.
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The organization of this paper is as follows. Section 2 reviews the solutions of (1.1) and (1.6). In Section
3, we solve the Riemann problem (1.5) and (1.6) and study the limits of solutions as ¢; — 0. Section 4 solves

the Riemann problem for the system (1.3) and investigates the limits of solutions as €;,€e2 — 0.

2. Riemann solutions of the pressureless type system

In this section, we briefly recall the Riemann solutions to the system (1.1). We refer to [12] for more details.

The Riemann problem (1.1) and (1.6) can be solved by the following two cases under the assumption f’(u) > 0.
When u_ < uy, the solution includes a vacuum state, two contact discontinuities, and constant states

(ug, p+). It can be expressed as

(u,,p,)7 _OO<§<f(u*)7
(u,p)(&) = (F71(€),0.), flu-) <& < fluy), (2.1)
(U+,p+), f(u+) < E < +o0.

When w_ > wuy, the solution contains a d-shock. A two-dimensional weighted d-function w(s) dg

supported on a smooth curve S parameterized as t = ¢(s), z = z(s)(c < s < d) can be defined by

d
(w(t(s))ds, p(t(s), x(s))) :/ w(t(s))p(t(s), x(s))V/T'(s)? + o' (s)?ds (2.2)

for all test functions ¢(t,z) € C° (R4 x R), Ry = (0,400) and R = (—o0, +00).
With this definition, we can introduce a d-shock solution of (1.1) as follows:
p(t, .’L‘) = pO(tv 1‘) + w(t)(SS? u(t7 CL‘) = uo(t, $)7 (2'3)

where S = {(t,0t) : 0 <t < o0},

po(t,) = p- + [pix(o — ot) waltsr) = -+ (o - ot)w(e) = LIy

in which [h] = h4 —h_ denotes the jump of function h across the discontinuity, o is the velocity of the §-shock,
and x(z) the characteristic function that is 0 when z < 0 and 1 when = > 0.

For any ¢(t,z) € C§°(R4+ x R), as shown in [12], the d-shock solution constructed above satisfies

(0, 08) + {pf(u), pz) = 0,

(pu, 1) + (puf(u), pz) =0, (2.5)

where

“+o0 “+o0
(p,p) = / / popdzdt + (wis, ),
0 —00
+oo  ptoo (2'6)
(pu, @) = / / puopdzdt + (uswis, @),
0 —00

and u|s =ugs, f(u)ls =0.
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Then we can deduce the generalized Rankine-Hugoniot relation

&g MIET) o) prw), MIETD  oi)  fpug(w), (2.7

and
o = f(ug). (2.8)
In addition, the entropy condition is supplemented as
flug) <o = flus) < flu-), (2.9)

which is equivalent to

Ugp <us < u_ (2.10)

under the condition f’(u) > 0.

3. Riemann solutions and limit analysis of (1.5) as ¢; — 0

In this section, we solve the Riemann problem (1.5) and (1.6), then analyze the limit of Riemann solutions as
€1 — 0.

3.1. Riemann solutions of (1.5)

The system (1.5) provides two eigenvalues \; = f(u) with the associated eigenvectors r; = (1,0)" satisfying
VA;-r; =0, where 4 = 1,2, which means that it is full linear degenerate. Therefore, the elementary waves of
(1.5) only involve contact discontinuities.

Performing the self-similar transformation £ = z/t, we can find that the system (1.5) has the singular

solution

o 261

fr(u)’ (3.1)

which is called generalized constant density. The elementary wave is contact discontinuity
Jiow=€=f(u) = flup). (3.2)

In the (u, p)-plane, two states (u_,p_) and (uy,ps) can be connected by the contact discontinuity if and only
if they are located on the line u = u_ = u4 .

Now we can construct the Riemann solutions by the following two cases.

For the case u_ < uy, the solutions of Riemann problem (1.5) and (1.6) can be solved by a generalized

constant density and two contact discontinuities besides two constant states (see Figure 1), and can be given as

(u,,p,), —oo<§<f(u,),
(w,p)(&) =< (F7HE. piy) flus) €< flug), (3.3)
(ug, py), fluy) <& < +oo.

2738



LIU and YANG/Turk J Math

J:ox/t= f(u-) J:ox/t= f(uy)
P =70
(=) (+)
@) T U
Figure 1. Generalized constant density.
t
d: zft=0c
z/t = flus) )
I
(=) (+)
9) xz

Figure 2. Delta-shock.

For the case u_ > u , as shown in Figure 2, the singularity of solutions must develop in the region I" due
to the overlap of the characteristic lines. Therefore, we use a delta-shock to construct the Riemann solution.

We seek a delta-shock solution of (1.5) with discontinuity =z = z(¢) in the form

(u—; p-)(t, ), z < x(t),
(w,p)(t2) = § (g wr (0o — (1), == a(t), (3.4)
(U+,p+)(t,£8), x> (E(t),

where 6(+) is the Dirac measure and z(t) € C'. Then we can get that (3.4) satisfies the generalized Rankine—

Hugoniot relation

dr

a7

d(w \/W) = 0% p] = [pf(u) = 26c1u], o
d(w ug' W) = o [pu] — [puf(u) — e1u?],

and
ot = f(u§). (3.6)

The generalized Rankine-Hugoniot relation describes the relationship among the location, propagation speed,
weight, and assignment of u on the discontinuity. In addition, the discontinuity should satisfy the entropy
condition

uy <ug <u_. (3.7
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Thus, this Riemann problem is reduced to solving (3.5) and (3.6) with the initial conditions
t=0: 2(0) =0, w(0) = 0. (3.8)

According to the knowledge about delta-shocks in [12], we find that w® (¢) is a linear function of ¢, o and

ug' are constants. Therefore, a delta-shock of (1.5) and (1.6) can be assumed to take the form
d: x(t) =0, w(t)=wy't, ug(t) =us, (3.9)

where o, wy', and u§' are to be determined constants. Substituting (3.9) into (3.5) and (3.6) yields

wg' /14 (01)? = [plo® — [pf(u) — 2e1u],
W u§ /IT 002 = [pulos — [puf(u) - eru?], (3.10)
o = f(ug'),
which gives
([olugt — [pul) F(u) — [pf () — 2eruluf) + [puf(w) — eru?] = 0. (3.11)
Taking the entropy condition (3.7) into account, we analyze the solutions of function equation (3.11). Set
F(ug') = ([plus' — [pu]) f(ug") — [pf (w) — 2eru]ug’ + [puf(u) — eru?]. (3.12)
One can calculate that
F(uy) = ([plus — [pu]) f(ur) = [pf (u) = 2e1u]us + [puf(u) — eru®
= p—(u- —up)(flus) = flu-)) + e (us —u_)? (3.13)

= —p_[u][f(u)] + e1[u]?,

which yields F(uy) <0 for ¢ < p_[[];](u)]
Similarly,
F(u-) = py[ul[f(w)] — ex[u]?, (3.14)
and F(u_) >0 for ¢ < M[[ii](u)]
Thus, we have
Fup)F(u_) <0 for e < min(p_ [[ﬁu)], as [[{L}(U)}) = a. (3.15)

Furthermore, differentiating F'(ug') in (3.12) with respect to ug' leads to

F'(ug') =([plug’ — [pul) f(ug") + [plf (u§") = [pf (u) — 2e1u]
=p—(fu-) = fuz")) + pr(f(ug') = f(uy)) (3.16)

(s =)+ p (gt — ) () + 26 (g —u_) > 0,
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for

p—(flu) = fuz")) + py (f(ug') = Fus)) + (0 (u— — ug') + py (ug' — uy)) f'(ug')

200 — ) = b.

€<

Therefore, taking € = min(a,b), one can get that when 0 < ¢; < €7, there exists one and only one zero
point of function F'(u§') in (u4,u_) according to the zero point theorem. This means that when 0 < ¢; < &,
Eq. (3.11) has a unique solution denoted by ug' under the entropy condition (3.7). Then we can return to

(3.10) to solve the ¢t and wg' uniquely. Thus, we have the following theorem.

Theorem 3.1 Let u_ > uy. For 0 < €1 < €1, the Riemann problem (1.5) and (1.6) admits a unique entropy

measure solution of the form

(u—, p_)(t, x), x < o,
(wp)(t,2) = { (g, wr (6@ —01)), @ =0t,
(ug, pt)(t, ), x > ot

where w (t) = wy't and all of the three constants o', wg', and ug' are determined uniquely by (3.10) under

the entropy condition (3.7) .

3.2. Limit analysis of Riemann solutions of (1.5) as ¢; — 0
Now the limit of Riemann solutions of the system (1.5) as e — 0 for p_ # p; can be discussed. We need to
investigate two cases: u_ > uy and u_ < u4.

In the case u_ > uy, we can check that u§' — us when ¢; — 0 from (3.11). Returning to (3.10), we

immediately get that wg' — wo and ot — o as e; — 0. Thus, the following theorem holds.

Theorem 3.2 Let u_ > uy. For 0 < e; <€, assume (u, p) is the delta-shock solution of (1.5) and (1.6).

Then, as €1 — 0, the limit functions of p* and puct are the sums of a step function and a 6 -function with the

t
ﬁ(a[ﬂ —[pf(w)]) and
of (1.1) and (1.6).

weights (olpu] — [puf(u)]), respectively, which is the delta-shock solution

t
V1+ o2

Then we consider the case u_ < u, . In this case, the limit of solution of (1.5) is obvious. We can directly

get from (3.3) that, as e; — 0, the limit of solution is just the vacuum solution (2.1) of the system (1.1).

4. Riemann solutions and limit analysis of (1.3) as €1,e3 — 0

In this section, we solve the Riemann problem (1.3) and (1.6), then discuss the limit of Riemann solutions as
€1,60 — 0.

4.1. Riemann solutions of (1.3)

For small €1,€5 > 0, the two eigenvalues of the system (1.3) are

A= f(u) = Vep 2 (pf (u) — 2€1) A2 = f(u) + Ve2p?2(pf' (u) — 2€1), (4.1)
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and the corresponding right eigenvectors are

Y—2 T v—2 T
_ _ €20’ _ 20"
" (1’ \ pf’(u)—2€1> T (1’\/ pf’(u)—261>

Then we have V;-r; # 0 (i = 1,2) for \/eaf"(u)p” — /p72(pf' (u) — 2e1) ((v + 1) (pf' (u) — 2€1) + 6€1) # 0,

and the system (1.3) is thus strictly hyperbolic and genuinely nonlinear.

By seeking the self-similar solution, we can get

—pe + (pf (u) — 2e1u)e =0,

€007 (4.2)
—¢(pu)e + (puf(u) — exu® + 2 =0,
and
(u, p)(£00) = (us, ps), (4.3)
which, for smooth solutions, provides either the backward rarefaction wave
£=M = f(u) = Ve 2(pf (u) - 261),
§(U—7 p—) : . 625772 (44)
T Vs =24
or the forward rarefaction wave
£= X2 = fu) +e2p12(pf (u) - 261),
ﬁ(u—v p—) : 6287_2 (45)
sf'(u) — 2€;
Through differentiating ¢ with respect to p and w in the first equation of (4.4) and noticing u, = Z—:,

we have

_fatla o Vel ) alr=2))
1_< 5 /() N OIOE 5 )5. (4.6)

Thus, we can get ue > 0 from (4.6) for €;,ey sufficiently small, which means that the set (u,p) joining to

(u—, p—) by the backward rarefaction wave is made up of the half-branch of %(u_, p—) with u > u_. In the

same way, for the forward rarefaction wave, we have ug > 0 for €1, €y sufficiently small, which implies that the

set (u, p) joining to (u—, p—) by the forward rarefaction wave is made up of the half-branch of ﬁ(u_, p—) with
uU> Uu_.

On the backward rarefaction wave curve, taking p = f%a)

in the second equation of (4.4) leads to

P- €987 2
—u_ e g 47
v L\t )
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Set

6287 2
Gu) =u—u_ 4.8
() =u—u T (18)
For every fixed © > u_ , since the integral / 1/ f y 5 ——————ds is convergent according to the Cauchy

S — Z€]

7

criterion, we have G(u) > 0 for €1, €5 sufficiently small. Thus, G(u ) < 0. In addition, the function G(u)

is continuous with respect to w € [u_,u]. Therefore, there exists u; € [u_,ﬂ} such that G(u;) = 0, which

means that the backward rarefaction wave curve intersects with the curve p = f%a 3 at a point denoted by

(ula Pl) .
For the forward rarefaction wave, passing to the limit p — +o0 in the second equation of (4.5) yields
628’7 2

pgrfoou =u_ +/ P = 26, ——————ds, (4.9)

which gives hrf u = +oo. In fact, if lim w = ¢ € (u_,400), then there exists N > 0, and when p > N,
p——+oo

p——+o00

one can get that

|u—cl|<1,

which means that u is bounded, so f’(u) is bounded. Set | f/(u) |[< M for some M > 0. Since

€987 2 /6287 2
Sf/ 7261

we have

v—2 tooo
628 5 ————F—ds > GMQ/ s77ds = +00, (4.10)
— 2 \/ .

which indicates a contradiction. Then we get HI_P u = 400 from (4.9).
p—+o0

For a bounded discontinuity at & = o2, the Rankine—-Hugoniot relation is

—09%[p] + [pf (u) — 2e1u] = 0,

') (4.11)

—0pu] + [puf(u) — eu? + =0,

where [h] = h, — by with h; = h(t,2(t) — 0) and h, = h(t,z(t) + 0). Eliminating 0“® from (4.11), together

with the Lax entropy inequalities, we obtain the backward shock wave curve

pplu—u ) (F(u) = fu) = Z(p—p-)(p = p2)
(umpo): u—u_=-— K . P>, (4.12)

%
S =
e1(p— +p)
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and the forward shock wave curve

poplu—u)(f(u) — f(u)) = Z(p— p-)(p7 — p7)
?(u,,p,): uU—u_ =— 61(,0_+p)7 , p<p_. (4.13)

Furthermore, it is easy to check that du/dp < 0 for the backward shock wave curve and du/dp > 0 for
the forward shock wave. When p — +oo in (4.12), we find lim v = —oo. When p — 0 in (4.13), we get

p—>—+o0

hr%u = —00, which indicates that the forward shock wave curve intersects with the curve p = 7o At a point
p—

denoted by (ua, p2).
Through the analysis above, for small €7, €5, given a left state (u_, p_), the phase plane can be divided
into five regions by the wave curves (see Figure 3):

@(U+,p+) ( U—, p— R+ﬁ ®(U+,p+)€II( U—, p— +?
® (usps) € HI(u_,p_): S + B; @ (ui,py) € IV (u_,p- <§+§

=t

e
® (uy,py) € V(u_,p_): R + generalized constant density state (p = -2L:) + R.

Figure 3. Curves of elementary waves.

4.2. Limit analysis of Riemann solutions of (1.3) as ¢;,e2 — 0

As €1,e9 — 0, the two regions IT(u_,p_) and ITI(u_,p_) have empty interiors. Thus, we only need to
consider the limit process for the two cases (u4,py) € IV(u_,p_) and (u4,p4) € I(u_, p_) UV (u_, p_).

4.2.1. Formation of delta-shocks

In the case (u4,ps) € IV(u_,p_) with u_ > uy, the Riemann solution contains a two-shock wave and a

nonvacuum intermediate constant state. Let (u$?, pS1©2) be the intermediate state. We suppose that (u_,p_)
and (ug'°2, p&€?) are connected by backward shock wave S with speed 07'®?, and that (u$'?,pS©?) and

(ug, p+) are connected by forward shock wave ? with speed 05'“?. We thus obtain
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€€ €€ €€ €2/ ¢e €€
p—pL (st —u ) (f(ul?) = fluo)) = = (p8 — p)((p22)7 = pl)
ug? —u_ = — — , (4.14)
e1(p- +p?)

P> p—,

%
on S, and

€€ €€ €1 € €2 €€ €€
Py (ug —u?) (fuy) = Fud?)) — =(ps — p22) (0L — (p5°2)7)
Uy —use = — — . , (4.15)
e1 (P + p4)

PP > Py

on ?

Then we can give three lemmas as follows.

Lemma 4.1 lim p$® = +4oc0.
€1,62—0

Proof If lim 0p§}€2 =d € (max(p_, p4),+00), and noting u; < u < u_, we can deduce from (4.14) and
€1,E2—>

(4.15) that uy —u_ = —oc0 as €1,€3 — 0. Therefore, we must have lim Opi”? = 4o00. O
€1,62—>

Lemma 4.2 Set lim 0u§152 =us € (ug,u_) and o = f(us). Then
€1,6€2—>

lim €5 (pl12)7 = yp—(us —u)(f(us) = f(u-)) = vp4-(ug — us)(f(uy) = f(us)), (4.16)

€1,e2—0

61712220 o1'? = el}éggo 05 =0, (4.17)
ostee
lim p2dg = ofp] = [pf(u)], (4.18)

ere
€1,e20—0 011 2

€1eg
Ty

lim P2 dg = olpu] — [puf(u)). (4.19)

€€
61762—>0 0_11 2

Proof Letting €1,e3 — 0 in (4.14) and (4.15), respectively, and noting Lemma 4.1, we can obtain (4.16).
From the first equation of (4.11), it follows that

g = PEEF(E) = p-fluo) + 2e1(u- — )

_ e , (4.20)
_ €1€2 €1€2 2 €1€2 __
0_5162 — p+f(u+) P f(’LL* 5)1:2_ 61(’[1,* u+) ) (421)
P+ — Px
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Then the result of (4.17) is easily reached, and we have

lim pfie (o — 0§1) = olp] — [pf (w). (4.22)

€1,e2—0

Similarly, using the second equation of (4.11), one can deduce that

lim pgud? (05 — ot?) = olpu] — [puf(u)]. (4.23)

€1,e2—0

Thus, (4.18) and (4.19) hold. O

<_
It is shown from Lemma 4.1 and Lemma 4.2 that the density between S and ? becomes singular when
€1,€2 — 0.

Lemma 4.3 The quantity us, i.e. the limit of u$*“* in Lemma 4.2, is just the propagation speed of the
delta-shock of (1.1) and (1.6).

Proof Noticing

lim poeul (05 — o) = lim pf(o5? —of') - lim uite (4.24)
1,€2

61,62—)0 61,62—)0

and (4.22) and (4.23), we get that wus is uniquely determined by
fus)lpul = [puf ()] = (f (us)lp] — [pf(w)])us (4.25)

under the entropy condition (2.10). Thus, the lemma is true. O

Now a theorem that can characterize the limit of solutions of (1.3) and (1.6) as €1,e2 — 0 can be given

as follows.

Theorem 4.4 Let u_ > uy. Assume (u, p<) to be the Riemann solutions containing two shock waves of
(1.3) and (1.6) constructed in Subsection 4.1. Then, as €1,e2 — 0, p and p2u 2 converge in the sense

of distributions, and their limit functions are the sum of a step function and a § -function with the weights

t

T ol = lpf(w)]) and

t
\/ﬁ (alpu] — [puf(uw)]),

respectively, which is just the delta-shock solution of (1.1) with the same Riemann data (1.6).

Proof (i). The two-shock wave solution of (1.3) can be given as

(U,,p,), 5 < 0-;1627
(W, 1) (€) = (s, p), of' <€ <o, (126)
(u+ap+)7 € > 0-;162-

For any ¢ € Cd(—o00,+00), (4.26) satisfies weak formulations

+oo 400
/ (—p o€ 4 p€ F(u) — 2eu )P dE — / P pdE = 0, (4.27)

— 00
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and

+oo
/ (= prerusieag + preune fute) — a(ur)? + (o)) gld
Y

—00

oo (4.28)
—/ preutgdé = 0.

— 00

(ii). Decomposing the first integral in (4.27) into

0;1‘2 0;1‘2 +OC
( Y Y )(—pmg e (1) — 2eu1) g, (4.29)
o oiee sE1€2

2

and computing the limit of the sum of the first and last term of (4.29), we have

0;162 +oo
- (/ “f )“’“”f S (u2) = 26 ut2) gl dg
— 0o ogle?

61,624)0
oi1e2
= lim (=p—&+p—f(u-) — 2e1u_)¢’d§
€1,62—0 | _
oo (4.30)
“+o0
+ lim (=p+& + pif(us) — 2e1uy)¢'dE

€1,e2—0 ofle?
—+00

= (ofp] = [pf(W)])e(o) + Q(§ — o)pdg

with
Q(ga){ p—, §<o,

P+ 5 > 0.

For the limit of the second term of (4.29), one can get

osiee
lim (—p6162§ + p€1€2f(u€1€2) _ 261u€1€2)¢/d€
€1,620—0 0;162
oSie2
= lim (=p2 28+ pl f(ul?) = 2€ul )¢ dE

€€
61762—>0 0.11 2

€1ez €1en €1e €1eg €1ea €1en
— : €1€ €1€2 €1€2 #(o )—¢(o ) €1€ g ¢(o )—o ¢(o )
= lim p (05 —0'?) | = Raqer——rir— [ (ug?) — =2 L B R 4.31
€1,e20—0 To 81 To 51 .
X os1e2
s €1€ €1€
TR 6dg ) — lim 2eus (05 ) — 9(07'))
Ty" "0y 05152 €1,60—0

= (@lo] = [ps )]) (06 (0) = 70/ (0) = 6(0) + 6(0) )
=0.

Then combining (4.30) with (4.31) yields

+oo +oo

lim peodE = (alp] = [pf(W])d(a) + Q€ — 0)ods. (4.32)

€1,e2—0 [ _
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(iif) We employ the weak formulation (4.28) to consider the limit of p“ €2, Similarly, from the first

integral of (4.28), we have

(/ / /) ey 4 ey fly EleQ)_el(u€1€2)2+%( o (439

Taking the limit €;,e3 — 0 in the sum of the first and last term of (4.33) leads to

. 6162 €1€2 €1€2, €1€2 €1€2 €169 € €169
([ ) e S

€1,e2—0
4.34
. (1.34)
= (alpu] = [puf(w)])¢(o) + Q€ —0)pdS
with
~ p-U—, g < a,
QE—o)=
P+ U+, 5 > 0.
For the limit of the second term of (4.33), using Lemmas 4.1-4.2, we can obtain
0.;152
€
lim ( — PIEYLRE 4 YR f(y12) gy (u12)2 4 2 (pere2)Y )¢ dg
€1,e2—0 0.;152 y
cre cre 75 )~ (o] ucte ere e2(pt )11 ¢loy" ) —¢(0)
= lm pi2(o3' — oy 2)(% 2 f(ugiez) 4 22 5 L 06163_f£162 )
€1,e2—0 2 1 2 1
o €1e2 €1€2)_ j€1€2 y( C1€2 e o5t (435)
e P Dy i/ cbdf)
2 O.;IFZ
_ 3 €1€2)\2 €1€2) _ €1€2
Jlim e (use) (¢<02 ) = 6(o52))
=0.
Returning to (4.28), we get
“+oo —+oo -
Jim [ prensgds = (ool ~ [puf@)olo) + [ Qe - ojode. (1.36)

iiii). Finally, as €1,e2 — 0, we investigate the limit of p* ¢ and p*“2u1“? depending on ¢. For any test
P P
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function ¢(z,t) € C§°(R x R;), we have

“+o0 “+o0
Jim / 1 (/1) £ dadlt
0 00

€1,e2—0

+o0 +oo
~ lim / P (€ (€L, t)d(Et)dt
0 —00

€1,e2—0

€1,e2—0

+oo +oo
— t( T (£>w<§t,t>d5> dt
0

- (4.37)
+o0 too
= [ el st + [ ate- oputenoe )i
+o0 “+o0 400
— [ (ol oot e+ | t( Qe - aw(st,t)de) i
0 0 —00
400 +oo +oo
— [ (ol - sttt a + [ QU — ot)y(r, t)dudt.
0 0 —00
Thus, by the definition (2.2), we get
“+o0
| @l = lertaestot e = (ur(6s. 6. )
0
with w (t) = ¢1%2("[P] ~ [pf ).
Similarly, it can be shown that
+oo “+oo
61)151;() ; /700 preut (z/t)(x, t)daxdt
+oo oo (4.38)
= (w0t + [ [ Qo isar,
with wa(t) =~ (opu] ~ [ouf (w)]).
This completes the proof of Theorem 4.1. O

4.2.2. Formation of vacuum states
In the case (uy,p+) € I(u—,p_)UV(u_,p_) with u_ < uy, we get that, on the backward rarefaction wave,

the solution (u¢2, p©1€?) satisfies

£ = () — a2 ) — 2) P <,
— (4.39)
flu-) — \/eszi (p—f'(u") = 261) <& < f(uf®) — \/ea(pS =) =2(p8 2 [/ (ush2) — 2€1),
and on the forward rarefaction wave
{ £ = f(ur2) + Jex(perea) V=2 (perea f/(ucrez) — 2¢y), P < pys (4.40)
F(uzt) + /el 2 ™) = 261) < € < flus) + /ealpa ) 2o ) — 2e0)

Now we analyze the formation of the vacuum state in the limit of solutions of (1.3) and (1.6).
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Note that (ug'2, pi*€?) is on the curve of the backward rarefaction wave %(u_7 p—). Thus,

€€
*

P €987 2 P— 6287
€ie2 _ 0 d < — = ds:= B, 4.41
U, U /p sf’( 5152) s<u_ + sf’ u1 _261 S ( )

If u_ <uy < B2 the solution does not contain a generalized constant density. However, if B¢ < uy , the
intermediate state becomes a generalized constant density.
We claim that there exists a ¢y > 0 such that when 0 < €; < ¢g and 0 < €3 < €, the intermediate state

is a generalized constant density. In fact, for any €1, €5, setting €; = es = €, we obtain from (4.41) that

€1€2
ue =y " e ey g ds S+ . _ T B (4.42)
- f/ 6162) Sf/ Ul — % T : '

Thus, if u_ < ug < B¢, there exists €, such that (uy,ps) € I(u_,p_) when u_ < uy < B¢ . However, if
B¢ < uy, there exists €., such that (u4,py) € V(u_,p_) when B < uy.

P— sY—2 fi(u1)p- s 26, y—2
Let E(e c — uy + u_. Since the integral / &ds is
S f’ uy) — 2 0 S
oy
. - €572 . .
convergent, we can deduce that the integral / fl(i)ds is uniformly convergent in € < €, by
S uy) —

using the M-criterion, and then E(e) is continuous with respect to € and E(e.)E(e.s) < 0. Thus, there exists
€0 € [€xx, €x] such that E(ep) =0.

Therefore, if 0 <€ < ¢y and 0 < €5 < €, the intermediate state is the generalized constant density

261
i) = (“ f(u)) G < U (0) < uy, (4.43)
where
p- €057 —2 P+ €2872
€162 2 €1€2 2
ugl? =u- + — A4S, ugy’ =uq — ————ds.
ety sf'(ugy™) —2e1 o sf/(ugy”) = 2a

Then, when 0 < €1 < €9 and 0 < €3 < €, taking €1,e5 — 0, we have

lim pgt? =0,
€1,e2—0
which means that the vacuum occurs. Moreover, noting that p and f/(u€?) are uniform boundedness with
respect to €1, ey, we find
€1€2 €1€2

lim wu =u_ lim w, =u
€1,e2—0 01 ’ €1,e2—0 02 +

and

lim f(u"?)=¢ for &e(f(u), f(ug))

€1,e2—0

In conclusion, from the analysis above, it is clear that the limit of the solution is the solution of the

system (1.1), which contains two contact discontinuities £ = x/t = f(us) and a vacuum state in between.
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