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Abstract: Bargraphs are lattice paths in N3 that start at the origin and end upon their first return to the z-axis.
Each bargraph is represented by a sequence of column heights w172 - - - 7y, such that column j contains 7; cells. In this
paper, we study the number of bargraphs with n cells and m columns according to the distribution for the statistic that

records the number of times a given shape lies entirely within a bargraph for various small shapes.
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1. Introduction

Bargraphs (or barcharts) are closed lattice paths in NZ, where Ng = {0,1,2,...}, that start with (0,0) and
upon their first return to the z-axis end their progression to the right and return to (0,0). Each step is an
up step (0,1), a down step (0,—1), a right horizontal step (1,0), or a left horizontal step (—1,0). The first
step has to be an up step, the right horizontal steps must all lie above the x-axis, and the left horizontal steps
must all lie on the x-axis. An up step cannot directly follow a down step and vice versa. Clearly, the number
of down steps must equal the number of up steps.

While similar lattice paths, such as Dyck and Motzkin paths, have been extensively studied (see [6, 11]),
bargraphs have not attracted the same amount of combinatorial interest. Bargraphs have been studied previously
from the standpoint of statistical physics (see, e.g., [12, 16-18]), and a connection between bargraphs and
probability theory can be found in [8]. Enumeration of bargraphs was undertaken in [5, 8, 9], where in [8, 9]
they are referred to as wall polyominoes. Bargraphs are also closely related to compositions of integers [10, 15].

Other results pertaining to bargraphs appear in [1-4], where the authors study the distribution of several
statistics such as number of peaks, number of levels, height, and width. More recent results appear in [14],
where the authors study corners in compositions and set partitions of a fixed size represented geometrically as
bargraphs.

In [7], the authors found a simple bijection between bargraphs and Motzkin paths without peaks or
valleys. Based on it, they use the recursive structure of Motzkin paths to enumerate bargraphs with respect to
several parameters, find simpler derivations of known results, and obtain many new results.

Before we state the goal of the paper, we provide a few definitions. Let B be a bargraph. Four points
(x,y), (@+1,y), (z+1,y+1), (z,y+1) that lie on or within B define what we call a cell of B. Each bargraph
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will be identified as a sequence of column heights m = mmy -7, such that column j contains exactly =;
cells. We denote the set of bargraphs with n cells and m columns by B, ,. Bargraphs with n cells and
m columns are clearly in a one-to-one correspondence with compositions of n with exactly m parts, whence

|Brm| = (m 1) (see, e.g., [10, p. 2]). For instance, Figure 1 presents the bargraph 2331422.

Figure 1. The bargraph 2331422.

Let B and C be bargraphs. We say that a vertex (z,y) of B is a C-vertez if C lies entirely in B
when positioned starting at (z,y). We denote the number of C-vertices of B by C(B). In other words, C(B)
denotes the number of ways C' can be positioned within B so that its vertices coincide with those contained
on or within B. For instance, if B is the bargraph given in Figure 1 and C' is the bargraph 12, then the
C'-vertices of B are (0,0), (1,0), (3,0), (4,0), (5,0), (0,1), and (1,1), which implies C(B) = 7.

Remark 1.1 Our definition of C-vertices is related to the generalized factor order in words (see, e.g., [13]).
We say that the word o = o109 --0,, is a generalized factor order of the word m = myms---m, at position
J if og < mj_14s for all s = 1,2,...,m. Therefore, our C = C1C5---Cy,-vertex at (a,b) in bargraph
B = BBy -+ By, corresponds to the word (Cy + b)(C2 +b) - (Cy, +b), which is a generalized factor order of
the word By11Bgy2 -+ Baym . For instance, if C' = 12, then the bargraph 232 contains C' three times, namely,
the C-vertices are (0,0), (0,1), and (1,0), which correspond to the factor 12 at position 1, the factor 23 at

position 1, and the factor 12 at position 2, respectively.

In this paper, we are interested in studying the generating function Fgo(x,y,q) for the number of
bargraphs with n cells and m columns according to the number of C-vertices tracked by ¢, where C' is a

fixed bargraph, namely,

)= X3 Y

n>0m=0 BEB,, m

In order to do so, we extend our notation as follows. We denote the generating function for the number of
bargraphs m = ajas - - a;m with n cells and m columns that begin with ajas - --a, according to the number

of C-vertices by Fo(x,y,qlajas - as).

2. Counting C-vertices

2.1. C has one column
First, we consider the case when C' is a bargraph having c¢ cells lying in a single column. By the definitions,
we have
Fo(z,y,qla) = 2"yFo(z,y,9), 1<a<c—1,
and

Fo(x,y,qla) = 2"yq* T~ “Fo(z,y,q), a>c.
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Thus,
c—1
FC(zvya Q) -1= ZFC(x,y,q|a) = Zl'ayFC(IIZ,y, Q) + ZxayqalechC(z’y’ Q)
a>1 a=1 a>c

xYq

(LL’ —ZCC)
F
1 C(xayvq)a

Y
:7F
11—z 0(9579,61)"‘

which implies the following result.

Theorem 2.1 Let C be a bargraph with ¢ cells and one column. Then

1
1— r—x° ryq *

1—x 1—xq

Fo(z,y,q) =

Table 1. The triangular distribution of Fe(z,1,q) for ¢ = 3.

n/k[0 [1 |2 [3[4]5
1 |1

2 |2

3 |3 [1

i |5 |2 |1

5 |8 |5 |2 |1

6 |13[10]6 |21
7 202013721

Theorem 2.1 gives d%FC(;U, 1,9) |g=1= O—JCW Thus, the number of C-vertices in all bargraphs with n

cells is given by (n—c+1)2"¢ for all n > ¢. Note that since the last expression depends only on the difference
n — ¢, for each ¢, we have basically the same sequence, which corresponds to A001787 in [19]. In the following

table, we show the triangular distribution of Fgo(x,1,q) for ¢ = 3, which corresponds to A076791 in [19].

2.2. Counting 11 - - - 1-vertices

Let C =1°=11---1, where 1 is repeated ¢ > 1 times. Note that the bargraph B contains 1¢ if and only if
there exist 2 and y such that the vertices (z,y), (z + 1,y), ..., (x + ¢,y) lie on or within B. In order to study
the generating function Fe(z,y,q) in this case, we need the following further definitions.

A forest bargraph is a sequence of bargraphs including the empty bargraph separated by empty columns.
In other words, a forest bargraph of n with m columns is a sequence o105 - - - 0y, such that Z;il o; = n with

o; >0 for 1 < j <m (where 0 presents an empty column). For example, Figure 2 presents the forest bargraph

1300102.
Let G(zx,y,q) be the generating function for the number of forest bargraphs of n with m columns

according to the number of C'-vertices. Note that each forest bargraph can be written as either 7 or w07’ where
7 is a bargraph (each letter of 7 is at least 1) and 7’ is a forest bargraph. For instance, for the forest 1300102, we
have m = 13 and 7’ = 0102 (see Figure 2), and for the forest 0102, we have 7 is the empty word (bargraph) and
7/ = 102. Thus, the generating function G(z,y,q) is given by G(z,y,q) = Fe(z,y,q) + yFe(z,y,9)G(z, v, q),
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Figure 2. The forest bargraph 1300102 of 7 with 7 columns.

which leads to

Fo(r,y,q)
Gl = 1*§FC( ) @

Now let us write an equation for the generating function Fo(x,y,q). A bargraph 7 is either empty, of

the form m = mymp---m; with 1 < j < ¢ —1, or contains at least ¢ columns. The contributions from the first

two cases are given by 1 and ( ) = for 1 < j <c¢—1, respectively. For the third case, we consider the forest

bargraph ' = (m1—1) - - - (7, —1) with m > ¢, which gives the contribution q%l (G(x, qry,q) — Z;;é E’ﬁ;&) .

By adding all the contributions, we obtain

. gyl 1 qjxjyj
F = P EE——
c(z.y.9) g(l_z)]Jqu_l (, qry, q) 72 -
Hence, by (1), the generating function Fo(z,y,q) satisfies
=1 i . ,
dy(1—¢~ ) 1 Fo(z,qay,q)
FC(xayvq) :Z 1— 1) c—11 — F, ’ (2)
= (-2 q qryFe(z, qry, q)
Define a(z,y,q) = >25_ é% Then
1 qc—l
FC(‘rvyvq):a(xayv(J)_ / 1 )
Y =~ Folw.qzy.0)
which leads to the following result (see Table 2).
Theorem 2.2 Let C = 1¢ with ¢ > 1. Then
1 qc—l
Fo(z,y,9) = a(z,y,q) — / I
qry — 1/qcfl
a(l', qry, Q) - 1
(qz)%y — =
a(z, (g2)%y, q) — ———
(qz)Py— -~
. Fo(x,xy,l _
Note that (2) gives Fo(z,y,1) = #@?131) Clearly, Feo(z,y,1) = 17 Let A(z,y) = F (2,9,9) |g=1-

By the fact that

%FC(Z’»CII%Q) |q=1: :cy%FC(z,u, 1) |u=xy +A(z, zy)
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and Fo(z,y,1) = ﬁ, (2) gives

c—1

(e=1—j)aly’ Fo(z,xy,1)

1 —ayFo(z, zy,1)

Pﬂ

(c=1)

(1—=a)
Jj=0

ryFZ(z,zy, 1) + J;y%FC(m, U, 1) |y=zy +A(x, zy)
(1 —zyFo(v,zy,1))?

+

(c—1—jg)aly’ 2 2y 4t Fo(w,u,1) luzay
= — = —(¢c—1D)Fe(z,y,1) + axyFi(x,y,1) + u
2y DR DR mEe s DY o R Gy )2
N A(z, zy)
(1 —ayFe(z,2y,1))?
_ zcy° (?y +a — 1)2A(x )
T-o 2y ra-12  (wyta-nz )
Thus, we have
zcy° (%y +a—1)2
A = A
(z,9) (zy + 2 —1)2(1 — z)c2 + (xy +x —1)2 (z,zy)
B (z¢ + 22°)y° (x?’y—kx—l)QA(m %)
Tyt 12(1-o 2 (@yte-—12 00
c 2c 3c\,,c 4 -1 2
_ (2€ 4 22 4+ 25y +(x y+xz—1) Alw, %)

(zy+2x—1)2(1—2x)2  (zy+z—1)2

Assume |z|, |y| < 1. Iterating infinitely many times and noting A(z,0) = 0, we obtain

chrcjyc

Alw,y) = — 5
= (1—2z)2(xy+2a—1)
which leads to A(z,y) = F (2,9,9) |g=1= (1_z)c,2(1f;:')(1_z_zy)2 . Hence, we can state the following result.

Corollary 2.3 The generating function for the number of 1¢-vertices in all bargraphs with n cells is given by

xC

(1 —2)e2(1 — 2¢)(1 — 2x)2°

For example, the generating functions for the number of 1-vertices, 11-vertices, and 111-vertices in all

.2 3

bargraphs with n cells are given by (1_751)2 , (1_I2)“(1_2m)2 , and (1—1)(1—23)(1—295)2 , respectively.

In the following table, we show the triangular distribution of Fo(x,1,q) for ¢ = 2, which corresponds to
A110971 in [19].
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Table 2. The triangular distribution of F¢(z,1,q) for ¢ = 2.
n/k|0[1]2|3|4

1 1

2 1|1

3 11211

4 112141

5 1126 1

2.3. Counting cl-vertices

Let C = cl. By the definitions, we have

Fc(x7yaq|i):IinC($7yaq)7 i:1a27"'ac_17

a—c+1
Fo(z,y,qla) =2y + Y Fo(z,y.qlab)+ Y Fo(x,y,qlad)
b=1 b>a—c+2
a—c+1
="y +a"y Y ¢Folz,y,qb) +ayg" Y Fo(x,y,qlb)
b=1 b>a—c+2
a—c+1
=21 — ¢" ) + 2y~ Fo(z,y,q) + 2%y Y (¢ — ¢* ) Fo(z,y,qlb),
b=1

where a > c¢. In order to solve this recurrence relation, we define Fo(u) = Fo(x,y, ¢;u) = 14>+, Fo(z,y, qla)u®.

Multiplying the recurrence by u® and summing over a > ¢, we find

> Fo(wy,qla)u® = auy(1—¢* ) + > ayg" T Fo(x,y, q)

a>c a>c a>c
a—c+1
+> <my > (¢ =" Fo(x,y, qlb)> u’,
a>c b=1
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which implies

c—1 o e .. .
F = 1 F a _ F
cu) =1+ ; o(@,y,qlaju’ + ——= = 7= prov p— c(z,9,9)
£ 30D et (g — ) Fo(e,y,gla)
a>1j>a
c—1 o e .. .
rTuy T u"yq Tucyq
=1 F, a _ F
—i—; c(z,y,qla)u” + l—2u 1—qou  1—qau c(z,y,q)
fECJrailchra*lyqa xc+a71uc+a71yqa
- F
—i—Z ( 1 — zu 1~ gzu ) c(z,y,qla)
a>1
c—1 o e . .
=1 F, a _ P
—i—; c(z,y,qla)u” + 1—2u 1—qou 1= quu c(z,y,q)
J?C—luc—ly xc—luc_ly
BErTE —1) - ——=(F —1).
- 1—zu (Fo(gzu) —1) 1—gqzu (Fe(qru) —1)

By using the initial conditions Feo(z,v,q|i) = 2'yFo(x,y,q) = 2'yFo(1) for i =1,2,...,¢ — 1, we have

TCyu’ 1 —q)xyu®
Fo(u) =1+ <xyu+~-~+x‘:1u‘31y+q Y ) (1) + ( (1 - g)a’y

F .
1—qzu 1—zu)(1 — qzu) o(zqu)

Assume that |z|, |q| <1 and |u| < 1. Iterating the above equation infinitely many times yields

c—1 1+cjxc(1+j) u’ j—1 xci—i—c ci (1_ )uc
Fo(u) = 1 D i + L "7 "YU Y B B At —
v Z( +<¥ ot e ) PO ) I e e

j>0 i=0

By substituting u = 1, and solving for F(1), we obtain the following result.

Theorem 2.4 The generating function for the number of bargraphs with n cells and m columns according to

the number of cl-vertices is given by

> U@ yragy

720 TP (=" 1q) (A=(@) ™)

FC('I:a Y, q) = .
(7+1) (4 P j+1giye —pi+1lgd 14cjge(143)
c c y(zl T q))C—axI T q)) a
) T ( 2 )q (2)(17q)1y1< Py Es oy +4 17(;)]41 y)
2520 IT/Zo (1-a+1g") (1= (zq) " +1)

Since d%(l —q)™ |q=1= 0 for all m > 2, Theorem 2.4 leads to

_x°(d—q)
2 Few,1,0) |1 = - S [T
dg- T 1y gee  T0-0)(Siiete i)
1- Zs:l €Te = 1—qz (I—z)(1-zq) q=1

l'chl

(1—22)2(1 — 22)

R 1 2 10
-7 (2(1 o) B(+o) 31-202 91 —Qm)) '
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Corollary 2.5 The number of cl -vertices in all bargraphs with n cells is given by 97(71;)71_6 + 3(71795)722"’“rl

forall n > c.

For instance, the number of cl-vertices in all bargraphs with n = ¢,¢ + 1,c¢ + 2 cells is given by 0, 1, 4,
respectively. Note that since the expression in the prior corollary depends only on the difference n — ¢, for
each ¢, we have essentially the same sequence, which corresponds to A102301 in [19]. In Table 3, we give the

triangular distribution of Fe(x,1,q) for ¢ = 2, which corresponds to A298637 in [19].

Table 3. The triangular distribution of Fc(z,1,q) for ¢ = 2.
n/k|0|1]2

Y | W DN =
QY = W N =
—

2.4. Counting cd-vertices

Theorem 2.4 can be extended to the case of cd-vertices. Let C' = ¢d. By symmetry, namely, applying the

reversal operation, we may assume c > d. By the definitions, we have

Fc(l‘7yaq|i):xinC($7y7q)7 i:172a"'7c_17

d—1 a—c+d
FC(xayaQ|a) :x“y+ZFc(x,y,q|ab)+ Z FC(x,y,q\ab)+ Z FC(xvya(ﬂab)
b=1 b=d b>a—c+d+1
d—1 a—c+d
=a"y+ay Yy ayFo(e,y,q) +2% Y ¢ Fo(e,y,qlb)
b=1 b=d
+ayg Tt Y Fo(x,y.qlb)
b>a—c+d+1
d—1
= 2% (1 —¢* ™) (1 + Fo(z,y,9) bey> +ayq* T Fo(,y,q)
b=1
a—c+d

+ x(ly Z (qb_d+1 - qa—C+1)FC($7 Y, Q|b)7
b=d

where a > c. In the last equality, note that we used the relation Fo(x,y,q) =1+ 2]21 Fo(x,y,q|j). Similar

to the previous subsection, in order to solve the recurrence, we define

FC(U) = FC(.’E,y,q;u) = 1+ZFO(£L',y,q|(L)’LLa.

a>1
By multiplying both sides of the recurrence by u®, summing over a > ¢, and proceeding as before, we
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obtain

(1 - g)zyu’
(1 —zu)(1 — qzu)

ijqu—F Z; 2y Iyq;;z Py — | Fe(y)

Fc(u) =1+

xcfdyucfd xcfdyucfd 0
— Fo(gru) — 1 — Fo( ¥ yu?
(e~ g | Pt ol Zq ’

This is equivalent to

where

=1
a(u) * (1 —zu)(1 — qzu)
S (1 - g)zyu’

/ — Jyud 7 25 g

a(u)—;acyu —|—(1 )1—qmuz y—i— an: yu?
c—d c—d c—d c—d c—d+1 c—d+1
¢ yu ¢ %yu (1-q)z yu
ﬁ(u) = d-1 - =

¢t —au) ¢ M1 —gru)  ¢PH(1 = zu)(l - gau)

Assume |z, |y| < 1. Iterating (3) infinitely many times yields

Fo(u) = Y (afd’su) + o' (¢a7u) HB g'a'u)

Jj=0

which gives

Y jzoa(d’r?) HZQ& (¢'x")
1— Ejzo o (qiad) f;& B(qixi)'

Fo(1) =
Thus, by substituting the expressions of a(u),a’(u), B(u) into Fo(1), we obtain the following result.

Theorem 2.6 Let ¢ > d > 1 and C = cd. Then the generating function for the number of bargraphs with n

cells and m columns according to the number of cd-vertices is given by

>0 alde?) [T Bla'a’)

Fc(xayvq): o 1 RN
1= 500/ (¢729) [T]2, Blgia?)
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where
1— q)l,cfdJrlyucfdJrl
:1_ 1_ d—1 (

() = 1= (1~ ylgmu)! ) G

d—1 d—1
(1 - g)zyu’ L grtyut
Zf”jy“] A= z0)(1—goa) 2=Vt T gu P yw

qru) q =~

(1 _ q)x07d+1yuc7d+1

B(u) = g 1(1 — zu)(1 — qru)’

Theorem 2.6 with ¢ =1 (here S(u) =0) gives Fo(x,y,1) = 1:";,21) = ﬁ, as expected. Note that
T—x

o L Ity
ag’s) lg=1=1, &/ (¢'07) [gm1= 775, B(a’27) |g=1=0

and
o c(j+1) d
PN ___ vy j
2 =1 =~ e g —B(d2) |g=1,
i+l 4 peli+1) c(G+1),, 41 d
; y(jo’t + ) y s, _ i) s(j+2)
dq (qx)|q 1= A=zt (1_xj+1)2;$y dq qu 12% Y,
a Yz U+ e—d+D)
& B(ai s
dqﬁ(q 2?) |g=1 = (1—aith)2
Therefore, after several algebraic steps,
d 4 a(l) +al@)B(1)
7FC z,Y,q =1= -
dq ( ) la dg 1—o/(1) = a/(qz)B(1) | =y
chrdyZ
T A—a)(1 -z —ay)?
Let K = (17062)%17%)2 = 2(1171) + 18(11+w) + 3(1:1295)2 — 9(1§2m)' Then the coefficient of 2™ in —Fc(a: 2 Q) |g=1

is given by [2" 7" K, where [2"]K = W + 3%;12””, which occurs as [19, Sequence A102301]. Hence,
we have the following result.

Corollary 2.7 Let ¢ > d > 1. The number of cd-vertices in all bargraphs with n cells is given by

94 (—1)n—cd N (3(n —c—d) + 1)2n—c—d+2
18 9

forallm>c+d.

For instance, for d = 1 it yields Corollary 2.5. Note that the case ¢ = 3,d = 2 corresponds to A118869
in [19].
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