Turkish Journal of Mathematics Turk J Math

(2018) 42: 2775 — 2778
© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-1602-67

http://journals.tubitak.gov.tr/math/

A note on the associated primes of local cohomology modules for regular local
rings

Yubin GAO~”
College of Mathematics and Information Science, Shaanxi Normal University, Xi’an, Shaanxi, P.R. China

Received: 17.02.2016 . Accepted/Published Online: 31.08.2018 . Final Version: 27.09.2018

Abstract: Let R be a regular local ring. In this note, we prove that AssgH7(R) is finite for any ideal I of R. We
also give a sufficient condition for AssRH(‘O’Iyyyz)(R) to be finite for x,y an R-regular sequence and z € R, which would

imply that Lyubeznik’s conjecture is true in the regular local rings case.
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1. Introduction
Throughout this note, R denotes a commutative Noetherian ring with identity, I an ideal of R and M a finite

R-module. The i-th local cohomology module of M with support in I is defined as

Hi(M) = ling Exty(R/I™, M).

In general, the i-th local cohomology module H(M) is not finitely generated. For example, if ¢ > 1 is the
largest integer such that Ht(M) is nonzero, then H!(M) is not finitely generated. Grothendieck [3] conjectured
that Hompg(R/I, H:(M)) is a finite R-module for all i > 0. Later, Hartshorne [4] gave a counterexample to
this conjecture. In [6], Huneke conjectured that AssgH:(M) is always a finite set. However, Singh [13] and
Katzman [8] gave examples to show that H?(M) may have infinitely many associated primes. Huneke and
Sharp [7] (in the case of positive characteristic) and Lyubeznik [9] (in characteristic zero) showed that if R is a
regular local ring containing a field, then H%(R) has only finitely many associated primes for all ideals I and
i > 0. Lyubeznik [10] also showed this result for an unramified regular local ring of mixed characteristic R.

In [9], Lyubeznik conjectured that if R is a regular ring and I an ideal of R, then H!(R) has finitely
many associated primes for any 7 > 0. In [2], Bhatt et al. proved that for a smooth Z-algebra R, the conjecture

is true.

For a Cohen-Macaulay local ring R, Hellus [5] showed that if H?

toyy (R) and H

(r.y,2) (1Y) have finitely
many associated primes for some kind of z,y, and z in R, then AsspH!(R) is finite for all ideals I and i > 0.
In this note, for a regular local ring R, we prove that AsspH?(R) is finite for any ideal I of R and give a

sufficient condition for AssRH(?;’%Z)(R) to be a finite set.
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2. Main Results
Proposition 2.1 Let ¢ : R — S be a faithfully flat homomorphism of Noetherian rings and ¢* : Spec S —
Spec R the map induced by ¢. Let M be an R-module. Then AsspM = ¢*(AsssM ®Qr S).

Proof By Theorem 23.2in [12], AsssM ®@rS = UpcasspmAssg(S/pS). Since S is a faithfully flat R-algebra,
S/pS is nonzero and ¢*(AssgS/pS) = {p}. Then ¢*(AsssM ®@r S) = Upcasspm@®(AssgS/pS) = AssgM.
O

Let (R,m) be a regular local ring and R the m-adic completion of R. Since Risa faithfully flat
R-algebra and Hi(R) ®p R = H}E(ﬁ), by the proposition above, AssgHi(R) = ¢“(A55§H;§(Z§)). Hence,
when we consider the problem of whether AsspH?:(R) is finite, we can assume that R is a complete regular

local ring.

Proposition 2.2 Let x,y be an R-sequence in a Noetherian ring. Then AssRHéc y)(R) = AsspR/(z,y).

Proof Since z,y is an R-sequence, ht(x,y) = grade(z,y) = 2. By Theorem 1.1(b) in [10], AssRH(zx y)(R) =

AsspExt%(R/(z,y), R) . The Koszul complex K (z,y) gives a free resolution of R/(z,y),
0>R—-R®R— R— R/(z,y) = 0.

From the above resolution, we see that Ezt%(R/(z,y), R) = R/(z,y). Hence, AssRH(zz’y)(R) = AsspR/(x,y).
O

The following theorem is proved in Theorem 2.4 in [1]. Using a different method, we give a much simpler

proof here.

Theorem 2.3 Let R be a regular local ring and I an ideal of R. Then H?(R) has only a finite number of

associated prime ideals.

Proof If dim(R) <1, then H?(R) = 0; If ht(I) > 2, since ht(I) = grade(I, R) and grade(I, R) is the least
integer i such that H!(R) is nonzero; hence, H?(R) = 0; if ht(I) = 0, then I = (0) and also H?(R) = 0.
Therefore, we can assume that dim(R) > 2 and consider the cases ht(I) =1 and 2, respectively.

IfhtI)=1and I =¢ N---NgsNgst1 NN gy is an irredundant primary decomposition of I with
V@ = pi- Suppose that {p;|l < i < s} is the set of minimal primes containing I, let J =p; N---Np,. By
Lemma 3 in [5], the finiteness of AsspH3(R) will imply that of AssgpH7(R). Since R is a unique factorization
domain, p; = (u;) for some irreducible element of R, then J = (uj---us) and H(Qu (R) = 0; hence,
AsspH?(R) is a finite set when ht(I) = 1.

If ht(I) = 2, then AsspH?(R) = AsspExt%(R/I, R) from Proposition 1.1(b) in [10]. Since Ext%(R/I, R)
is a finite R-module, AsspExt%(R/I, R) is a finite set; hence, AsspH?(R) is finite. O

1otg)

Theorem 2.4 Let R be a regular local ring, x,y € R an R-regular sequence with AsspR/(x,y) = {p; | 1 <
i <t}, and (2™, y"™) = ¢n1 N -+ N@ns the irredundant primary decomposition of (x™,y™) such that \/Gn; = ;-
Let z € R and the prime ideals to which z belongs are {p;|s +1 < i < t} for some positive integer s. If

Uo— AssrR/(qn1 N+ Nans + (2)) is finite, then AssRH(?’I y.o) () is a finite set.
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Proof From the spectral sequence EY? = HY(HY(R)) = HYT9(R), we see that H(“x gy (B) = H(lz)(H(x ().
Let M = H? (R), wehave H|, (M) = H (M /T, (M)). From the spectral sequence Exth(R/(2), (Z)(M)) =
Exth(R/(2), M) associated to the R-module M = M /T'(,)(M) and the fact that H?Z)(M) = 0, we have
Hom(R/(2), H|,)(M)) = Extp(R/(z), M). Since R is a domain, 2 is R-regular, and hence Eatp(R/(2), M) =

M /(z)M . Now we have

(z,y

Since R is a Cohen-Macaulay local ring and z,y an R-sequence, AsspR/(x,y) = AsspR/(z™,y"™) = {pi|]l <
i < t} are just the minimal prime ideals containing (z,y). Assume now that the prime ideals to which z

belongs are {p;|]s + 1 < ¢ < t} for some positive integer s. Since H(2 ) (R) = @R/(x",y"), where the
map R/(z",y") — R/(z"", y"*!) is multiplication by wy, then I'(,)(H{, (R)) = H?z)(liqu/(x",y”)) =
ligl“(z)(R/(:c”,y”)). Let R = R/(z",y"). Then

M/(2)M = (lim R/T()(R)) ®r R/(z) = im(R/T ) (R) @r R/(2)) = lim R/(T:)(R) + (2) R).
We have R/T(,)(R) = R/ U0 ((z™,y") :r (2')). Let (2",y™) = gu1 N+ N gy be the irredundant primary
decomposition of (z™,y™) with /gn; = p;. Since ((z",y") :g (2)) C -+ C ((2",y") :r (2') C ((2",y") &
(2'*1)) C .-+ is an ascending chain of ideals, there is a positive integer Iy such that Ujso((2™,y") :r (2})) =
((z™,y™) :r (2)). Note that we assume the prime ideals to which z belongs are {p;|s +1 < i < t},
we can choose ly large enough such that z ¢ Gn(s+1) N == N gne. Then we can see that ((z",y") :r
(")) = g1 N -+ N gps and we have R/(T'o)(R) + (2)R) = R/(gn1 N -+ N qus + (2)). Altogether we have
AssRH (o) (1) = Assg hﬂR/(qnl N-++Ngns+(2)). Therefore, if ;2| AssgR/(qn1 N Ngns+ (2)) is finite,
then AssRH(I 4.2 (F) is a finite set. O

Theorem 2.5 Let R be a regular local ring. If for all z,y, and z as in Theorem 2.4, ;- AssrR/(qn1 N
N @qns + (2)) is finite, then AsspH4(R) is finite for all ideals I of R and i > 0.

Proof By Theorem 4 in [5], to prove that AsspHE(R) is finite for all ideals I of R and i > 0, we only need

to check if the following two conditions are satisfied:

(1) ASSRH(Z ) (1) is finite for all z,y € R.

(2 )AssRH(m y,2)(£2) is finite whenever z,y € R is an R-sequence and z € R.
By Theorem 2.3, the statement (1) is true. As for the statement (2), we consider the following three cases.

If z is R/(x,y)-regular, then grade(z,y,z) = 3. From Proposition 1.1(b) in [13], AssRH(myz)(R) is a
finite set.

If z € \/(2,y), since the R-module H;
and AssRH?m’y_’z)(R) =0

zy)(R) is (z,y)-torsion, H(zyz)(R) = H(lz)(M/F(Z)(M)) =0
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If z is not R/(z,y)-regular and z ¢ \/(z,y), then z satisfies the conditions in Theorem 2.4, an hence
if o, AsspR/(qn1 N+ N gns + (2)) is finite, then AssRHg’%y)z)(R) is a finite set. Now the theorem is
proved. O
Remark. In the notation of Theorem 2.5, if we delete z, we have |J7—, AsspR/qn1 N+ Ngns = AssgR/qn1 N
< Ngns = {pi|]1 < i < s} forevery n > 1. Let mAssgpM denote the minimal associated primes of M. Since for
a finite R-module M and an M -regular element z € R, the minimal primes over p+ (z) for every p € AssgM
belong to AssgpM /(z)M , we have mAssrR/(gn1 N+ Ngns + (2)) = Ui_ymAssrR/(p; + (z)) for all n > 1.
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