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Abstract: In the present study, we introduce the classes Qcyv (u, A, B) and Qs7 (1, A, B). Furthermore, we obtain

coefficient bounds of these classes.
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1. Introduction and definitions
Let (D) denote the class of analytic functions in the open unit disk D = {z € C: |z| < 1} on the complex
plane C. Let A be the class of all functions f € H(ID) which are normalized by f(0) = f (0)—1 = 0 and have

the following form:
f(z) :z—l—Zanz". (1.1)
n=2

It is well known that a function f: C — C is said to be univalent if the following condition is satisfied:
z1 = 29 if f(21) = f(22). Let S denote the subclass of A which are univalent in D.

Let f and F be analytic functions in the unit disk ID. A function f is said to be subordinate to F,
written as f < F or f(z) < F(z), if there exists a Schwarz function w : D — D with w (0) = 0 such that

f(z)= F(w (2) ) In particular, if F' is univalent in D, we have the following equivalence:
f(z) = F(2) = [f(0)=F(0)A f(D) C F(D)].

Let ST and CV be the usual subclasses of functions whose members are univalent starlike and univalent
convex in I, respectively. We also denote the class of starlike functions of order a and the class of convex

functions of order a by ST («) and CV(«), respectively, where 0 < a < 1.
Also, we note that ST := ST(0) and CV := CV(0).
Janowski [5] introduced the classes by ST (4, B) and CV (A, B)

2f () 1+ Az
ST (A,B) = e A: < 1.2
( ) {f (2 1+ Bz (1.2)
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and

(1.3)

CV(A,B){ng; 1+Zf (2) 1+Az}’

7 ) “171B:
where z €D ,—-1<B<A<LI.

Also, we note that ST (a) := ST (1 —2a,-1), ST = ST (1,-1) and CV(a) = CV (1 —2c,—1),
Cy:=CV(1,-1).

A function f € A is said to be close-to-star if and only if there exists g € ST such that ®{f (z) /g ()} >0
for all z € D. Also, a function f € A is said to be close-to-convex if and only if there exists g € CV such
that R{f () /g (2)} >0 for all z € D. The classes of close-to-star and close-to-convex functions are denoted
by CST and CCV, respectively. The class of close-to-star was introduced by Reade in [8] and the class of
close-to-convex was introduced by Kaplan in [6]. Similarly, we denote the class of close-to-star functions of
order 8 and close-to-convex functions of order 5 by CST () and CCV(B), respectively, where 0 < 8 < 1 (see
Goodman [3]). The class of close-to-convex functions of order 8 was introduced by Goodman in [4].

Clearly, we note that CST := CST(0) and CCV := CCV(0).

Definition 1.1 A function f(z) in the form (1.1) is Janowski type close-to-starlike in D, there is a starlike
function g (z) such that

f(z) < 1+ Az
g(z) 1+ Bz’

(1.4)

where z€D ,—1 < B < A<1. We denote it by CST (A, B).

Similarly, a function f(z) in the form (1.1) is Janowski type close-to-convex in D, there is a convex
function g (z) such that

f(z) 1+ Az

g (z2) 1+4Bz

(1.5)

where z€D ,—1 < B< A<1. We denote it by CCV (A, B).
These classes are introduced by Reade [8] in 1955. We can easily write that

fEeCCV (A B) < zf €CST(A,B).

A function f € A is said to be quasi-convez if there exists a convex function g (z) such that R { (zf/ (z)) /g (Z)} >

0 for all z € D. The class of quasi-convex functions is denoted by QCV. The class of quasi-conver was in-
troduced by Noor and Thomas in [7]. Similarly, we denote the class of quasi-convex functions of order v by
QCV(7), where 0 <y < 1.

Definition 1.2 A function f(z) in the form (1.1) is Janowski type quasi-conver in D, there is a convex

function g (z) such that

’

(') 144
g (2) 71 1 Bz’

(1.6)

where z€D ,—1 < B< A<1. We denote it by QCV (A, B).
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Definition 1.3 A function f(z) in the form (1.1) is in the class Qcy (1, A, B) if there exists a function
g(z) € CV such that

[ +nef"(2) 144z
g (2) 1+ Bz’

where z€D ,—-1<B<A<1,0<u<l.

Definition 1.4 A function f(z) in the form (1.1) is in the class Qst (1, A, B) if there exists a function
g(z) € ST such that

(1—n) f(2) +nzf (2) L l+4s
g(2) 1+ Bz

(1.8)

where z€D ,—1<B<A<1,0<n<1.
By specializing u,n, and A, B, we obtain the following subclasses studied by earlier authors:
(1) If w=1, then Qcy (1, A, B) = QCV (A, B) is the class of Janowski type quasi-convex functions,

2) f pu=1, A=1-2y, and B = —1, then Qcy (1,1 —2v,—-1) = QCV () is the class of quasi-convex

functions of order ~,
3) fu=1, A=1,and B = —1, then Qcy (1,1,—1) = QCV is the class of quasi-convex functions,
(4) If p =0, then Qcy (0, A, B) =CCV (A, B) is the class of Janowski type close-to-convex functions,

(5) f pu=0, A=1-28, and B = —1, then Q¢ (0,1 —23,—1) = CCV (B) is the class of close-to-convex

functions of order 3,
(6) If u=0, A=1,and B = —1, then Q¢y (0,1,—1) = CCV is the class of close-to-convex functions,
(7) If n =0, then Qs7 (0,4, B) =CST (A, B) is the class of Janowski type close-to-starlike functions,

8) f n=0, A=1-28, and B = —1, then Qs7 (0,1 —28,-1) = CST (B) is the class of close-to-starlike

functions of order g,

(9) fn=0, A=1,and B=—1, then Qg7 (0,1,—1) =CST is the class of close-to-starlike functions,
If we let g (z) = f (2) in the Definitions 1.1, 1.2, 1.3, and 1.4, we have
CV(A,B)C QCV (A,B) CCCV (A,B) and ST (A,B) CCST (A, B).
Coefficient bounds on the classes convex and starlike functions of complex order is studied in [1, 2, 9].

Lemma 1.5 [9] If the function h(z) of the form
h(z) =1+ Z By 2™
n=1
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is analytic in D and

1+ Az
h(z) < B
then
1-A 2(A—-B

where z€D ,—-1<B<A<LI.

In this paper, we define Qcy (i, A, B) and Qst (n, A, B) and we obtain coefficient bounds for these
classes. Relevant connections of the various function classes investigated in this paper with those considered by
earlier authors on the subject are also mentioned.

2. Main results and their consequences

Theorem 2.1 If f(z) € Qcy (1, A, B), then we have

1 (n—1)(A—-B)
< 1 . 2.1
|a"|_1+(n—1)u[+ 1-B 21)
The extremal function f(z) satisfying the inequality (2.1) is given as
’ ” 2(A - B) z 1
=1
P 0 =14 2 ()
that is,
’ 7 > n(n— 1>(A_B) n—1
f(2) +pzf (z)zg[m 5 L
Proof Suppose that f(z) € Qcy (u, A, B). Then, if there exists a function
g(z) =24+, ,b,2" €CV and h(z) =1+ > ", hy2™ as in Lemma 1.5 such that
g9 (2)
for all z € D. From (2.2), we obtain
@) +pzf (2)=h(2)g ()
or
14> n[l+ (- Dplapz""" =1+ (Z bp—krhi—1 (n—k + 1)) 2" L (2.3)
n=2 = k=1

From coefficient equality of the term z"~! on both sides of (2.3), we obtain
n[l+n—1)pla, =nb, +(n—1)by_1hy + (n—2)by_oho + ...+ hy_1.

Since g(z) is convex in D and |b,| <1 and |h,| < % = € in Lemma 1.5, we have
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n—1

n[1+(n—1)u]\an|§n—|—62k
k=1

and this inequality is equivalent to (2.1).

In Theorem 2.1, if we choose special values for i, A, B, we can find the following corollaries.

Corollary 2.2 If f(z) € QCV (A, B), then we have

(n—1)(A-B)

1
ol <=1
|a|_n + 1-B

Proof Welet 4 =1 in Theorem 2.1.
Corollary 2.3 If f(z) € QCV (), then we have

anl < b1 =7) ).

Proof Welet py=1, A=1—-2v, B=—1 in Theorem 2.1.

Corollary 2.4 If f(z) € QCV, then we have

lan| < 1.

Proof Welet u=1, A=1, B=—1 in Theorem 2.1.

Corollary 2.5 If f(z) € CCV (A, B), then we have

(n—1)(A-B)

TLS 1
|an] +t——_"p

Proof Welet 4 =0 in Theorem 2.1.

Corollary 2.6 If f(z) € CCV (), then we have

lan| <n(1=p)+B.

Proof Welet u=0, A=1-25, B=—1 in Theorem 2.1.

Corollary 2.7 If f(z) € CCV, then we have

lan| < n.

Proof Welet u=0, A=1, B=—1 in Theorem 2.1.
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Theorem 2.8 If f(z) € Qs1 (n, A, B), then we have

lan| <

n (n—1)(A— B)
< T 1)n{+ — ] (2.4)

The extremal function f(z) satisfying the inequality (2.4) is given as

(1_77)f(2)+’l72’f/(z):1_|_2(A_B)< z )( z

1-B 1—2) (1—2)2
that is,
A=) F () +nef (2 Ej[ e

Proof Suppose that f(z) € Qs7 (1, A, B). Then, if there exists a function
g(z) =24+, ,b,2" € ST and h(z) =1+ > .7 hy,z" as in Lemma 1.5 such that

Q-mfE+nef (),
g9(2) =h(z)

for all z € D. From (2.5), we obtain

(L= f(2) +n2f () =h(2)g(2)

Z+Z 1+ (n—1)n —2+Z<an kr1he— 1) . (2.6)

From coefficient equality of the term 2™ on both sides of (2.6), we obtain
[1 + (n — 1) 77] ayp =by, +by—1h1 +by—ohs + ...+ h,_1.

Using g(z) is starlike in D and Lemma 1.5, we write |b,| < n and |h,| < % = €. Hence, we have

L+ (n—D)nllan| <n+ed k

that is,
-1)(A-B
we [, m=nEA-B]
1+(n—1)n 1-B
Thus, we have completed the proof of Theorem 2.8. O

Similarly, In Theorem 2.8, if we choose special values for 1, A, B, we can find the following corollaries.
Corollary 2.9 If f(z) € CST (A, B), then we have

(n—=1)(A-B)

|an|Sn 14 1-B
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Proof Welet n =0 in Theorem 2.8. O

Corollary 2.10 If f(z) € CST (53), then we have

|an| < n® (1= B) +np.

Proof Welet n=0, A=1-23, B=—1 in Theorem 2.8. O

Corollary 2.11 If f(z) € CST, then we have

lan| < n.

Proof Welet n=0, A=1, B= —1 in Theorem 2.8. O
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