Turkish Journal of Mathematics Turk J Math

(2018) 42: 2157 — 2165

© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-1711-101

http://journals.tubitak.gov.tr/math/

Compactness and Duality on Poletsky—Stessin Hardy Spaces of Complex
Ellipsoids

Sibel SAHIN"
Department of Mathematics, Mimar Sinan Fine Arts University

Received: 26.11.2017 . Accepted/Published Online: 28.05.2018 . Final Version: 27.09.2018

Abstract: In the first part of this study, we characterize the compact subspaces of HE(BP) and their relation to the
vanishing Carleson measures. In the second part, we discuss the dual complement of the complex ellipsoid and give a

duality result for HE(BP) spaces in the sense of Grothendieck—-Ko6the—da Silva.
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1. Introduction

In their seminal work [4], Poletsky and Stessin showed that it is possible to generalize the whole idea of Hardy
and Bergman spaces in the general context of hyperconvex domains in higher dimensions. After this leading
work, in [5, 6] we concentrated on these generalized spaces in various domains but especially complex ellipsoids
and in the present work of continuation, we consider the compactness and Grothendieck—Kéthe—da Silva duality
properties of these spaces. Firstly, we try to identify the characteristics of compact subspaces of these generalized
Hardy spaces, and then relate these properties with vanishing Carleson measures and compact linear operators.
Secondly, we describe the dual complements of complex ellipsoids and give a duality result analogous to [2] in

the sense of Grothendieck—Ko6the—da Silva.
The organization of the present paper is as follows: In Section 2, we recall the Poletsky—Stessin Hardy

spaces, HP(BP), on the complex ellipsoid BP and we introduce the Cauchy—Fantappie integral associated with
the Monge—Ampére measure p, , together with an integral representation for H?(BP). The main results of the
present study are given in the following sections: In Section 3, compact subspaces of HP(BP) are considered and
through their characterization we can see the relation between the vanishing Carleson measures and compact
operators on HZE(BP). Finally, in Section 4, we first give a brief introduction about Grothendieck-Kéthe-da
Silva duality for the spaces of holomorphic functions defined in a convex domain, and then using a general
characterization of dual complements of Reinhardt domains, [2] we give the dual complement of some special
type of complex ellipsoids. Finally, we prove a duality result for Poletsky—Stessin Hardy space of complex

ellipsoid.

2. Preliminaries
In this section, we give the preliminary definitions and some important results that we use throughout the

present study, where we focus on Poletsky—Stessin Hardy spaces on the complex ellipsoids in C™, which are the

*Correspondence: sibel.sahin@msgsu.edu.tr
2010 AMS Mathematics Subject Classification: Primary: 32A35, and Secondary: 32A70

2157

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0001-9808-5169

SAHIN/Turk J Math

basic examples of domains of finite type. Due to the Levi flat points at the boundary of these domains, they
are pseudoconvex but not strictly pseudoconvex, which is actually the reason behind the fact that PS-Hardy
spaces of the complex ellipsoid are a much richer class of holomorphic functions than the usual Hardy spaces of

the complex ellipsoids. The complex ellipsoid BP € C” is given as

n

BP = {z € C" p(z) = Y _ |3/ — 1 <0},
j=1

where p = (p1,p2,...,pn) € Z". Clearly u(z) = log(|21]?P* + |22|?"2 + ... + |2, ") is a continuous, plurisubhar-
monic exhaustion function for BP, so we can consider the Poletsky—Stessin Hardy spaces HE(BP) associated
with this exhaustion function. For the most general case of PS-Hardy spaces on bounded hyperconvex domains,
one may refer to [4, 5]. For the given exhaustion function wu, the corresponding Monge-Ampére measures sup-
ported on the sublevel sets S, (r) = {u =r}, 7 <0 are defined as p,,, = dd®(max{u,r})" — xge\ fu<r} (ddu)™.
Once we have the well-defined sublevel sets and corresponding measures, practically we have all the necessary

tools to define the PS—Hardy spaces as follows:

HE(E®) = {f € O®P)| sup [ |flPdpar < oc).
r<0 Ju=r

Let d(&,2) = [v(&, 2)| + |v(z,€)| be the quasi-metric defined on BP, where v(¢,2) = (9p(£), € — z). Then

explicitly v(§,z) = >0, p;i|&;|2Pi~VE (&5 — 2;) . Tt is shown that (9BP,d,du,) is a space of homogeneous type
1

([3],pg:1483) and ————— is a standard kernel.
? e )"

The Cauchy—Fantappie integral (which will be referred to as the CF integral throughout the present
study) of an LP(du,,) function f* is defined as

1 )” [T (©)dpu(€)
oBP

Hiz) = (% wE )

In [3], Hansson showed that the CF integral is a bounded operator on the boundary values of the classical
Hardy spaces defined with respect to the boundary measure dp A (00p)"~!, where the function p is defined
as p(z) = Z?:l |zj|?P7 — 1. One may easily show that p(z) = Z?=1 |zj|?Pi — 1 is exactly the boundary
Monge-Ampére measure associated with the exhaustion function u(z) = log(|z1|?"* + |22|P2 + ... + |2,|?""),
p = (p1,p2, .-yPn) € Z™ of the complex ellipsoid BP, which makes us deduce that the Hardy spaces that are
examined in [3] are merely the Poletsky—Stessin Hardy spaces H?(BP) that are generated by the exhaustion
function w. In [5, 6], it is shown that for the holomorphic functions f € HE(BP), the boundary value function
f* € LP(du.,) exists, so the CF integral of f* is well-defined. In [5], we showed that the CF integral has
reproducing property for the functions in H?(BP):

Proposition 2.1 Let f € HP(BP) be a holomorphic function, then

f(2) = Hf(z) = ( ! ) F(&dua(©)

2mi (v, 2)"
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3. Compactness

In this section we will give the compactness properties for the subsets of Poletsky—Stessin Hardy spaces HE(BP)
and analytic characterization of the vanishing Carleson measures on HP(BP), but before that we need to recall

the following from the leading work of Poletsky and Stessin:

Definition 1 Let D be a hyperconver domain in C™ and v be a continuous, plurisubharmonic exhaustion

function. For ¢ being a nonnegative plurisubharmonic function on D, we have

Iéll, = lim / bty
r—0 Sy(,)

Theorem 3.1 ([4],Theorem 3.6) Let v be a continuous, plurisubharmonic exhaustion function on a hyper-
convex domain D. Then for any compact set K C D, there is a constant C such that for all w € K, and all

nonnegative plurisubharmonic functions ¢ on D, we have

p(w) < Cllell

As an immediate consequence of the above result, we have the following:

Corollary 3.1 Let 1 < p < oo. Then for every relatively compact subdomain Dy CC BP, we can find a
constant C = C(Dg,p) > 0 such that

sup [f(2)] < Cllf [l zz(mr)
z€Dg

for all f € HE(BP)

Now using this, we give a basic compactness property for the subsets of Poletsky—Stessin Hardy space HE(BP)

on complex ellipsoid BP:

Lemma 3.1 Let B? be the complex ellipsoid, 1 < p < co. Then:

(i) If {fi} C HE(BP) is a norm-bounded sequence converging uniformly on compact subsets to h € O(BP),
then h € HP(BP).

(i) The inclusion HP(BP) — O(BP) is compact, that is any norm-bounded subset of HP(BP) is relatively
compact in O(BP).

Proof

(i) Assume that {fz} C HE(BP) is a norm-bounded sequence converging uniformly on compact subsets to
h € O(BP). Then,

/ |h|pd/~Lu,r :/ lim ‘fk|pd,ulu,r
Su(r) Sy (r) k=00

< lim | felP g < sup | fell 2 ey

k—o0 S (’l‘)

by Fatou’s lemma and thus as r — 0, we have ||A[| gz @e) < supy, [|frllzp@e) < oo and h € HE(BP) as

claimed.
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(ii) We have to prove that any norm-bounded sequence in HP (BP) admits a subsequence converging uniformly
on compact subsets. However, indeed the previous theorem says that sup-norm on a relatively compact
subset Dy CC BP of any f € HP(BP) is bounded by a constant times its HE(BP)-norm. Therefore,
if {fx} € HE(BP) is norm-bounded, by considering B,(r)s as an increasing exhaustion and applying
Montel’s theorem to each B, (r), we obtain a subsequence { fx;} converging uniformly on compact subsets
to a holomorphic h € O(BP), and moreover, h € H?(BP).

O
Now we will see the relation between compactness and vanishing Carleson measures, but first let us give the

definition of Carleson measures in the most general setting (for more details see [1]):

Definition 2 Let A be a Banach space of holomorphic functions on a domain D C C"; given p > 1, a finite
positive Borel measure p on D is a Carleson measure of A if there is a continuous inclusion A — LP(u).

Furthermore, 1 is called a vanishing Carleson measure of A if the inclusion A — LP(u) is compact.

Proposition 3.1 Let p be a finite, positive Borel measure on BP and 1 < p < oo. Then u is a vanishing
Carleson measure of HE(BP) if and only if ||frllrr(uy — O for all norm-bounded sequences {fr} C HE(BP)

converging to 0 uniformly on compact subsets.

Proof Assume that p is a vanishing Carleson measure of HF(BP). Then, HEZ(BP) — LP(u) is compact
by the definition of vanishing Carleson measure and take {fi} C HEZ(BP) norm bounded and converging to 0
uniformly on compacta. In particular, {f3} is relatively compact in LP(u); we must prove that fr — 0 in
LP(u). Now, for 0 < hg < 1,

/ﬁ Py = /ﬁ Py + / fulPdu
BP BP\(1—ho)BP (1—ho)BP

and the second integral on the right can be made arbitrarily small since f; — 0 uniformly on compacta. For

the first integral by ([6], proof of Theorem 3.3) we know that by choosing appropriate hg we have,
L (felPdys < Cel fellmpoe)
BP\ (1—ho)BP
for arbitrary € > 0 since u is a vanishing Carleson measure of HE(BP). Therefore,

/ ulPd— 0

BP

as claimed.

Conversely assume that all norm-bounded sequences in HEZ(BP) converging to 0 uniformly on compacta
converge to 0 € LP(u). To prove that the inclusion HP(BP) — LP(u) is compact, it suffices to show that
if {fx} is norm-bounded in HP(BP) then it admits a subsequence converging in LP(u). Lemma 2.1 yields a
subsequence {fy,} converging uniformly on compacta to h € HE(BP). Then {fx; —h} converges to 0 uniformly

on compacta, by assumption this yields ||fx, — hl/zr(u) — 0, and thus {fx,} — h in LP(u) as desired. O
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Recall that a sequence {z} in a normed space X is called weakly convergent if there is an x € X such that

for every ¢ € X*,
lim ¢(zy) = ¢(z).

k—o0

Now we will continue with a characterization of weakly convergent sequences in HZ(BP) for 1 < p < oo but

before that we need the following lemma:

Lemma 3.2 Let 1 <p < oo. HE(BP) is reflexive, and thus the unit ball of HP(BP) is weakly compact.

Proof In the proof of Theorem 2.1 in [6], we have showed that HP(BP) is a closed subspace of the Lebesgue
space LP(OBP) so HP(BP) is also reflexive. Hence the closed unit ball of HZ(BP) is weakly compact. O

Lemma 3.3 Let 1 < p < oo. Then a sequence {fi} C HE(BP) is norm-bounded and converges uniformly on

compacta to h € HP(BP) if and only if it converges weakly to h.

Proof Let {fr} be a norm-bounded sequence in H?(BP) and converges uniformly to h € HE(BP) on compact
subsets. We need to show that ®(f)) converges to ®(h) for all & € (HE(BP))*. Take an arbitrary subsequence
®(fr,) and by the previous lemma we know that the unit ball of HZ(BP) is weakly compact and by the
Eberlein-Smulian theorem we can characterize this by sequential compactness (although the weak topology is
not metrizable) so we have that there exists a subsequence fi, such that ®(fy; ) — ®(v) forall ¢ € (HE(BP))*.
Since this is true for all ® € (Hf(BP))", it is also true for point evaluations and fi; (¥) = v(z) = h(z). The
last part is due to fi converging to h uniformly on compacta and consequently it being convergent pointwise.
Hence ®(fy,, ) converges ®(h) for all ® € (HJ(BP))*. Therefore, every subsequence of ®(f};) has a subsequence
converging to ®(h), hence ®(fx) — @(h).

Conversely, assume that a sequence fr — 0 weakly in HE(BP), in particular, is norm bounded in
HP(BP). Therefore by Lemma 3.1 (ii) to prove that f; — 0 uniformly on compacta it is sufficient to show
that any converging (uniformly on compacta) subsequence must converge to 0. But if {f,} — h € HE(BP)
uniformly on compacta, the previous argument shows that f, converges weakly to h, the uniqueness of weak
limit then gives h = 0 and we are done. O

Thus for 1 < p < oo, Proposition 3.1. is a particular case of the following well-known result; [1], Proposition
4.7.)

Theorem 3.2 Let T : X — Y be a linear operator between Banach spaces. Then:

(i) If T is compact then for any sequence {xp} C X weakly converging to 0, the sequence {Txy} strongly

converges to 0 in Y .

(i) Suppose that the unit ball of X is weakly compact. Then T is compact if for any sequence {xp} C X

weakly converging to 0 the sequence {Txy} strongly converges to 0 in Y .

Now as an immediate consequence of this, we have the following:

Corollary 3.2 Let 1 < p < co. Then a linear operator T : HE(BP) — X taking values in a Banach space X
is compact if and only if for any norm-bounded sequence {fr} C HE(BP) converging uniformly on compacta to

0, the sequence {T' fr} converges to 0 in X .
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4. Duality

Aizenberg et al. [2] considered Grothendieck—-K6the—da Silva duality for the classical Hardy spaces of a convex

domain and in this section, we will give analogous results for Poletsky—Stessin Hardy spaces following their

general idea. Before proceeding with the duality arguments, we will first consider the dual complement BP of
the complex ellipsoid BP, and then we will prove the duality relation for the Poletsky—Stessin Hardy spaces of

complex ellipsoids. Now let us first give some basic facts about the dual complements following [2] :

Definition 3 A domain Q@ C C" is called linearly convex if for every £ € 02, there exists a complex hyperplane
a={zeC": waz1+..+apz,+5=0}
through £ that does not intersect §2.

Let Q be a linearly convex domain. If 0 € Q, then its dual complement

(NZ:{w€(C": w121 + .o F Wz 1, 2z € Q}

is the set of hyperplanes that do not intersect the domain . Now let us continue with the main result given in
[2] considering the duality of the classical Hardy spaces on linearly convex domains. The classical Hardy space

on the dual complement of the domain 2 is defined as follows:

Definition 4 Let 0 € Q be a linearly convex domain with C? boundary. By Hardy space for ¢ > 1 on the dual

complement Q, we mean the space of functions g, holomorphic in the open domain mt(Q) so that

iimsup [ lg(€ - eve)'do(€) < ox,

e—0 o0

where the vector ve is the exterior normal unit vector at § € Q. Since 9Q = dint(Q), this definition is

meaningful and this space is denoted by HI(Q2).

The duality result for the classical Hardy spaces is the following ([2], Theorem 3.1, pp:1354):

Theorem 4.1 Let Q = {z € C* : o(z,2) < 0}, where o € C3(Q) is its defining function, be a bounded,
strictly convexr domain. If 0 € ), then

(HP(Q)" = HY(Q),

1 1
where — + — =1, p> 1. Furthermore, the isomorphism is realized:
P q

F(f) = Fo(f) = | o(w)f(z)w(z,w),

[219]
where ¢ € H1(Q) and f € HP(Q).

As it can be seen, this theorem is valid on a strictly convex domain, and now combining our work in [5] and

[6] with the idea given in [2], we can extend this result to the Poletsky—Stessin Hardy spaces of the complex
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ellipsoids and this result is important in two different aspects: first, Poletsky—Stessin Hardy classes are much
more general than the classical Hardy spaces and second, the complex ellipsoids are not strictly convex domains.
They are the model domains for pseudoconvex domains of finite type, which is more general than the strictly
convex domains.

Now let us first give the setting for this generalization:

As it is pointed out in [2], in general it is quite complicated to describe the dual complement of a domain
Q; however, for the case of Reinhardt domains with center at the origin there are precise results. If € is a
Reinhardt domain centered at the origin then F(Q2) C R%, where R} = {(z1,22,...,2,) € R* : 2; > 0}
and F(z1,22,...,2n) = (|21],]22], ..., |2a]). For any B C R, its inverse image by F~! is defined to be the set
F~YB) = {(21,22,,2n) € C" 1 F(z1,22,...,2,) € B}. Then one can verify that the domain Q C C" is
Reinhardt if and only if Q = F~1(F(Q)). Hence, any Reinhardt domain € is determined completely by its
absolute image F(€). Thus, we have the following definition:

Definition 5 Let Q C C™ be a Reinhardt domain centered at the origin 0 € C™. We say that the point

(Y1, -, Yn) € F(Q) € R% if and only if Y., xy; < 1 for every (x1,...,xy,) € F(Q). Then the dual complement
of Q is the set Q= F‘l(}%).

From [2], we have the following characterization of the dual complement of a Reinhardt domain centered at the
origin 0 € C™, ([2], p. 1342).

Lemma 4.1 For r >0, p>1 and k; € R} \ {0} fized numbers, let
Q={zeC" Zki|zi|p <rP}
i=1

be a Reinhardt domain centered at the origin. Then for q = the dual complement is

_D_
p—1’
~ - 1 1

Q={cecC > (R)T7lal’ <}

i=1

Now since the complex ellipsoid BP is a Reinhardt domain centered at the origin, the above lemma allows us

to deduce the following:

Corollary 4.1 Let B? = {z € C", > " | |2’ =1 <0}, p € Zy be the complex ellipsoid. Then for q € Ry

such that q = 2;%1, the dual complement of BP is
Br={¢eC", > |Gl -1<0} (1)
i=1

For BP and dual complement I@;’, choose the exhaustion functions v and @ respectively as follows:
w(z) = In(|21|?P + |22 + ... + |2a|?P)
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() = (|22 + |22 + ... 4 [20]9),

where p and ¢ are given as in the previous corollary.
Now define the Poletsky—Stessin Hardy space on the dual complement of a linearly convex domain

following the classical definition given in [2]:

Definition 6 Let 0 € Q be a linearly conver domain with C? boundary and @ be a continuous, negative,
plurisubharmonic exhaustion function for Q. For 1 < p < co, the Poletsky-Stessin Hardy space on the dual

complement Q is the space of functions f holomorphic in the open domain mt(fl) so that

lim | f1Pdpa,r < oo.
r—0— Sﬁ(r)

We will continue with the following duality argument for the Poletsky—Stessin Hardy spaces of the complex
ellipsoids:

/ ~ 1 1
Theorem 4.2 (H(B?)) = (H;(BP)), r > 1, — + — = 1. Furthermore, the following isomorphism is realized:
ros

F(f) = Fy(f) = /B ofd.

where ¢ € Hg(]ﬁl/’) and f € H(BP).

Proof Consider the space LI,(OBP). Then the space H, (BP) is a closed subspace of L] (0BP) with respect
to the L -norm. Thus for every element F € (H”(BP))', there exists a function g € L? (9BP) such that

F(f) = f(2)g(2)dpu(2).

OBP

Now using the Cauhcy-Fantappie representation of H!(BP) functions, we write [4] again

F) = [ @) = /(?Bpm<lim W) i(2).

oBP t—1 Jopp  (v(2,6)")

Taking the limit outside the integral and changing the order of integration leads to

T ﬁdMU(Z)
F)=tim [ 56 ( | ) ) apa(€)

and the convexity of the ellipsoid implies that (I/B;’) = BP. Thus in the inner integral, we make a change of

variables
w: &€ BP - w(E) € (BP)

Sals

(517527 7'£n) — (515,522,"',5

) =w
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and deduce that

F=pm [ 1 ([ o duatw) ) il

t—1 e (v(w,§))"
Now by using the boundary value characterization of Poletsky—Stessin Hardy spaces of complex ellipsoids [5, 6]
and the fact that the CF integral operator is bounded on L], to H], ([3], Theorem 1), the inner integral is a

function from H3 (]ﬁ;’) Now as ¢ — 1, we have

F(f) = Fo(f) = o fdpu,

oBP

where ¢ € HS(BP). Thus (H’(BP)) = (H(BP)). O
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