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Abstract: In the present work we prove some direct and inverse theorems for approximation by trigonometric poly-
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spaces.
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1. Introduction
Musielak–Orlicz spaces are similar to Orlicz spaces but are defined by a more general function with two variables
φ (x, t) . In these spaces, the norm is given by virtue of the integral

∫
T

φ (x, |f (x)|) dx,

where T := [−π, π]. We know that in an Orlicz space, φ would be independent of x, φ (|f(x)|) . The special

cases φ (t) = tp and φ (x, t) = tp(x) give the Lebesgue spaces Lp and the variable exponent Lebesgue spaces
Lp(x), respectively. In addition to being a natural generalization that covers results from both variable exponent
and Orlicz spaces, the study of Musielak–Orlicz spaces can be motivated by applications to differential equations
[13, 28], fluid dynamics [15, 23], and image processing [5, 10, 16]. Detailed information on Musielak–Orlicz spaces
can be found in the book by Musielak [26].

Polynomial approximation problems in Musielak–Orlicz spaces have a long history. Orlicz spaces, which
satisfy the translation invariance property, are a particular case of Musielak–Orlicz spaces. In these spaces,
polynomial approximation problems were investigated by several mathematicians in [3, 11, 12, 20–25, 29, 35].
In some weighted Banach function spaces, similar problems were studied in [6, 7, 9, 17, 18, 30, 34, 36, 37]. In
general, Musielak–Orlicz spaces may not attain the translation invariance property, as can be seen in the case
of variable exponent Lebesgue spaces Lp(x) . Several inequalities of trigonometric polynomial approximation
in Lp(x) were obtained in [2, 4, 14, 19, 31, 33]. Note that, under the translation invariance hypothesis on
Musielak–Orlicz space, Musielak obtained some trigonometric approximation inequalities in [27]. The main aim
of this work is to obtain solutions to some central problems of trigonometric approximation in Musielak–Orlicz
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spaces that may not have the translation invariance property. In this work, we prove some direct and inverse
theorems of approximation theory in Musielak–Orlicz spaces.

The rest of the work is organized as follows. In Section 2, we give the definition and some properties
of Musielak–Orlicz spaces. In Section 3, we prove the boundedness of the Steklov operator in Musielak–Orlicz
spaces and define the modulus of smoothness by means of this operator. Section 4 formulates our main results.
In Section 5, we investigate the boundedness of De la Vallée Poussin and Cesaro means of the Fourier series of
the functions in Musielak–Orlicz spaces. Furthermore, we prove the Bernstein inequality and the equivalence
of the modulus of smoothness to the K -functional in these spaces. Section 6 contains the proofs of our main
results.

We will use the following notations: A(x) ⪯ B(x) ⇔ ∃c > 0 : A(x) ≤ cB(x) and A(x) ≈ B(x) ⇔ A(x) ⪯
B(x) ∧ B(x) ⪯ A(x).

2. Preliminaries
A function φ : [0,∞) → [0,∞] is called Φ -function (briefly φ ∈ Φ) if φ is convex and left-continuous and

φ (0) := lim
t→0+

φ (t) = 0, lim
x→∞

φ (x) = ∞.

A Φ -function φ is said to be an N -function if it is continuous and positive and satisfies

lim
t→0+

φ (t)

t
= 0, lim

t→∞

φ (t)

t
= ∞.

Let Φ(T ) be the collection of functions φ : T × [0,∞) → [0,∞] such that:
(i) φ (x, ·) ∈ Φ for every x ∈ T ;
(ii) φ (x, u) is in L0 (T ) , the set of measurable functions, for every u ≥ 0.

A function φ (·, u) ∈ Φ(T ) is said to satisfy the ∆2 condition (φ ∈ ∆2 ) with respect to parameter u if
φ (x, 2u) ≤ Kφ (x, u) holds for all x ∈ T, u ≥ 0 , with some constant K ≥ 2.

Subclass Φ(N) ⊂ Φ(T ) consists of functions φ ∈ Φ(T ) such that, for every x ∈ T, φ (x, ·) is an
N -function and φ ∈ ∆2.

Two functions φ and φ1 are said to be equivalent (we shall write φ ∼ φ1 ) if there is c > 0 such that

φ1 (x, u/c) ≤ φ (x, u) ≤ φ1 (x, cu)

for all x and u .
For φ ∈ Φ(N) we set

ϱφ (f) :=

∫
T

φ (x, |f (x)|) dx.

Musielak–Orlicz space Lφ (or generalized Orlicz space) is the class of Lebesgue measurable functions f : T → R
satisfying the condition

lim
λ→0

ϱφ (λf) = 0.

The equivalent condition for f ∈ L0 (T ) to belong to Lφ is that ϱφ (λf) < ∞ for some λ > 0. Lφ becomes a
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normed space with the Orlicz norm

∥f∥[φ] := sup


∫
T

|f (x) g (x)| dx : ϱψ (g) ≤ 1


and with the Luxemburg norm

∥f∥φ = inf
{
λ > 0 : ϱφ

(
f

λ

)
≤ 1

}
,

where
ψ (t, v) := sup

u≥0
(uv − φ (t, u)) , v ≥ 0, t ∈ T

is the complementary function (with respect to variable v ) of φ in the sense of Young. These two norms are
equivalent:

∥f∥φ ≤ ∥f∥[φ] ≤ 2 ∥f∥φ .

Young’s inequality,
us ≤ φ (x, u) + ψ (x, s) , (1)

holds for complementary functions φ,ψ ∈ Φ(N) where u, s ≥ 0 and x ∈ T.

From Young’s inequality (1) we have

∥f∥[φ] ≤ ϱφ (f) + 1,

∥f∥φ ≤ ϱφ (f) if ∥f∥φ > 1; and ∥f∥φ ≥ ϱφ (f) if ∥f∥φ ≤ 1.

Hölder’s inequality ∫
T

|f (x) g (x)| dx ≤ ∥f∥φ ∥f∥[ψ] (2)

holds for complementary functions φ,ψ ∈ Φ(N) . The Jensen integral inequality can be formulated as follows.
If φ is an N -function and r (x) is a nonnegative measurable function, then

φ

(
1∫

T
r (x) dx

∫
T

f (x) r (x) dx

)
≤ 1∫

T
r (x) dx

∫
T

φ (f (x)) r (x) dx. (3)

Everywhere in this work we will assume that there exists a constant A > 0 such that for all x, y ∈ T with
|x− y| ≤ 1/2 we have

φ (x, u)

φ (y, u)
≤ u

A

log( 1
|x−y| ) , u ≥ 1; (4)

there exist some constants c1, c2 > 0 such that

inf
x∈T

φ (x, 1) ≥ c1 (5)

and ∫
T

φ (x, 1) dx <∞, ψ (x, 1) ≤ c2 a.e. on T. (6)
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Example 1 Let p : T → [1,∞) be in L0 (T ) such that for all x, y ∈ T with |x− y| ≤ 1/2 we have the
Dini–Lipschitz property,

|p (x)− p (y)| ≤ c

log
(

1
|x−y|

) ,
with a constant c > 0 . Then the following functions belong to Φ(T ) and satisfy conditions (4), (5), and (6):

(i) φ (x, u) = up(x) , supx∈T p (x) <∞,

(ii) φ (x, u) = up(x) log (1 + u) ,

(iii) φ (x, u) = u (log (1 + u))
p(x)

.

A function φ ∈ Φ(N) is in the class Φ(N,DL) if conditions (4), (5), and (6) are fulfilled.

3. Modulus of smoothness
For f ∈ Lφ we define the Steklov operator Ah by

(Ahf) (x) :=
1

h

h/2∫
−h/2

f (x− t) dt, 0 < h < π, x ∈ T.

The characteristic function κ[a,b] (u) of a finite interval [a, b] is the function on R defined through

κ[a,b] (u) =

{
1, u ∈ [a, b] ,
0, u /∈ [a, b] .

The operator Ah can be written as a convolution integral [9, p. 33]:

(Ahf) (x) =
1

2π

∫
T

f(t)ℜh(t− x)dt,

where

ℜh(u) :=
2π

h
κ[−h

2 ,
h
2 ]
(u) .

The kernel ℜh satisfies the following conditions [9, p. 33]:∫
T

ℜh (u) du ⪯ 1, |ℜh (u)| ⪯ 1, h ≤ u ≤ π, and max
u

|ℜh (u)| ⪯
1

h
.

Lemma 2 If f ∈ Lφ with φ ∈ Φ(N,DL) , then there exists a constant, independent of n and f, such that
the inequality

∥Ahf∥φ ⪯ ∥f∥φ

holds for 0 < h < π .

Note that [8, p. 156, Lemma 6.1] is like Lemma 2. A necessary and sufficient condition for the translation
operator in Musielak–Orlicz spaces to be continuous is well known. It was established first in [22].
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Proof of Lemma 2 Let N = ⌊πh⌋ , x ∈ T , xk := (kh− 1)π , Uk := [xk, xk+1) ,

Ex :=

 T \ (x− πh, x+ πh) , when (x− πh, x+ πh) ⊂ T ,
T \ {(−π, x+ πh) ∪ (x− πh+ 2π, π)} , when x− πh < −π,
T \ {(x− πh, π) ∪ (−π, x+ πh− 2π)} , when x+ πh > π.

(7)

Then T =
2N−1∪
k=0

Uk , where the length of Uk is l (Uk) = |xk+1 − xk| = π/N. Let F (t) = f(t)/2 and ∥F∥φ ≤ 1.

It is necessary to show that

ϱφ (Ahf) =

∫
T

φ

(
x,

∣∣∣∣ 1π
∫
T

F (t)ℜh(t− x)dt

∣∣∣∣) dx ≤ c

with a constant c > 0 independent of f and h . From the convexity of φ we get

ϱφ (Ahf) = ϱφ

(
1

π

∫
T

F (t)ℜh(t− x)dt

)

⪯ ϱφ

 x+πh∫
x−πh

F (t)ℜh(t− x)dt

+ ϱφ

 ∫
Ex

F (t)ℜh(t− x)dt


= : I1 + I2.

When x ∈ T and t ∈ Ex , then
|ℜh(t− x)| ≲ 1,

and using (2), (5), and (6) we get∣∣∣∣∣∣
∫
Ex

F (t)ℜh(t− x)dt

∣∣∣∣∣∣ ⪯
∫
T

|F (t)| dt

⪯ ∥F∥φ ∥1∥ψ ⪯ ∥1∥ψ ⪯ c+ 1

and therefore

I2 ⪯
∫
T

φ

x,
∣∣∣∣∣∣
∫
Ex

F (t)ℜh(t− x)dt

∣∣∣∣∣∣
 dx

⪯
∫
T

φ (x, c+ 1) dx ⪯
∫
T

φ (x, 1) dx ⪯ 1.

Now

I1 ⪯
∫
T

φ

(
x,

∫ x+πh

x−πh
|F (t)| |ℜh(t− x)| dt

)
dx

≤
N−1∑
k=0

∫ xk+1

xk

φ

(
x, 1 +

∫ x+πh

x−πh
|F (t)| |ℜh(t− x)| dt

)
dx.
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We set

φk (u) := inf
{
φ (x, u) : x ∈ Ξk

}
≤ inf {φ (x, u) : x ∈ Uk}

for some larger set Ξk ⊃ Uk , which will be chosen later with the property

l
(
Ξk
)
≤ jπh (8)

for some j > 1 . On the other hand,

I1 ≲
N−1∑
k=0

∫ xk+1

xk

Āk (x, h)φk

(
1 +

∫ x+πh

x−πh
|F (t)| |ℜh(t− x)| dt

)
dx,

where

Āk (x, h) :=
φ
(
x, 1 +

∫ x+πh
x−πh |F (t)| |ℜh(t− x)| dt

)
φk

(
1 +

∫ x+πh
x−πh |F (t)| |ℜh(t− x)| dt

) :=
φ (x, α (x, h))

φk (α (x, h))
.

Now we prove the uniform estimate Āk (x, h) ⪯ 1 for x ∈ Uk where c > 0 is independent of x, k , and h.

Indeed, since

φ (x, t)

φk (t)
=

φ (x, t)

φk (ςk, t)
≤ t

A

log
(

1

|x−ςk|

)
, x ∈ Uk, ςk ∈ Ξk

we get

Āk (x, h) =
φ (x, α (x, h))

φk (α (x, h))
≤ α (x, h)

A

log
(

1

|x−ςk|

)
.

Also, |x− ςk| ≤ l
(
Ξk
)
≤ jπh and

|α (x, h)| ≤ 1

h

(∫ x+πh

x−πh
|F (t)| dt

)
⪯ 1

h
∥F∥φ ⪯ 1

h
,

α (x, h)

A

log
(

1

|x−ςk|

)
≤ α (x, h)

A

log( h
6j ) ≤

(
C
1

h

) A

log( h
6j )

⪯

(
1

h

1/ log( h
6j )
)A

⪯ 1.

Let µh =
∫ x+πh
x−πh |ℜh(t− x)| dt =

∫ πh
−πh |ℜh(t)| dt. Then µh ⪯ 1 . Without loss of generality we may assume that
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µh > 0 . Using Jensen’s integral inequality, we have

I1 ⪯
N−1∑
k=0

∫ xk+1

xk

φk

(
1

µh

∫ x+πh

x−πh
|F (t)| |ℜh(t− x)| dt

)
dx

⪯
N−1∑
k=0

∫ xk+1

xk

1

µh

∫ x+πh

x−πh
φk (|F (t)|) |ℜh(t− x)| dtdx

⪯
N−1∑
k=0

1

µh

∫ πh

−πh
|ℜh(t)|

∫ xk+1

xk

φk (|F (x+ t)|) dxdt

⪯ 1

µh

∫ πh

−πh
|ℜh(t)|

N−1∑
k=0

∫ xk+1−t

xk−t
φk (|F (x)|) dxdt.

We take as Ξk the set (11). Clearly Ξk ⊃ Uk and l
(
Ξk
)
≤ 3πh. Then (8) is satisfied with j = 3 . Since each

point x ∈ T belongs simultaneously to not more than a finite number n0 of the sets Uk , taking the maximum
with respect to all the sets Uk containing x we obtain

I1 ⪯ 1

µh

∫ πh

−πh
|ℜh(t)| dt

∫ π

−π
φ̃ (x, |F (x)|) dx

⪯
∫ π

−π
φ̃ (x, |F (x)|) dx

with φ̃ (x, u) := maxi φi (t) . Now using

φ̃ (x, u) ≤ φ (x, u) , ∀x ∈ T,

we have

ϱφ (Ahf) ⪯
∫ π

−π
φ (x, |F (x)|) dx ⪯ ∥F∥φ ⪯ 1.

This gives
∥Ahf∥φ ⪯ ∥f∥φ ,

and the result follows. 2

We define the k th (k ∈ N) order modulus of smoothness Ωkφ (·, f) by

Ωkφ (δ, f) := sup
0<hi≤δ

∥(I −Ah1
) ... (I −Ahk

) f∥φ , δ > 0,

where I is the identity operator.

4. Main results
By En(f)φ we denote the best approximation of Lφ by polynomials in Tn , i.e.

En(f)φ = inf
Tn∈Tn

∥f − Tn∥φ ,

where Tn is the set of trigonometric polynomials of degree ≤ n.
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Let W r
φ , r ∈ N , φ ∈ Φ(N,DL) , be the class of functions f ∈ Lφ such that f (r−1) is absolutely

continuous and f (r) ∈ Lφ . W r
φ , φ ∈ Φ(N,DL) , r ∈ N , becomes a Banach space with the norm ∥f∥W r

φ
:=

∥f∥φ +
∥∥f (r)∥∥

φ
.

Our main results are the following.

Theorem 3 For every f ∈W r
φ , φ ∈ Φ(N,DL) , n ∈ N , the inequality

En (f)φ ⪯ 1

nr
En

(
f (r)

)
φ
, r ∈ N

holds with some constant depending only on φ and r.

Theorem 4 Let f ∈ Lφ, φ ∈ Φ(N,DL) , n ∈ N. Then we have the following estimate:

En(f)φ ⪯ Ωrφ

(
1

n
, f

)
, r ∈ N

with some constant depending only on φ and r.

Theorem 5 Let φ ∈ Φ(N,DL) . Then for f ∈ Lφ and n ∈ N

Ωrφ

(
1

n
, f

)
⪯ 1

n2r

{
E0(f)φ +

n∑
m=1

m2r−1Em(f)φ

}
, r ∈ N,

holds with some constant depending only on φ and r.

Similar theorems were obtained in Orlicz spaces [3, 12, 18, 24, 25] and in variable exponent Lebesgue
spaces [1, 4, 14, 31, 33].

From Theorems 4 and 5, we get the following Marchaud-type inequality:

Corollary 6 Let f ∈ Lφ, φ ∈ Φ(N,DL) , n ∈ N. Then we have

Ωrφ (δ, f) ⪯ δ2r
∫ 1

δ

Ωr+1
φ (u, f)

u2r
du

u
, 0 < δ < 1,

for r ∈ N.

Theorems 4 and 5 imply also the following estimate:

Corollary 7 Let f ∈ Lφ, φ ∈ Φ(N,DL) , and n ∈ N. If

En(f)Lpq
w

⪯ n−α, n ∈ N

for some α > 0, then, for a given r ∈ N , we have the estimations

Ωrφ (δ, f) ⪯

 δα , r > α/2;
δ2r log 1

δ , r = α/2;
δ2r , r < α/2.
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Hence, if we define the Lipschitz class Lip (α,Lφ) for α > 0 and r := ⌊α/2⌋+1, ⌊x⌋ := max {n ∈ Z : n ≤ x}
as

Lip (α,Lφ) :=
{
f ∈ Lφ : Ωrφ (δ, f) ≲ δα, δ > 0

}
,

then, from Theorem 4 and Corollary 7, we get the following constructive characterization of the class Lip (α,Lφ) .

Corollary 8 Let f ∈ Lφ, φ ∈ Φ(N,DL) , n ∈ N, and α > 0. The following assertions are equivalent:

(i) f ∈ Lip (α,Lφ) , (ii) En(f)Lφ ⪯ n−α, n ∈ N.

5. Auxiliary estimates
Let

f (x) ∽ a0 (f)

2
+

∞∑
k=1

(ak (f) cos kx+ bk (f) sin kx) =:

∞∑
k=0

Ak (x, f) (9)

be the Fourier series of f ∈W 1
φ and

Sn (f) := Sn (x, f) :=

n∑
k=0

Ak (x, f) , n = 0, 1, 2, . . . .

be the partial sum of the Fourier series (9). In this case, for f ∈W 1
φ , we have

f(x) =
a0 (f)

2
+

1

π

∫
T

f ′(t)Br(t− x)dt,

where

Br(u) =

∞∑
k=1

cos(ku+ π/2)

k

is the Bernoulli kernel. Since (Sn(·, f))′ = Sn(·, f ′) we have

f(x)− Sn(x, f) =
1

π

∫
T

f ′(t)Rn(t− x)dt,

where

Rn(u) =

∞∑
k=n+1

cos(ku+ π/2)

k
.

We define the De la Vallée Poussin mean of series (9) as

V nm(f, ·) = 1

m+ 1

m∑
i=0

Sn+i(·, f)

for n,m ∈ N ∪ {0} . Then we get

f(x)− V nm(f, x) =
1

π

∫
T

f ′(t)
1

m+ 1

m∑
i=0

Rn+i(t− x)dt.
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Setting

knm+1 (u) :=
1

m+ 1

m∑
i=0

Rn+i(t− x),

we find

f(x)− V nm(f, x) =
1

π (m+ 1)

∫
T

f ′(t)knm+1(t− x)dt.

Let n ∈ N . From [32, Lemmas 3, 4, 5] we have, for m = n− 1 or m = n,∫
T

∣∣knm+1 (u)
∣∣ du ⪯ 1,

∣∣knm+1 (u)
∣∣ ≲ 1 for

(√
n
)−1 ≤ u ≤ 2π −

(√
n
)−1

,

and
max
u

∣∣knm+1 (u)
∣∣ ≲ n.

Lemma 9 If f ∈ Lφ with φ ∈ Φ(N,DL) , then there exist some constants, independent of n and f, such that
the inequalities

∥∥f(·)− V nn−1(f, ·)
∥∥
φ

⪯ 1

n
∥f ′∥φ ,

∥f(·)− V nn (f, ·)∥φ ⪯ 1

n
∥f ′∥φ

hold for any Tn ∈ Tn.

Proof of Lemma 9 Let the set Ex be defined as in (7) with h = 1/⌊n1/2⌋. Assume that F (t) = f ′(t)/(m+1)

and ∥F∥φ ≤ 1. We need to show that

ρφ (f − V nm(f, ·)) =
∫
T

φ

(
x,

∣∣∣∣ 1π
∫
T

F (t) knm+1(t− x)dt

∣∣∣∣) dx ⪯ 1

with c > 0 independent of f and n . Then convexity of φ implies

ρφ (f − V nm(f, ·)) = ρφ

(
1

π

∫
T

F (t) knm+1(t− x)dt

)

≤ 1

π
ρφ


x+πh∫
x−πh

+

∫
Ex

F (t) knm+1(t− x)dt



⪯ ρφ

 x+πh∫
x−πh

F (t) knm+1(t− x)dt

+ ρφ

 ∫
Ex

F (t) knm+1(t− x)dt


= : I1 + I2.
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If x ∈ T and t ∈ Ex , then ∣∣knm+1(t− x)
∣∣ ⪯ 1,

and using Hölder’s inequality (2), (5), and (6), we obtain∣∣∣∣∣∣
∫
Ex

F (t) knm+1(t− x)dt

∣∣∣∣∣∣ ⪯
∫
T

|F (t)| dt ⪯ ∥F∥φ ∥1∥ψ ⪯ ∥1∥ψ ⪯ 1

and hence

I2 ⪯ ρφ

∫
Ex

F (t) knm+1(t− x)dt

 ⪯
∫
T

φ

x,
∣∣∣∣∣∣
∫
Ex

F (t) knm+1(t− x)dt

∣∣∣∣∣∣
 dx

⪯
∫
T

φ (x, c+ 1) dx ⪯
∫
T

φ (x, 1) dx ⪯ 1.

Now

I1 ⪯
∫
T

φ

(
x,

∫ x+πh

x−πh
|F (t)|

∣∣knm+1(t− x)
∣∣ dt) dx

≤
2N−1∑
k=0

∫ xk+1

xk

φ

(
x, 1 +

∫ x+πh

x−πh
|F (t)|

∣∣knm+1(t− x)
∣∣ dt) dx.

We set
φk (u) := inf

{
φ (x, u) : x ∈ Ξk

}
≤ inf {φ (x, u) : x ∈ Uk}

for some larger set Ξk ⊃ Uk , which will be chosen later with the property

l
(
Ξk
)
≤ jπ/⌊n1/2⌋ (10)

for some j > 1 . On the other hand,

I1 ≲
2N−1∑
k=0

∫ xk+1

xk

Ak (x,m, n)φk

(
1 +

∫ x+πh

x−πh
|F (t)|

∣∣knm+1(t− x)
∣∣ dt) dx,

where

Ak (x,m, n) :=
φ
(
x, 1 +

∫ x+πh
x−πh |F (t)|

∣∣knm+1(t− x)
∣∣ dt)

φk

(
1 +

∫ x+πh
x−πh |F (t)|

∣∣knm+1(t− x)
∣∣ dt) :=

φ (x, α (x,m, n))

φk (α (x,m, n))
.

We prove the uniform estimate Ak (x,m, n) ⪯ 1 for x ∈ Uk where c > 0 is independent of x, k and m,n.

Indeed, since

φ (x, t)

φk (t)
=

φ (x, t)

φk (ςk, t)
≤ t

A

log
(

1

|x−ςk|

)
, x ∈ Uk, ςk ∈ Ξk,
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we have

Ak (x,m, n) =
φ (x, α (x,m, n))

φk (α (x,m, n))
≤ α (x,m, n)

A

log
(

1

|x−ςk|

)
.

Also, |x− ςk| ≤ l
(
Ξk
)
≤ jπ/⌊n1/2⌋ and

|α (x,m, n)| ≤ n

(∫ x+πh

x−πh
|F (t)| dt

)
⪯ n ∥F∥φ ⪯ n,

α (x,m, n)

A

log
(

1

|x−ςk|

)
≤ α (x,m, n)

A

log
(

n1/2

6j

)
≤ (Cn)

A

log
(

n1/2

6j

)
⪯
(
n1/ log( n

6j )
)A

⪯ 1.

Let µm,n =
∫ x+πh
x−πh

∣∣knm+1(t− x)
∣∣ dt = ∫ πh

−πh

∣∣knm+1(t)
∣∣ dt. Then µm,n ⪯ 1 . Without loss of generality we may

assume that µm,n > 0 .
By Jensen’s integral inequality (3),

I1 ≲
2N−1∑
k=0

∫ xk+1

xk

φk

(
C

1

µm,n

∫ x+πh

x−πh
|F (t)|

∣∣knm+1(t− x)
∣∣ dt) dx

≲
2N−1∑
k=0

∫ xk+1

xk

1

µm,n

∫ x+πh

x−πh
φk (|F (t)|)

∣∣knm+1(t− x)
∣∣ dtdx

≲
2N−1∑
k=0

1

µm,n

∫ πh

−πh

∣∣knm+1(t)
∣∣ ∫ xk+1

xk

φk (|F (x+ t)|) dxdt

≲ 1

µm,n

∫ πh

−πh

∣∣knm+1(t)
∣∣ 2N−1∑
k=0

∫ xk+1−t

xk−t
φk (|F (x)|) dxdt.

We take as Ξk the set ∪
t∈(−πh,πh)

{x : x+ t ∈ Uk} . (11)

Clearly Ξk ⊃ Uk and l
(
Ξk
)
≤ 3π/⌊n1/2⌋. Then (10) is satisfied with j = 3 . Since each point x ∈ T belongs

simultaneously to not more than a finite number n0 of the sets Uk , taking the maximum with respect to all
the sets Uk containing x we obtain

I1 ⪯ 1

µm,n

∫ πh

−πh

∣∣knm+1(t)
∣∣ dt∫ π

−π
φ̃ (x, |F (x)|) dx ⪯

∫ π

−π
φ̃ (x, |F (x)|) dx

with φ̃ (x, u) := maxi φi (t) . Now using

φ̃ (x, u) ≤ φ (x, u) , ∀x ∈ T,

we get

ρφ (f − V nm(f, ·)) ⪯
∫ π

−π
φ (x, |F (x)|) dx ⪯ ∥F∥φ ⪯ 1.
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These give the estimates

∥∥f(·)− V nn−1(f, ·)
∥∥
φ

⪯ 1

n
∥f ′∥φ ,

∥f(·)− V nn (f, ·)∥φ ⪯ 1

n
∥f ′∥φ ,

and the result follows. 2

It is known that for the partial sums of the Fourier series (9) the integral representation

Sn(x, f) =
1

π

∫
T

f (t)Dn (x− t) dt

is valid, where Dn(t) :=
1
2 +

∑n
m=1 cosmt is the Dirichlet kernel.

Consider the sequence {σn (·, f)} of the Cesaro means of the partial sums of the Fourier series (9), that
is,

σn (x, f) :=
S0(x, f) + S1(x, f) + · · ·+ Sn(x, f)

n+ 1
, n = {0} ∪ N,

with σ0 (x, f) = S0(x, f) := a0/2. It is known that

σn (x, f) =
1

π

∫
T

f (t)Kn (x− t) dt,

where

Kn (t) :=
1

2
+

n∑
m=1

(
1− m

n+ 1

)
cosmt

is the Fejer kernel of order n . The Fejer kernel satisfies the following conditions [38]:∫
T

Kn (u) du ⪯ 1, |Kn (u)| ⪯ 1,
1

n1/2
≤ u ≤ π and max

u
|Kn (u)| ⪯ n. (12)

Taking into account these conditions (12), the following lemma is proved similarly to the previous lemma.

Lemma 10 If f ∈ Lφ with φ ∈ Φ(N,DL) , then there exists a constant, independent of n and f, such that
the inequality

∥σn (x, f)∥φ ⪯ ∥f∥φ

holds.

Bernstein’s inequality in the space Lφ is proved in the following lemma.

Lemma 11 If f ∈ Lφ with φ ∈ Φ(N,DL) , then for every Tn ∈ Tn the inequality∥∥T kn∥∥φ ⪯ nk ∥Tn∥φ , k ∈ N (13)

holds with a constant independent of n .
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Proof of Lemma 11 It is sufficient to prove the lemma for k = 1. Since

Tn(x) = Sn(x, Tn) =
1

π

∫
T

Tn (u)Dn (u− x) du,

by differentiation we obtain

T ′
n(x) = − 1

π

∫
T

Tn (u)D
′
n (u− x) du =

1

π

∫
T

Tn (u+ x)

n∑
m=1

m sinmudu.

Taking into account ∫
T

Tn (u+ x)

n−1∑
m=1

m sin (2n−m)udu = 0,

we get

T ′
n(x) =

1

π

∫
T

Tn (u+ x)

[
n∑

m=1

m sinmu+

n−1∑
m=1

m sin (2n−m)u

]
du

=
1

π

∫
T

Tn (u+ x) 2n sinnu
[
1

2
+

n−1∑
m=1

n−m

n
cosmu

]
du

=
2n

π

∫
T

Tn (u+ x) sinnuKn−1 (u) du.

Since Kn−1 is nonnegative we have

|T ′
n(x)| ≤ 2n

π

∫
T

|Tn (u+ x)|Kn−1 (u) du

= 2nσn−1 (x, |Tn|) .

The last inequality and the boundedness of the operator σn in Lφ yield the required inequality. 2

Lemma 12 If f ∈ W 2
φ with φ ∈ Φ(N,DL) , then

Ωkφ (δ, f) ⪯ δ2Ωk−1
φ (δ, f ′′) , k ∈ N

with some constant independent of δ.

Proof of Lemma 12 Setting
g (x) := (I −Ah2

) ... (I −Ahk
) f(x)

we get
(I −Ah1

) g(x) = (I −Ah1
) ... (I −Ahk

) f(x).
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Therefore,

(I −Ah1) ... (I −Ahk
) f(x) =

1

2h1

h1∫
−h1

[g(x)− g(x+ t)] dt = − 1

8h1

h1∫
0

t∫
0

u∫
−u

g′′(x+ s)dsdudt.

Hence,

∥(I −Ah1
) ... (I −Ahk

) f∥φ ⪯ 1

8h1
sup

∫
T

∣∣∣∣∣∣
h1∫
0

t∫
0

u∫
−u

g′′(x+ s)dsdudt

∣∣∣∣∣∣ |v(x)| dx
=

1

8h1

h1∫
0

t∫
0

2u

∥∥∥∥∥∥ 1

2u

u∫
−u

g′′(x+ s)ds

∥∥∥∥∥∥
φ

dudt

⪯ 1

8h1

h1∫
0

t∫
0

2u ∥g′′∥φ dudt = h21 ∥g′′∥φ ,

where the supremum is taken over all v ∈ Lψ(T ) with ϱψ (v) ≤ 1. Since

g′′ = (I −Ah2
) ... (I −Ahk

) f ′′,

we have

Ωkφ (δ, f) ≤ sup
0<hi≤δ

ch21 ∥g′′∥φ = cδ2 sup
0<hi≤δ

∥(I −Ah2
) ... (I −Ahk

) f ′′∥φ = cδ2Ωk−1
φ (δ, f ′′) .

2

Corollary 13 If f ∈W 2k
φ with φ ∈ Φ(N,DL) , then

Ωkφ (δ, f) ⪯ δ2k
∥∥∥f (2k)∥∥∥

φ
, k = 1, 2, ... (14)

with some constant independent of δ.

For an f ∈ Lφ and r ∈ N, Peetre’s K -functional is defined as

K
(
f, δ;Lφ,W

r
φ

)
:= inf

g∈W r
φ

{
∥f − g∥φ + δr

∥∥∥g(r)(x)∥∥∥
φ

}
for δ > 0.

Theorem 14 If f ∈ Lφ with φ ∈ Φ(N,DL) , then we have

Ωrφ (δ, f) ≈ K
(
f, δ;Lφ,W

2r
φ

)
, r ∈ N

where the implied constants are independent of δ > 0.
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Proof of Theorem 14 Let h ∈W 2r
φ . From subadditivity of Ωrφ (·, f) and (14) we have

Ωrφ (δ, f) ⪯ ∥f − h∥φ + δ2r
∥∥∥h(2r)∥∥∥

φ
.

Taking the infimum on h we get Ωrφ (δ, f) ⪯ K
(
f, δ;Lφ,W

2r
φ

)
.

We define an operator Lδ on Lφ as

(Lδf) (x) := 3δ−3

δ∫
0

u∫
0

t∫
−t

f (x+ s) dsdtdu, x ∈ T.

From [1, p. 15],
d2r

dx2r
(Lrδf) =

c

δ2r
(I −Aδ)

r , r ∈ N.

Because of estimates

∥Lδf∥φ ⪯ 3δ−3

δ∫
0

u∫
0

2t ∥Atf∥φ dtdu ⪯ ∥f∥φ ,

the operator Lδ is bounded in Lφ.

Defining another operator Lrδ as

Lrδ := I − (I − Lrδ)
r
,

we obtain ∥∥∥∥ d2rdx2r
Lrδf

∥∥∥∥
φ

⪯
∥∥∥∥ d2rdx2r

Lrδf

∥∥∥∥
φ

=
1

δ2r
∥(I −Aδ)

r
f∥φ ⪯ 1

δ2r
Ωrφ (δ, f) .

Since Lδ is bounded in Lφ and I − Lrδ = (I − Lδ)
∑r−1
j=0 L

j
δ we have

∥(I − Lrδ) g∥φ ⪯ ∥(I − Lδ) g∥φ ⪯ δ−3

δ∫
0

u∫
0

2t ∥(I −At) g∥φ dtdu ⪯ sup
0<t≤δ

∥(I −At) g∥φ

for any g ∈ Lφ.

Applying this inequality r times in ∥f − Lrδf∥φ = ∥(I − Lrδ)
r
f∥φ we obtain

∥f − Lrδf∥φ ⪯ sup
0<t1≤δ

∥∥∥(I −At1) (I − Lrδ)
r−1

f
∥∥∥
φ

⪯ sup
0<t1,t2≤δ

∥∥∥(I −At1) (I −At2) (I − Lrδ)
r−2

f
∥∥∥
φ

⪯ . . . ⪯ sup
0<ti≤δ

∥(I −At1) ... (I −Atr ) f∥φ = Ωrφ (t, f) .

This gives the reverse estimate and completes the proof. 2
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6. Proofs of main results

Proof of Theorem 3 It is enough to prove En (f)φ ⪯ 1
nEn (f

′)φ . For this we need

Ej (f)φ ⪯ 1

j
∥f ′∥φ (15)

with j ∈ N. If j = 2n , then

Ej (f)φ = E2n (f)φ ≤ ∥f(·)− V nn (f, ·)∥φ ⪯ 1

n
∥f ′∥φ ⪯ 1

j
∥f ′∥φ .

If j = 2n− 1 , then

Ej (f)φ = E2n−1 (f)φ ≤
∥∥f(·)− V nn−1(f, ·)

∥∥
φ
⪯ 1

n
∥f ′∥φ ⪯ 1

j
∥f ′∥φ .

We obtained (15). Now suppose that En (f ′)φ = ∥f ′ −Θn(f
′)∥φ and

𝟋 (x) :=

∫ x

0

Θn(f
′) (t) dt.

Then 𝟋 ∈ Tn and 𝟋′ (x) = Θn(f
′) (x) . Thus,

En (f)φ = En (f −𝟋)φ ⪯ 1

n

∥∥(f −𝟋)
′∥∥
φ
=

1

n
∥f ′ −𝟋′∥φ

=
1

n
∥f ′ −Θn(f

′)∥φ ⪯ 1

n
En (f

′)φ .

2

Corollary 15 For every f ∈W r
φ , φ ∈ Φ(N,DL) , n ∈ N , the inequality

En (f)φ ⪯ 1

nr

∥∥∥f (r)∥∥∥
φ
, r ∈ N, (16)

holds with some constant depending only on φ and r.

Proof of Theorem 4 Let h ∈W 2r
φ . From (16) and Theorem 14

En(f)φ = En(f − h+ h)φ ≤ En(f − h)φ + En(h)φ

≲ ∥f − h∥φ + n−2r
∥∥∥h(2r)∥∥∥

φ
≲ Ωrφ

(
1

n
, f

)
.

2

Proof of Theorem 5 Let f ∈ Lφ, δ := 1/n and let Tn ∈ Tn be the best approximating polynomial to f. We
have

Ωkφ (δ, f) ≤ Ωkφ (δ, f − T2j+1) + Ωkφ (δ, T2j+1) , j ∈ N
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and
Ωkφ (δ, f − T2j+1) ⪯ ∥f − T2j+1∥φ = E2j+1(f)φ.

Using (13) and (14) and considering that the sequence of the best approximations is decreasing, we obtain

Ωkφ (δ, T2j+1) ⪯ δ2k
∥∥∥T (2k)

2j+1

∥∥∥
φ

⪯ δ2k

{∥∥∥T (2k)
1 − T

(2k)
0

∥∥∥
φ
+

j∑
i=0

∥∥∥T (2k)
2i+1 − T

(2k)
2i

∥∥∥
φ

}

⪯ δ2k

{
∥T1 − T0∥φ +

j∑
i=0

22(i+1)2k ∥T2i+1 − T2i∥φ

}

⪯ δ2k

{
E0(f)φ + 22kE1(f)φ +

j∑
i=1

22(i+1)2kE2i(f)φ

}

⪯ δ2k

E0(f)φ +

2j∑
m=1

m2k−1Em(f)φ

 .

Selecting j such that 2j ≤ n ≤ 2j+1 we have

E2j+1(f)φ ≤ 24k

n2k

2j∑
m=2j−1+1

m2k−1Em(f)φ.

2
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