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Abstract: We investigate closed range properties of certain integral-type operators introduced by Li and Stevié¢. The
operators are considered between Bloch-type spaces. We also give the essential norm of such operators. Our results
are given in a general setting and we also give the essential norm of Li-Stevi¢ integral-type operators between other

well-known spaces of analytic functions.
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1. Introduction

Let D denote the open unit disk of the complex plane C and H (D) denote the space of all analytic functions
on D. Let X be a Banach space of analytic functions on D. For an analytic self-map ¢ of D and v € H(D),
the weighted composition operator uC, on X is defined by

uCuf =u-fop, forall feX.
When u =1 we get the composition operator C, on X given by
Cof =foyp, forall feX.

Weighted composition operators appear in the study of dynamical systems. Moreover, it is known that isometries
on many analytic function spaces are of the canonical forms of weighted composition operators. In general,
certain operator theoretic properties of weighted composition operators can be studied by considering various
conditions on their inducing functions. For more information about these types of operators acting on various

spaces of analytic functions, see [2-5, 8, 9, 11, 18-21, 23, 24] and the references therein.

For g € H(D), the integral operator I, on X is defined by

(1,f)(=) = / FOgQde, zeD,

*Correspondence: a__sanatpour@khu.ac.ir
2010 AMS Mathematics Subject Classification: Primary 47B38; Secondary 46E15

3101

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0001-6941-0778
https://orcid.org/0000-0002-5030-8906
https://orcid.org/0000-0002-8876-1036

MOHAMMADI PIRASTEH et al./Turk J Math

for all f € X. As generalizations of integral operator I, the products of composition operator C, and integral

operator I, called Li-Stevi¢ integral-type operators, are given by

(1,Cof) () = / (foe(Qg(Q)de, €D,

v(z)
(Coly f)(2) = / F(Q9(Q)dC, zeD,

for all f € X. These operators were essentially defined by Li and Stevié in [12] and later studied along with
their n-dimensional relatives in many papers; see, for example, [11, 13-17, 22, 25, 30] and the references therein.

By letting ¢(z) = z, we have [,C, = I, = C,I,. Also, note that

»(0

lyeoCof = Colyf = | ' FO90 (11)
for all f € H(ID), and therefore if ¢(0) =0 then I;,,Cy, = C,1,.

Integral operators of the type I,C, and C,I, and other similar types of operators have been studied by
several authors between different spaces of analytic functions on the unit disk of complex plane C or the unit
ball of the complex vector space C™. See, for example, [12, 14, 16, 22, 25-29] and the references therein. In this
paper, weighted composition operators and Li-Stevié¢ integral-type operators are mainly considered between
weighted-type spaces of analytic functions and Bloch-type spaces, defined as follows.

By a weight v we mean a strictly positive continuous function on D that is radial (that is, v(z) = v(|z|)

for all z € D) and decreasing with respect to |z|. We also assume that the weight v tends to zero at the

boundary of D; that is, lim|,|_,; v(2) = 0. A weight v is said to be analytic if v(z) = f(|1ZI) for some f € H(D)

that takes real values on [0,1) and is such that |f(2)| < f(]z]) for all z € D.
For a weight v, the associated weight v is defined by

1 1

sup{lf ()] f € B [fllmee < 13 Jo-1° ©© D, (1.2)

(z) =

where 4, denotes the point evaluation functional (at z) on HS°. It is known that ¢ is also a weight such that
v(z) < 0(z) for all z € D. The weight v is called essential if there exists a constant C' > 1 such that

v(z) <0(z) < Cu(z), =zeD. (1.3)

It is known that if v is an analytic weight, then v = ¥ and therefore every analytic weight is essential. Following

Domanski and Lindstrém [6, Lemma 1], a weight v is called normal if it satisfies properties (L1) and (L2) as

follows:
v(l —27F1)
L1 inf ———~% >0
(L) Mooz r Y
1— 2777,716
(L2) limnsup 1}1(](1_2—71)) < 17 for some k c N
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It is worth mentioning that for each 0 < a < oo, the standard weights v,(z) = (1 — |2|?)® are normal and
essential. For more information and examples of weights satisfying the above conditions, see [1, 2, 6] and the

references therein.
For a weight v, the weighted-type space of analytic functions H° is defined by

HY ={f e HD): |fllae = itelgv(Z)lf(Zﬂ < oo}

Also, the Bloch-type space B, is defined as follows:

B, ={f e HD): |/

5, = [FO)| + [[fllv < o0},

where || f|l, = sup,epv(2)|f'(2)]. The spaces Hy° and B, are Banach spaces endowed with the norm || - || ge

and ||-||s, , respectively. The closed subspace of B, consisting of those f for which f(0) = 0 is denoted by B, .

In this paper we investigate Li—Stevi¢ integral-type operators between Bloch-type spaces. In Section
2, we describe closed range properties of the operators I,C, and C,I; between Bloch-type spaces B,. Our
descriptions are given in terms of the existence of specific properties for the inducing functions. In Section 3,
using the concept of weighted composition operators, we give the essential norm of the operators I,C, and
C,1, between Bloch-type spaces B,. We give the results of Section 3 in a general setting that consequently,
besides Bloch-type spaces, also gives the essential norm of I;C, and C,I, between some other well-known

spaces of analytic functions.

2. Closed range properties of Li—Stevi¢ integral type operators

It is well known that a bounded one-to-one operator T' on a Banach space (X, | - ||x) has closed range if and
only if it is bounded below; that is, there exists a positive constant § > 0 such that [|[Tz|x > d|jz|x for
every x € X. When X is a Banach space of analytic functions on D and ¢ is a nonconstant analytic self-
map of D, every well-defined composition operator C,, on X is one-to-one. Therefore, study of closed range
bounded composition operators on a large class of Banach function spaces reduces to the study of bounded
below composition operators. Bounded below composition operators on the Bloch spaces were first studied by
Ghatage et al. in [8]. Closed range operators and connections with their operator theoretic properties have
been studied by many authors on different spaces of analytic functions [3, 9, 21, 31, 32]. In this section we study

conditions under which the operators I,C, and C,I,; between Bloch-type spaces B, have closed range.
Note that the operator P : B, — B, given in (1.1) by Pf = (fOW(O) f’(C)g(()d() 1 is bounded. To see

this, consider a compact set K, C D containing the line segment joining 0 and ¢(0). Therefore, by letting

Ry,(g) == sup.cg, |9(2)| < oo and ry(v) :=inf.ek, v(2) > 0 we have

£l
rso(”)

R,(9) < 29 711,

7"«0(”)

1P flls., = [(PO)] =

<

©(0)
/0 F(Q9(Q)dC

which implies boundedness of the operator P : B, — B,,. Consequently, (1.1) implies that C I, : B, = B, is
bounded if and only if I4,Cy : B, — By, is bounded.

Let ¢ be an analytic self-map of D and v € H(D). It is known that for the weights v and w, the
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weighted composition operator uC, : Hy° — Hg® is bounded if and only if

up ()

o) @1)

see [4, Proposition 3.1]. For each weight v, consider the differentiation operator D, : B, — HS° and the
integration operator S, : H® — By, given by (Dyf)(2) = f'(z) and (S,f)(2) = [y f(C)dC, for all z € D.
Clearly, D, : B, — H3° is a bounded operator with ||D,|| <1 and S, : H® — B, is an isometry. Using these
operators and applying the previous discussion along with (2.1) yields the following theorem, characterizing
boundedness of the operators I,C, : B, — By, and Cy,l, : B, — By, . In order to simplify the notations, for the

weights v and w, define

see, for example, [3, 31, 32].

Theorem 2.1 Suppose that v and w are weights, ¢ is an analytic self-map of D, and g € H(D). Then:
(i) 1,0, : By, — By is bounded if and only if sup,ep 7174 (2) < 00.
(it) Cyply: By — By is bounded if and only if sup,cp T gop(2) < 00.

Considering the operator I,C, : B, — By, let Igbgo denote the restriction of I,C, to gy; that is, Ig~6’¢ =
1,Cylg, - B, — B,. Note that Range(I,C,) = Range(I,C,), since for each f € B, we have f — f(0) € B,
and

L,Co(f) = 1,04 (f = £(0)) = L,Co(f — £(0)).
Also, it is worth noting that if ¢ is a nonconstant self-map of D and g € H(ID) is nonzero, then the operator

IQNC;, : gq, — B, is one-to-one. This is an immediate consequence of the facts that ¢ : D — D is an open
mapping and the zero sets of ¢’ and ¢ in D are at most countable.

As a consequence of the above discussions we get the following useful result:

Theorem 2.2 Let ¢ be a nonconstant self-map of D, g € H(D) be nonzero, and the operator I,Cy : By, — By,
be bounded. Then I,C, : B, — By, has closed range if and only if I;C’W : By, — By, is bounded below.

A subset G of D is said to be a sampling set for B, if there exists k& > 0 such that

I£llo < ksup{o(2)|f'(2)| : z € G},

for all f € B,. The concept of sampling set for B, is defined in [3, 9, 32]. Ghatage et al. in [9] used sampling
sets to study closed range composition operators on the Bloch spaces. The concept of sampling sets has also

been used to investigate closed range composition operators on other spaces of analytic functions [3, 32].

For the weights v and w, € >0, g € H(D), and a self-map ¢ of D, let
Quo(e)={zeD:77(2) > e}, and GZ7(e) = p(Q27 ().
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In the next theorem, we use Theorem 2.1 and Theorem 2.2 to characterize closed range operators I,C, : B, —
B,, in terms of existence of sampling sets for B,,. See [3, Theorem 3.1] for a similar result about closed range

bounded composition operators Cy, : B,, — B,, when a > 1.

Theorem 2.3 For arbitrary weight w and essential weight v, let I1,C, : B, — B, be a bounded operator.

Then 1,C, has closed range if and only if for some € > 0, G&’fg(s) is a sampling set for B, .
Proof Suppose that I,C, : B, — B, has closed range. Then, by Theorem 2.2, there exists m > 0 such that
11,C (D). = ml|flls,. for all f € B,. (2:2)

Also, note that for each f € B, we have 11,00 (F)lB, = I 1gC0(f)|l- Hence, by (2.2), for each f € B, with
|| fllo > 0, there exists zy € D such that

o5 (P E (P2 = w(zp)|(TCo (1) (20)] Z (m/2) 1 flo-

On the other hand, by Theorem 2.1,

mg') =sup 7y ’(2) < 0o,
which implies that
my g0z (p(zp))| = 705 (2)0(0(2p)f (0(2£))] = (m/2)[1f1]o- (2.3)

Note that by the definition of ¥ in (1.2), we have o(p(zf))f (@(zf))| < | f'llze = ||fllv, and therefore, by
(2.3), we get

) 2 m/2), and WG (e 2 5wl (2.4)

Hence, by letting € =m/2, (2.4) implies that zy € Qg7 (¢), and also since the weight v is essential, using the

positive constant C' given in (1.3), we obtain

v, w
g

Cm
[ £l < T“”Sup{v(ZNf'(Z)l 12 € (R (e)} (2.5)

for each f € B,. Since for each f € B, we have f — f(0) € B, and || f|, = ||f — f(0)]l», (2.5) also holds for
each f € B,. This implies that G,/ (¢) is a sampling set for B, .

Conversely, suppose that for some ¢ > 0, Gg’f;(e) is a sampling set for B,. Therefore, using the fact

that v < ¥, there exists k > 0 such that
[fllo < ksup{o(2)[ ()] : z € GLg(e)},
for all f € B, . Therefore, for each f € B,, there exists zy € D such that 70:0(25) > €, p(zf) € G ¥ (€), and
I£llo < 2k5(0(2))1f (0 (25))-
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Consequently, for each f € B, , we have

HgCo (N)llw = wlzp)le’ (z4)llg(zp)I1f (0(21))]
=710 (21)0(0(2))f (0 (21))]

> 5”va
- 2k

This implies that for each f € B, we have

Bu 2 HgCo(Fllw = HgCo ()l = ellflly _ el s,

||IQC<P(f)| w = 2%k 2%k

Therefore, Ig~C¢ : B, — By, is bounded below and hence, by Theorem 2.2, I,C, : B, — B,, has closed range.

O
As mentioned before, (1.1) shows that if p(0) =0 then I4.,Cy, = C,1,. This, along with Theorem 2.3, implies

the following result:

For arbitrary weight w and essential weight v, let Cyly @ By, — By be a bounded operator and
©(0) =0. Then Cy,l, has closed range if and only if for some € > 0, GJgop(€) is a sampling set
for B,.

By analyzing the proof of Theorem 2.3 one can see that the condition ¢(0) = 0 is not used in “if part”. Hence,

we have the following result:

Theorem 2.4 For the weights v and w, let Cyly : By — By be a bounded operator.

(i) If there exists € > 0 such that Gigo,(€) is a sampling set for B, , then C,I, has closed range.

(i3) If the weight v is essential, ©(0) = 0, and Cyl,; has closed range, then there exists € > 0 such that

Glgop(€) is a sampling set for B, .

Let p(z,w) = |p.(w)| denote the pseudo-hyperbolic distance on D, where ¢, is the disk automorphism of D
defined by

zZ—w
= D.
@Z(w) 1_211], w e

For r € (0,1) we say that a subset G of D is an r-net for D if for every z € D there exists w € G such
that p(z,w) < r; see [3, 31, 32]. Closed range composition operators between Bloch-type spaces have been
characterized in terms of existence of r-nets. See, for example, [3, 31, 32]. By applying the next lemma and

using Theorem 2.2, we next show that if G () is an r-net for some small enough r > 0, then I,C, : B, — B,

has closed range (see [21, Theorem 3.7(b)]).

Lemma 2.5 [2, Lemma 1] Let v be a weight satisfying condition (L1), which is continuously differentiable
with respect to |z|. Then there exists M, > 0 such that for all f € H° and z1,22 € D we have

[v(z1)f(21) — v(22) f (22)] < Mo|[fllme p(21, 22)-
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Theorem 2.6 Let v be a weight satisfying condition (L1), which is continuously differentiable with respect to
|z|. For an arbitrary weight w let 1,Cy, : B, — By, be a bounded operator. If there exist € > 0 and r € (0, M, ')
such that G)')(g) is an r-net, then 1,C, has closed range.

Proof Let f € B, with ||f], = 1. Since 6 = 1(1+rM,) < 1, there exists a € D such that |f/(a)|v(a) > 4.

On the other hand, since f’ € HS®, using Lemma 2.5, we have

[f'(a)v(a) = f/(@(2a))v(9(2a)))] < Mol f' | e pla, o(2a)) < Mo
Therefore, using the fact v < v, we conclude that

I(ZC) (N5, = 1TeC) (Pl = 1 (9(za)l¢" (z0) g (2a) [0(2)
= /' ((2a))[0(p(2a)) 7225 (2a)
= | £ (e(za))|v(p(2a))755 (2a)
> e(|f'(a)v(a)] = Myr)

1— Myr

>e(d — Myr) =¢( 5

).

This implies that Igbw : g@ — By, is bounded below and hence, by Theorem 2.2, I,C, : B, — B, has closed
range. 0

In order to prove the converse of Theorem 2.6 we first need to prove the next lemma, which is a generalization
of [3, Theorem 3.2] for the standard weights v, . The types of weights v considered in the next lemma are
introduced in [2, Theorem 2(b)]. We will later mention examples of weights satisfying the assumptions of the

next lemma.

Lemma 2.7 Let v be a weight such that u(z) = % is a weight on D for some 0 < p < oo and p = fi.

Then any sampling set for B, is an r-net for some r € (0,1).

Proof Let a € D. Then there exists g, € H7® such that ||ge|[see =1 and ge(a)u(a) = ga(a)i(a) = 1. Define

fo) = [ T 0a(0) (é:'jc';)pdc,

for all z € D. Then, as shown in [2, Theorem 2(b)], we have f, € B, and || fu|l, = 1.
Now let G be a sampling set for B, . Therefore, there exists a constant & > 1 such that

I fllo < ksup{v(2)|f (2)] : 2 € G}, forall f € B,. (2.6)
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Applying (2.6) for f, and using the sup property one can find z, € G such that

L= fallo £2kv(z0)[fo(2a)]

~2huCenlanten)| (Al )

|1 — Gzg)?
o o(z)lgalza)] (= )~ [z
=2 (1—|za|2>p< 1 azp >

=2kp(24)]9a(2a)[(1 — |90a(za)‘2)p
<2kl gall e (1 = pa(za) )P

<2k(1 - |90a(2a>|2)p-

Therefore, p(a, zq) = |@a(z4)| <7 =1/1— (5)", and hence G is an r-net. O

Theorem 2.8 Let v be an essential weight such that u(z) = % is a weight on D for some 0 < p < oo

and p = fi. Let w be an arbitrary weight such that 1,Cy, : By, — By s a bounded operator. If 1,C, has closed

range, then G;(¢) is an r-net for some € >0 and r € (0,1).
Proof Suppose that I,C, : B, — B, has closed range. Then, by Theorem 2.3, there exists € > 0 such that

Gy (€) is a sampling set for B, . Therefore, by Lemma 2.7, GJ'/(¢) is an r-net for some r € (0,1). O

Example 2.9 The following weights satisfy the assumptions of Lemma 2.7 and Theorem 2.8. See [2, Example

(i) For all 0 < a < oo, the standard weight v, (2) = (1 — |z|2)*.

(ii) For all 0 < a, 3 < oo, the weight v given by v(z) = (1 — |2]?)*(1 — log(1 — |2|?)) 5.
Recalling the argument before Theorem 2.4, we have the next result for the operator C, 1, : B, = By, .
Theorem 2.10 For the weights v and w, let C 1, : B, = By be a bounded operator.

(i) Let v be a weight satisfying condition (L1), which is continuously differentiable with respect to |z|. If

there exist € > 0 and r € (0, M, ') such that G g0, () is an 7-net, then C,1, has closed range.

1) Let v be an essential weight such that p(z) = f(z)z, is a weight on D for some 0 < p < o0 and p = fi.
(1-1z?)?

If Culy has closed range and p(0) =0, then Glgop(€) is an r-net for some € >0 and r € (0,1).

We conjecture that the results of Theorem 2.4(ii) and Theorem 2.10(ii) are valid for the operator C,I, without
the assumption (0) =0.
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3. Essential norms of Li—Stevié¢ integral type operators

Recall that for the Banach spaces X and Y, the norm of a bounded operator T : X — Y is denoted by
IT||x—v . Also, the essential norm of a bounded operator T': X — Y, denoted by ||T||¢,x—yv , is defined as
the distance from T to IC(X,Y), the space of compact operators from X into Y. Clearly, a bounded operator
T:X —Y is compact if and only if ||T||e, x—y = 0. Therefore, essential norm estimates of bounded operators
lead to necessary and/or sufficient conditions for the compactness of such operators. Essential norm estimates
of different types of operators have been intensively studied between certain classes of Banach function spaces.
See, for example, [7, 18-20, 22, 23] and the references therein.

In this section we give the essential norm of Li-Stevi¢ integral-type operators I,C, and C,I, between
Bloch-type spaces. Indeed, more generally, we give the essential norm of a bounded operator T' between general
classes of Banach spaces. Consequently, we get the essential norm of the operators I,C, and C,I, between
different Banach spaces of analytic functions including Bloch-type spaces. We next introduce the form of general
Banach spaces of analytic functions that we consider.

Let X be a Banach space of analytic functions on the open unit disk D containing the constant functions,

with norm satisfying

[fllx = [FO+ [ fllsx:  feX, (3.1)
where || - ||sx is a seminorm on X . Moreover, assume that for all f € X and for any constant (function) ¢,
1 + cllox = I/ lox- (32)

See [24] for the above mentioned definitions and note that Bloch-type spaces B, are examples of Banach spaces
X with norm satisfying conditions (3.1) and (3.2). At the end of this section we will give more examples of
such Banach spaces X . For a Banach space X, satisfying conditions (3.1) and (3.2), the derivative space is
defined by Y = {f’: f € X} equipped with the norm

Iy = flsx, feY. (3.3)

Indeed, Y is a Banach space since the Banach space X satisfies conditions (3.1) and (3.2) and [|f'|ly =
IIf — f(0)]|x for all f/ €Y. The spaces (X,Y) are called derivative pair spaces or briefly D -pair spaces.
Note that (B,,HS°) is a D-pair Banach space for any weight v. At the end of this section we will

introduce several other well-known D-pair Banach spaces. Next we give our essential norm results for general

D-pair Banach spaces. We use the notation X to denote the closed subspace of X containing those f with
f(0)=0.

Note that for general Banach spaces X, Y, and Z,if U : X — Y is an invertible bounded operator and
T :Y — Z is a bounded operator, then

L

HUwﬂTwaX+zSHTMyazSHU;”WTU

e, X—Z-

In particular, if U : X — Y is a surjective isometry, then

1T

ley—z = [TU

e, X—7Z- (34)
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Theorem 3.1 Let X and Y be Banach spaces of analytic functions on D containing the constant functions.
Let X satisfy (3.1) and (3.2). If T : X =Y is a bounded operator, then

ITllex—y = 1Tl %y

Proof We also denote the operator T'| 5 : XY by T : X > Y. For every compact operator K : X — Y,

the operator K| : X — Y is also compact and therefore

ITlle %oy < IT = Klgllzy

= sw  Tf=Kfly
FEXIfllx<1

sup ||Tf = Kfly
FeX |Iflx<1

=T - K| x-v,

IN

which implies that

1Tl %y < ITlle,x -y (3.5)

In order to prove the converse of (3.5), for an arbitrary compact operator K:X— Y, define K : X — Y, the

extension of K to X , by
K(f)=K(f = f(O)1) + f(0)1,

for all f € X. Note that the extension K : X — Y is indeed a compact operator, since X and Y contain the
constant functions and X satisfies (3.1) and (3.2). Also, define compact operators Ty, Ko : X — Y by

for all f € X. Then, applying a similar argument as in the proof of [22, Theorem 1], one can see that

ITllex—y < T = Kl gy

and since K : X — Y was an arbitrary compact operator, we get the desired result:
[Te,x—y < [T

e,)?—>Y'

Theorem 3.2 Let X, Y, and Z be Banach spaces of analytic functions on D containing the constant functions.
Let X satisfy (3.1) and (3.2) and (Y, Z) be D -pair Banach spaces. If T : X — Y is a bounded operator and
D :Y — Z is the derivation operator, then

IT]le.x—y = [DTle,x~z-
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Proof By Theorem 3.1, it is enough to show that ||| = ||DT| Let the restriction operator

e,)~(~>Y e,)~(~>Z :

T|g: X —Y be also denoted by T : X Y. Then,

= inf HT_K||)?—>Y

T ~
17z KeK(X,Y)

= inf sup |[(T— K)flly
KeK(X,Y) |Ifllx<1

= it swp (T —K)fl- (3.6)
KeK(X,Y) |Ifllx<1

To see the last equality, define Tof = (T'f)(0)1 for all f € X. Also, for each K € K(X,Y), define

Kof = (Kf)(0)1 for all f € X. Then Ty, Koy € IC()?,Y), since X and Y contain the constant functions
and satisfy (3.1) and (3.2). Hence, by applying (3.2) we have

Il <|T = (K = Ko + To)

H)?—>Y

< sup [[(T'=To)f — (K — Ko)flly

e,)?—)Y

Ifll<1

= sup [(T—To)f — (K — Ko)fllsy
[[fllx<1

= sup [[(T— K)flsy.
Ifll¢<1

This, along with the fact that || - ||sy < || - ||y, implies (3.6). Therefore, by (3.3) we have

ITll, x5y = inf  sup [(T—K)fllsy
KeK(X,Y) |Ifx<1

= inf sup ||D(T — K)fllz
KeK(X,Y) |Ifllg<1

inf |DT - DK 5 - (3.7)
KeK(X,Y)
On the other hand, by considering the (bounded) integration operator S : Z — Y, one can see that for each
compact operator A € IC()Z’, Z) we have A = DSA, and therefore A is of the form DK for some K € IC()N(, Y).
Hence, (3.7) implies

I

) inf ||DT = Allg_,, = |IDTl, 5~

XY — 3
et AEK(X,2)

and completes the proof. O

As an immediate consequence of Theorem 3.2 we get the following result:

Theorem 3.3 For i = 1,2 let (X;,Y;) be D-pair Banach spaces of analytic functions on D containing the
constant functions and T : X1 — X5 be a bounded operator. If Dy : Xo — Yy and S1 : Y1 — Xy respectively

denote the derivation operator and the integration operator, then
[TNle,x,—x2 = [D2TS1le,vi—ve-
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Proof Note that the integration operator Sy : Y7 — Xi, given by (S1f)(2) = foz f(€)d¢, is indeed an isometry
between Y; and X . Therefore, by (3.4), we have
DTl 5, oy, = ID2TS1le,y—vs-
On the other hand, by Theorem 3.1 and Theorem 3.2, we have

DT

e %15y, = 1D2T |le,x,—ve = [ITle,x, - X2

which implies the desired result. g

As an immediate consequence of Theorem 3.3, we get the following result for the essential norm of Li—Stevié
integral-type operators I,C,,C,1, : X1 — X3 in terms of the essential norm of weighted composition operators
DyI,C,S1 = (¢ - g)Cyp : Y1 = Yy and DoCulyS1 = (¢ -go@)Cy : Y1 = Yo,

Corollary 3.4 For i = 1,2, let (X;,Y;) be D-pair Banach spaces of analytic functions on D containing the

constant functions.

(i) If I,C, : X1 — X5 is a bounded operator, then
113Cple.x,—x2 = (" 9)Colle,vi s
(i3) If Cply: X1 — Xo is a bounded operator, then
1CoIglle,x,~x2 = [1(©" - 90 0)Colle,vi—vs-

Remark 3.5 It is worth mentioning that unlike Theorem 2.4 (i) and Theorem 2.10(ii), for the essential norm

of the operator C,l4, in Corollary 3.4(it), there is no need to assume that p(0) = 0.

Remark 3.6 Recall that, for the real scalars A and B, the notation A < B means that A and B are
“almost” equal; that is, cB < A < CB for some positive constants ¢ and C. In many papers, the results
concerning essential norms are given in terms of “almost” equalities, not “exact” equalities. See, for example,
[18, 19, 22, 23]. It is worth mentioning here that the results of Theorems 3.1, 3.2, and 3.3 and Corollary 3./

are given in terms of “exact” equalities, not “almost” equalities.

We next apply Corollary 3.4 to several well-known D-pair Banach spaces and consequently we get the essential
norm of the operators I,C, and C,I, between such spaces.

As mentioned before, (B,, H°) is a D-pair Banach space for each weight v. Therefore, using [20,
Theorem 2.1] and applying Corollary 3.4 to the operators 1,C,,C,I, : B, — B,, we get the following result for

the essential norm of such operators.

Theorem 3.7 For the weights v and w, let 1,C,,Cyl, : B, — By be bounded operators. Then:

(4)
|e,B,U —B, — lim sup w .

|
II7,C "
e r=17 o(2)|>r U(SD(Z))
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IColylosp, — lm sup 2
Y9 - r—1- lo(2)|>r U(QD(Z))
We next introduce some other well-known D-pair Banach spaces (X,Y) for which Theorem 3.3 can be applied

to give the essential norm of I,C,,C 1, : X =Y.
For each 0 < « < 00, the Zygmund-type space Z,_ consists of all functions f € H(D) satisfying

sup v (2)|f"(2)| < oo.
z€D

The Zygmund-type space Z,_ is a Banach space equipped with the norm
£l 2., = LFO)+1f(0)] +Sugva(2)|f”(Z)|, fez.,.
ze

Note that the Zygmund-type space Z,, consists of those analytic functions on D whose derivatives belong
to the Bloch-type space B, . Indeed, (Z,_,8,,) is a D-pair Banach space. Boundedness, compactness, and
essential norm estimates of different types of operators between Zygmund-type spaces have been studied by
many authors. See, for example, [10, 11, 13-15, 22, 23, 25] and the references therein.

Essential norm estimates of weighted composition operators between Bloch-type spaces are given in [18,
Theorems 3 and 4] and in the proof of [19, Theorem 8]. Therefore, by applying Corollary 3.4 we get the following
estimates for the essential norm of the operators I,C,,C I, : Z,, — Z,, in different cases of a,3 > 0. In
order to simplify the notations in the statement of the next theorem, we use the following simplifications (see
[18, 22]):

A — lims Uﬂ(z)
(9, 5, B) limsup o) l9(2)l,
: 1
B(g,¢,8) = lli)r(r;ﬁig v5(2)|g(2)|log T

Theorem 3.8 Let o, 3> 0 and 1,C,,C,l,: Z,, — Z,, be bounded operators.

(1)) If 0 < a <1, then

||IQCSP||Cyzua—>Z XA(CPQ '9790,0175)7

vg

HCLPIQ XA(QPQ '9080a<ﬂ7a7ﬁ)~

€,Zyq —)Zyﬁ

14Colle,z2,, = max {A(¢” - g,0,1,8), B((¢"-9),¢,8)} ,
1CoLglle,2—z2,, = max {A(¥? - gop,0,1,8),B((¢ -gov),¢.0)}.
(#i1) If 1 < o < o0, then
115Cele,2.,, 2., < max{A(¢”? - g,¢,0,0), A((¢' - 9),p.a = 1,0)},

||C¢Ig||€7zva—>zv5 = max {A((PIQ "goy, 9070[75)3 A ((30/ *go 90)/? Y, — 15 5)} .
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Let A denote the area measure on D normalized by the condition A(D) =1. For 1 < p < oo and —1 < a < 00,
the Besov-type space By, . consists of those functions f € H(ID) for which

1150 = /D [F/ ()P (L = |2*)*dA(2) < o0
The Besov-type space B, . is a Banach space with the norm

£, = [£(O)] +[I.f]

pas J €Bpa.

For 1 <p < oo and —1 < a < 00, the standard weighted Bergman space is defined as

ag = {r e HO): 19, = [ 17 - BR)Ae) < o).

Note that B, , consists of those analytic functions on I whose derivatives belong to the weighted Bergman
space AP . Indeed, for 1 < p < oo and —1 < & < 00, (Bp,q,AL) is a D-pair Banach space. By [5, Theorem 3],
for each 1 < ¢ <p < oo and —1 < o, < 00, every bounded weighted composition operator between AP and
Aqﬂ is compact. Therefore, by Corollary 3.4, when 1 < ¢ < p < o0 and —1 < «, 8 < 0o, bounded operators
1,C,,Culy = By o — Byp are compact; that is, ||I;Cylle,B, .8, = [ICplylle,B, 5,5 = 0. In order to
give the essential norms of I,C,,C,l; : By o — By in the case of 1 < p < ¢ < oo, we use the following

simplification (see [5]):

_lal? (2+a)q/p
Toapt@) = [ (aiss) Wl = ) aac)

Finally, by applying [5, Theorem 2] and Corollary 3.4, we get the following result:

Theorem 3.9 Let 1 <p < g<oo, -1 <a,B <00, and [,C,,Culy : By o — By be bounded operators.
Then,

|a]—1

1/q
olle,Bya—Bys < (hmsuf’l%aﬁ(ﬁol'g)(a)) :

1/q
1Celglle,y0—Bys =< (hm sup Iy o,5(¢" - g o ‘P)(@) .

|a]—1
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