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Abstract: In this paper we discuss the connection between conditional expectation type operators and integral operators.
A variant of Schur’s lemma is established and we obtain modular inequalities for a class of conditional expectation type

operators.
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1. Introduction
Let (©2,S,P) be a probability space and let X be a real-valued random variable on Q. The expectation
EX of X is defined as fQ XdP if the integral exists. Let A be a sub-o-algebra of §. The conditional
expectation of X given A is defined as a random variable E(X|.A), measurable for 4, such that for all A € A,
[LE(X|A)dP = [, XdP, if such a E(X|A) exists. For any X € L'(Q,S,P) and any sub-c-algebra A of S,
a conditional expectation F(X|A) exists, and if Y and Z are conditional expectations of X given A, then
Y = Z almost everywhere (see [5, 10.1.1 Theorem]). The operator E(-|A) : L(Q,S,P) — LY(Q, A, P) is called
the conditional expectation operator induced by A. If X is also A-measurable, then E(X]A) = X and hence
E(:|A) is a projection from L'(Q,S,P) onto L'(2, A, P). It is known that E(-|.A) is a bounded linear operator
and for each 1 <p < oo, if X € LP(Q,S,P), then E(X|A) € LP(Q, A, P) and |E(X|A)|, < || X]||,. For more
important properties and detailed discussion, we refer the readers to [1,3-5,16].

Recently, Estaremi and Jabbarzadeh established the boundedness and compactness properties for weighted
conditional expectation type operators. Let (€2, S, ) be a complete o-finite measure space and let A4 be a sub-
o-algebra of S. Let L°(£2, S, 1) be the vector space of all equivalence classes of almost everywhere finite-valued
measurable functions on Q and D = {f € L°(Q,S,u) : E(|f|]A) € L°(Q, A, u)}. Take u,w € D and define
T =MyE(:|A)M, : LP(Q,S, ) — L°(Q, S, 1), where M, and M, are multiplication operators. Consider the
boundedness of T : LP(Q,S, ) — L1(Q,S,u). In [9, Theorem 2.1], it was proved that for 1 <p=¢g <oo, T
is bounded if and only if
"

{E(wlP LAY PLE(ul” A} € L(Q, A, p),

where 1/p+ 1/p* = 1. In the case p = ¢ = 1, the condition is

uE(lw||A) € L*(,S, u).
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The authors showed in [9, Theorem 2.2] that for 1 < ¢ < p < oo, T is bounded if and only if
{E(w]?| A YUE(ul" AP e L7(9Q, A, ),

where 1/r =1/p* —1/¢*. In the case 1 < p < ¢ < o0, the conditions for the boundedness of T" were obtained
in [9, Theorem 2.3]. The cases ¢ = 1 or p = 1 were also considered in [9, Theorem 2.4]. Similar results for
composition Lambert type operators can be found in [10]. Necessary and sufficient conditions for Lambert type
operators and conditional type operators to be compact on LP spaces can be found in [8,9,11]. The boundedness
and compactness properties of operators of the form FE(-|.A)M, on Orlicz spaces were established in [7].

The theory of boundedness for integral operators on weighted LP spaces has been developed well. Let
(E,pn) and (T, ) be two o-finite measure spaces and let k be a nonnegative measurable function defined on

(E xT,ux A). We define the integral operator T} for nonnegative measurable functions g on (7', \) by

Tkg(x):/Tk(x,t)g(t)d)\(t), reE. (1.1)

Weighted inequalities of the form

{/ETkQ(fE)qU(x)d,u(x)}l/q < C{/Tg(t)%(t)d)\(t)}l/p, (1.2)

where 1 < p, q < 0o, play an important role in analysis and have been investigated by many authors. Here v and
v are nonnegative locally integrable weight functions on (E, ), (T, ), respectively. A natural generalization

of (1.2) is modular inequalities of the form

{ /E ¢q(Tkg(w))u(z)du(x)}l/q < 01{ /T d’p(C’gg(t))v(t)d)\(t)}l/p (1.3)

for all nonnegative functions g defined on (T, A), where 0 < p,q < oo and ¢ : [0,00) — [0,00). See [6] and the
references given there.

It is known that conditional expectation type operators are closely related to a class of integral operators
(see [13, Example 2.4 & Example 4.2] and [5, §10.1 Problem 9]). Since Schur’s lemma is a useful way to
investigate the boundedness of operators by choosing a suitable function that satisfies certain inequalities (see
[2,12,15,17,18]), we are interested in applying this method to obtain modular inequalities of the form (1.3) for
conditional expectation type operators. In this paper we discuss the connection between conditional expectation
type operators and integral operators. Then a variant of Schur’s lemma is established and we obtain sufficient
conditions for inequalities of the form (1.3) to hold, where T}, is replaced by a class of conditional expectation
type operators and ¢!/* is quasiconvex for some s > max{1/p,1/q}.

Throughout this paper all functions are assumed to be measurable on their domains. For constants c;
and ¢, we write ¢; < ¢o if there exists a constant d > 0 such that ¢; < dcy. We use the convention that

~

0°=00"=1 and co/ooc=0/0=0-00=0. For 1 <p < oo, p* is defined by 1/p+1/p* =1.

2. Conditional expectation type operators and integral operators

In this section we show the connection between integral operators and conditional expectation type operators.
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Definition 2.1 (/5, §10.1 Problem 5]) Let (Q2,S,P) be a probability space and let A be a sub-o-algebra of S.
A random variable X on (2, S,P) is said to be independent of A if for every A € A and measurable set B in
the range of X,

P(X Y (B)nA) =P(X (B))P(A). (2.1)

Note that if X is real-valued and independent of A, with E|X| < oo, then E(X|A) = EX almost

everywhere.

Lemma 2.2 (/5, §10.1 Problem 9]) Let (2, S,P) be a probability space, (E, Mg) and (T, Mr) two measurable
spaces, ® : Q@ — E and ¥ : Q — T measurable functions, and f a real-valued measurable function on
(Ex T,MpgQ@Mr) with [,|f(®,¥)|dP(w) < co. Let A be a sub-o-algebra of S. Suppose that ® is
measurable for A and W is independent of A. Let A =P o W=t on (T, Mz). Then we have

E(f(®, 0)]A) = /T £(®,1)dAw). (2.2)

Choose (E,Mpg) = (T,M7) = (9,S) in Lemma 2.2. Suppose that & is a nonnegative measurable
function on (2 x Q,S@S). Let A be a sub-c-algebra of S and suppose that ® : Q@ — Q is measurable
for A and ¥ : Q — Q is independent of A. Let g be a nonnegative S-measurable function on  with
Jo k(®@,0)g(V)dP(w) < oo. Define A=Po ¥~ on (©2,8). By Lemma 2.2 with f(z,t) = k(z,t)g(t), we have

Ek(®,¥)g(V)|A)(w) = /Qk(<1>(w),y)g(y)d)\(y) for P-a.e. w € (. (2.3)

Hence, E(k(®, ¥)g(¥)|.A) can be written as an integral operator for g.

In the following we show that integral operators of the form (1.1) can also be written as a conditional
expectation type. Let (F,Mg,u) and (T, Mr,\) be two o-finite measure spaces. Let Q@ = E x T and let
S = Mg Q M be the product o-algebra. Suppose that k is a nonnegative measurable function on (92, S). For
nonnegative measurable functions g on (T, M, A), define Tyg(x) = [, k(x,t)g(t)dA(t) for x € E. Suppose that
there exist positive measurable functions u and v on E and T, respectively, such that [ pudy = fT vdh = 1.
Define dPy = udp, dPy = vd\, and P = Py x Py. Then (9,S,P) is a probability space. Note that
k(z,t)v(t)"1g(t) is S-measurable on Q and we write Tpg(z) = [ k(x,t)v(t) " g(t)dP(t) for € E. Define
A={AXxT: A€ Mg}. Then A is a sub-c-algebra of §. Here we show that Tpg can be written as
E(kv=1g|A). Define ®:Q — F and ¥ : Q — T by ®(z,t) = x and ¥(z,t) = ¢, respectively. It is easy to show
that ® is measurable for A. On the other hand, for D € A and Dy € My, D = Dy x T for some D, € Mg
and W~1(Dy) = E x Dy. Then

P(DNUY(Dy)) =P(D; x Dy) = Py(D1)Ps(Ds) = P(D)P(U1(Dy)).

By Definition 2.1 we see that ¥ is independent of A. Let f(xz,t) = k(z,t)v(t)"tg(t) for (z,t) € Q. By the
definitions of ® and ¥, we have f(®,V)(w) = f(w) for w = (z,t) € Q. Since P o ¥~! = Py, by Lemma 2.2
we see that if [, [f(w)|dP(w) < oo then for (z,t) € €,

E(kv™ gl A)(z,t) = B(f(®, 9)|A)(z,t) = /Tf(¢(x,t)7y)dP2(y) = Thg().

This result is also given in [13, Example 4.2].

3119



LUOR/Turk J Math

3. Modular inequalities for conditional expectation type operators

In this section we prove modular inequalities for conditional expectation type operators of the form (2.3). Let
(Q,S,P) be a probability space and let A be a sub-o-algebra of S§. Suppose that ® : Q — Q is measurable for
A and ¥ : Q — Q is independent of A. Suppose that k is a nonnegative measurable function on (2xQ, S S)
such that E(k(®,¥)) < co and E(k(®, V)|A)(w) =1 for P-a.e. w € Q. Let g be a nonnegative S-measurable
function on Q with E(k(®, ¥)g(¥)) < co. Define A = P o ¥~!. We consider modular inequalities of the form

1/p

{/¢q <nAx>>wmpwﬁ”qsq{4¢%@aww@wxw} , (3.1)

where 0 < p,q¢ < 00, ¢ : [0,00) = [0,00), u is a nonnegative function on €, and v is a positive and finite
function on €.

Since E(k(®,¥)) < 0o, by (2.3) we have E(k(®,V)[A)(w) = [, k( y)dA(y). By Schur’s lemma [12,
Appendix 1.1 Lemma] and the condition that FE(k(®,¥)|A)(w ) =1 for P-a.e. w €, we see that in the case
p(x) =2, 1 <p=gqg<oo,and u=uv=1,if sup,cq [, k(®(w),y)dP(w) = B < oo, then (3.1) holds with
C, = BY? and Cy = 1. Moreover, by [12, Appendix 1.2 Lemma] we see that the same case of (3.1) holds for

0 < (C; <o and Cy =1 if and only if for all B > C; there is a measurable function w on § that satisfies
0<w< oo Aae, E((®,V)w(¥)) < oo, 0 < E(k(®,¥)w(V)|A) < co P-a.e., and such that

/k B(k(®, )w(W)|A) )]P/? dP(w) < Brw(y)”". (3.2)

Here we apply a variant of Schur’s lemma obtained in [15] to establish (3.1).

Definition 3.1 ([14, Definition 1.1.6])We say that ¢ : [0,00) — [0,00) is quasiconvex if there exist a convex
function v and a constant £ > 0 such that ¥(t) < ¢(t) < lp(€t) for t > 0. Define sy = sup{s >

0| ot/ is quasiconvex.} . If ¢'/* is not quasiconvex for any s > 0, we define 54 =0.

The following theorem is an extension of [15, Corollary 2.3] and the method that is used to prove [15,

Theorem 2.2] can also be applied to prove this theorem.

Theorem 3.2 Let 0 < p,qg < 00, ¢ : [0,00) — [0,00), and max{1/p,1/q} < sy < co. Let s be a finite

constant in the range max{1l/p,1/q} < s < sy such that '/* is quasiconver. Let 1 < B < min{sp,sq}.
Suppose that there exist 0 < m < *, 0 < D < oo, and a positive and finite function w on € such that
E(k(®, 0)™w(0)u(¥)=6P") < 0o and

H'sw(y) < Dw(y)?C=P) for X—ae. yeq, (3.3)
where
. sq/B"
HIw(y / k(®(w), y) /850y (w) (E(k:(cI), O) ™ (U) (W)~ P) A)(w)) dP(w). (3.4)
Then (3.1) holds with
C1 < DYIE(w(0)u(W)' =P (sp=5)/(Bp) (3.5)
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Proof If ¢/ is quasiconvex, then there exist a constant ¢ > 0 and a convex function 1 such that
Y(t) < ¢(t)Ys < fp(et) for t > 0. Since E(k(®,¥)|A)(w) = 1 for P-ae. w € Q, Jensen’s inequality
and (2.3) imply that

O/ (E(k(D, W)g(¥)]A) (w)) <CH(E(K(P, ¥)(Lg)(V)[A)(w)) = ¢ (/Q k@(w),y)(fg)(y)dk(y))

<t /Q E(@(w), )1 (Lg(y))dAN(y)

for P-a.e. we N and

/¢q )9(¥)[A)(w))u (w)dP(w)ggsq/

Q

(/Q k(®(w), y)h(y)da(y)> Squ(w)dP(w), (3.6)

where h(y) = ¥(Lg(y))v(y)eP) ~1 and do(y) = v(y)' =P d\(y). Hélder’s inequality with indices § and 3*
implies

@ pnmast) < ( [ ko).t oy >1-ﬁda<y>)1/ﬁ (f k(@(cu),y)mw(y)da(y))W.

By (3.6), Minkowski’s integral inequality with index sq/8, and (3.3), we have

{ [ o mgo) e <w>dP<w>}Uq
<r{ / ) (T () D)’ %a(y)}sm
<£5D1/q{/gh(y)6w(y)l5/(”’)d0(y)}8/5

seSDl/q{ /ﬂw<y>v<y>1—<sp>*dA(y)}(Sp_m/(ﬂp){ Qh(y)spda(y)}l/p.

The last inequality is based on Holder’s inequality with indices sp/8 and (sp/8)*. By the equality

/w(y)v(y)l’(sm*d/\(y)=/w(‘lf(W))v(‘I’(w))1’(5”)*dP(w)=E(w(‘lf)v(‘1/)1’(5p)*)
Q Q

/Q Yoy /¢>P £g())v(y)dA(y),

we have (3.1) with (3.5). O

and the inequality

In the case v =v =1 and m = s¢f*/(sq + *), we have m = (1 — m/f*)sq and conditions (3.3)—(3.4)
can be reduced to

sq/B”
/Qk(@(w),y)m (E(k(@, ‘If)’”w(‘l’)lA)(w)> dP(w) < Duw(y)?=1/7) (3.7)

for A-a.e. y € Q. In particular, in the case s =1, p=g¢, and § = p, we have m =1 and (3.7) is reduced to
the form (3.2).
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