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Abstract: The main purpose of the present paper is to study the geometry of transversal lightlike submanifolds
and radical transversal lightlike submanifolds of metallic semi-Riemannian manifolds. We investigate the geometry of
distributions and obtain necessary and sufficient conditions for the induced connection on these manifolds to be a metric
connection. We also obtain characterization of transversal lightlike submanifolds of metallic semi-Riemannian manifolds.

Finally, we give two examples.
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1. Introduction

Lightlike submanifolds are one of the most interesting topics in differential geometry. It is well known that a
submanifold of a Riemannian manifold is always a Riemannian one. Contrary to that case, in semi-Riemannian
manifolds the induced metric by the semi-Riemann metric on the ambient manifold is not necessarily nondegen-
erate. Since the induced metric is degenerate on lightlike submanifolds, the tools that are used to investigate
the geometry of submanifolds in the Riemannian case are not favorable in the semi-Riemannian case and so the
classical theory cannot be used to define any induced object on a lightlike submanifold. The main difficulties
arise from the fact that the intersection of the normal bundle and the tangent bundle of a lightlike submani-
fold is nonzero. In 1996, Duggal and Bejancu [14] put forward the general theory of lightlike submanifolds of

semi-Riemannian manifolds in their book.
In order to resolve the difficulties that arise while studying lightlike submanifolds, they introduced a

nondegenerate distribution called screen distribution to construct a lightlike transversal vector bundle that does
not intersect its lightlike tangent bundle. It is well known that a suitable choice of screen distribution gives
rises to many substantial results in lightlike geometry. Many authors have studied the geometry of lightlike
submanifolds [2—4, 16-18, 29, 33, 34, 37] in different manifolds. For further reading we refer to [14, 15] and the
references therein.

Manifolds with various geometric structures are convenient to study submanifold theory [21, 30, 31, 35].
In recent years, one of the most studied manifold types are Riemannian manifolds with metallic structures.
Metallic structures on Riemannian manifolds allow many geometric results to be given on a submanifold.

As a generalization of the golden mean, which contains the silver mean, the bronze mean, the copper

mean, the nickel mean, etc., the metallic means family was introduced by de Spinadel [12] in 2002. The positive
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solution of the equation given by

x? —pr—q=0,

for some positive integer p and ¢ is called a (p, ¢)-metallic number [9, 11], which has the form

Pt VP t+ig

Op,q = 9

1+T‘/5 and silver mean

For p=¢=1and p=2, ¢ =1, it is well known that we have the golden mean ¢ =

021 =1+ V2, respectively. The metallic mean family plays an important role in establishing a relationship
between mathematics and architecture. For example, the golden mean and silver mean can be seen in the sacred
art of Egypt, Turkey, India, China, and other ancient civilizations [13].

Goldberg, Yano, and Petridis in [25] and [23] introduced polynomial structures on manifolds. As some
particular cases of polynomial structures Hretcanu and Crasmareanu defined the golden structure [6-8, 28] and
some generalizations of this called metallic structure [22]. Being inspired by the metallic mean, the notion of
metallic manifold N was defined in [22] by a (1,1)-tensor field J on N, which satisfies J? = p.J+qI , where I is
the identity operator on the Lie algebra x(]\7 ) of vector fields on N and p, q are fixed positive integer numbers.
Moreover, if (N,g) is a Riemannian manifold endowed with a metallic structure J such that the Riemannian
metric § is J-compatible, i.e. g(jv, W) = g(V, JUI/V)7 for any VW € X(N), then (g, j) is called a metallic
Riemannian structure and (N, §,.J) is a metallic Riemannian manifold. The metallic structure on the ambient
Riemannian manifold provides important geometrical results on the submanifolds, since it is an important tool
while investigating the geometry of submanifolds. Invariant, antiinvariant, semiinvariant, slant, and semislant
submanifolds of a metallic Riemannian manifold were studied in [5, 26, 27] and the authors obtained important
characterizations on submanifolds of metallic Riemannian manifolds.

One of the most important subclasses of metallic Riemannian manifolds is the golden Riemannian
manifolds. Many authors have studied golden Riemannian manifolds and their submanifolds in recent years
(see [6-8, 19, 20, 32, 36]). Poyraz Onen and Yasar [34] initiated the study of lightlike geometry in golden
semi-Riemannian manifolds by investigating lightlike hypersurfaces of golden semi-Riemannian manifolds. Acet
introduced lightlike hypersurfaces in metallic semi-Riemannian manifolds [1].

Motivated by the studies on submanifolds of metallic Riemannian manifolds and lightlike submanifolds
of semi-Riemannian manifolds, in the present paper we introduce the transversal lightlike submanifolds of a

metallic semi-Riemannian manifold.

Considering the brief background given above, in this paper, we introduce transversal lightlike subman-
ifolds of metallic semi-Riemannian manifolds and study their differential geometry. The paper is organized
as follows: Section 2 is devoted to basic definitions needed for the rest of the paper. In Section 3 and Sec-
tion 4, we introduce a metallic semi-Riemannian manifold along with its subclasses, namely radical transversal
and transversal lightlike submanifolds, and obtain some characterizations. We investigate the geometry of dis-
tributions and find necessary and sufficient conditions for the induced connection to be a metric connection.

Furthermore, we give two examples.
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2. Preliminaries

v

A submanifold N™ immersed in a semi-Riemannian manifold (N™FF §) is called a lightlike submanifold if it
admits a degenerate metric g induced from g, whose radical distribution Rad TN is of rank r, where 1 <r < m. Then

RadTN =TNNTN* , where
TN* =U,ex {u € TN [ §(u,0) =0, Y0 € TN }.

Let S(TN ) be a screen distribution that is a semi-Riemannian complementary distribution of Rad TN in TN , i.e.
TN = RadTN L S(TN).

We consider a screen transversal vector bundle S (TN l), which is a semi-Riemannian complementary vector
bundle of RadTN in TN* since, for any local basis {&} of Rad TN , there exists a lightlike transversal vector bundle
Itr(TN) locally spanned by {N;} [14]. Let tr(T'N) be complementary (but not orthogonal) vector bundle to TN in
TN* | 5. Then we have

tr(IN) = ltr TNLS(TN?Y),
TN|y = S(I'N)L[RadTN @& ltr TN] L S(TN™").

Although S(T'N) is not unique, it is canonically isomorphic to the factor vector bundle TN/Rad TN [14].

The following result is important for this paper.

Proposition 2.1 The lightlike second fundamental forms of a lightlike submanifold N do not depend on S(TJ\)f)7
S(TN*Y), and ltrTN [14].

We say that a submanifold (N, g, S(T'N), S(T'N*t)) of N is
Case 1: r-lightlike if r < min{m, k};

Case 2: Co-isotropic if 7 =k < m; S(TN*) = {0};

Case 3: Tsotropic if r =m =k; S(TN) = {0};

Case 4: Totally lightlike if » = k = m; S(T'N) = {0} = S(T'N™).

The Gauss and Weingarten equations are

VwU = VwU+h(W,U), YW,UeT(TN), (2.1)

—AyW + ViV, YW eI(TN),V e I'(tr(TN)), (2.2)

<

S
<
I

where {VwU, AyW} and {h(W,U),ViV} belong to I(TN) and T'(tr(TN)), respectively. Here, V and V' denote

linear connections on N and the vector bundle tr (TN ), respectively. Moreover, we have

VwU = VwU+h" (W,U)+h* (W,U), YW,U €T (TN), (2.3)
VwN = —ANW +Vi{yN+D*(W,N), N eTD(itrTN), (2.4)
VwZ = —A;W+VywZ+D'(W,Z), ZeTD(S(TN™)). (2.5)
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Denote the projection of TN on S(I'N) by P. Then by using (2.1), (2.3)-(2.5), and the fact that V is a metric

connection, we obtain

g(r* (W,U), 2) + §(U, D* (W, Z))
§(D* (W,N),Z2)

g(AzW,U), (2.6)
g (Nv AZW) . (27)

From the decomposition of the tangent bundle of a lightlike submanifold, we have
VwPU = VywPU+h"(W,PU), (2.8)
Vwé = —AfW + Vire, (2.9)

for W,U € T(T'N) and ¢ € I'(RadTN). By using above equations, we obtain

g (n" (W, PU)¢)
g(h" (W,PU).N) = g(AvW,PU), (2.11)

g (n' (w6

g (AfW, PU), (2.10)

0, Ae=0. (2.12)

In general, the induced connection V on N is not a metric connection. Since V is a metric connection, by using (2.3)

we get

(Ywg) (U, V) =g (b W,0),V) +5 (0" (W,V),U). (2.13)
However, we note that V* is a metric connection on S(T'N).

Fix two positive integers p and q. The positive solution of the equation
2> —pr—q=0
is an entitled member of the metallic means family [9]-[13]. These numbers, denoted by

/2
P+ VPP t4q (2.14)

Op,q = 2 ,

are called (p, q)-metallic numbers.

Definition 2.1 A polynomial structure on a manifold N s called a metallic structure if it is determined by a (1,1) -tensor
field J, which satisfies
J? =pJ+4l, (2.15)

where I is the identity map on N and p,q are positive integers. Also, if

GIW,U) = g(w, JU) (2.16)

holds, then the semi-Riemannian metric g is called j—compatz'ble for every U/W € F(T]\vf). In this case (N,g,j) is
called a metallic semi-Riemannian manifold. Also, a metallic semi-Riemannian structure J is called a locally metallic

structure if J s parallel with respect to the Levi-Civita connection %, that is
VwJU = JVwU (2.17)

[6].
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If J is a metallic structure, then (2.16) is equivalent to

GIW, JU) = pg(JW,U) + qg(W, U), (2.18)

for any W,U € F(TN).

3. Radical transversal lightlike submanifolds of metallic semi-Riemannian manifolds

In this section, we introduce radical transversal lightlike submanifolds of a metallic semi-Riemannian manifold.

Definition 3.1 Let (N, g, S(TN), S(T'NY)) be a lightlike submanifold of a metallic semi-Riemannian manifold (N, g, J).

If the following conditions are satisfied, then the lightlike submanifold N is called a radical transversal lightlike subman-
ifold:

JRadTN = ItrTN, (3.1)

JS(IT'N) = S(TN). (3.2)

Proposition 3.1 Let N be a metallic semi-Riemannian manifold. In this case, there is no 1-radical transversal lightlike

submanifold of N.

Proof Let N be a l-radical transversal lightlike submanifold. Hence, RadT'N = {¢} and ItrTN = {N}. From

equation (2.18), we have

9(J¢&, &) = g(&, J§) = 0. (3.3)

On the other hand, from (3.1), since J¢ € T(TN), we have

§(JE,€) #0,

which contradicts equation (3.3). The proof is completed. O

Theorem 3.1 Let N be a radical transversal lightlike submanifold of a metallic semi-Riemannian manifold N. In this

case, the distribution S(TNY) is invariant with respect to J.
Proof For V e I'(S(T'N1)) and ¢ € T(RadTN), from (2.18), we find
g(IV,€) = §(V, J€) =0,

which implies that there is not a component of JV in ltr TN .

Similarly, for N € T(itr TN) from (2.18), we have
GV, N) = §(V, JN) = Z5(JV, JN). (3.4)

From the definition of a radical transversal lightlike submanifold, for & € I'(RadTN) there exists a Ny € I'(itr TN)
such that

J& = Ny.
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If we apply J to the last equation, we can write
pJ& + qé = JN,

which implies that equation (3.4) equals zero. Namely, we see that there is no component of JV in RadTN .

In a similar way, for W € I'(S(T'N)), we obtain

that is, there is no component of JV in S(T'N). Hence, the proof is completed. |

Let N be a radical transversal lightlike submanifold of metallic semi-Riemannian manifold N. @ and T denote

projection morphisms in Rad TN and S(TN), respectively. For any W € F(TN), we can write
W =TW + QW, (3.5)
where TW € T'(S(T'N)) and QW € I'(Rad TN). By applying J to (3.5), we have
JW = JTW + JQW. (3.6)
Here, if we write JTW = SW and JQW = LW, then (3.6) becomes
JW = SW + LW, (3.7)

where SW € I'(S(T'N)) and LW € I'(itr TN).

Assume N to be a radical transversal submanifold of a locally metallic semi-Riemannian manifold N. From
(2.17), (2.3), and (2.5), we have

Vo (SW + LW)=J(VuW + b (U, W))+h*(U,W)),

where U,W € D(TN). If we write Jh'(U,W) = K,Jh'(U,W) + KoJh'(U,W), where K, and K, are projection
morphisms of Jitr TN in Itr TN and Rad TN, respectively, we find

_( SVuW + LVuW + Jh*(U,W)

YuSW + hH (U, SW) + h* (U, SW)
T\ K JRNUW) + Ko JRY U, W) )

—ApwU + VL LW + D*(U, LW)

Thus, by equating the tangent, screen transversal, and lightlike transversal parts components, we have

VuSW — ArwU = SVuW + Ko JJh (U, W),
RE(U,SW) + D*(U,LW) = Jh*(U,W),
RNU,SW)+VLLW = LVyW + K1 JR'(U,W).

Therefore, we give the following proposition.
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Proposition 3.2 Let N be a radical transversal lightlike submanifold of a locally metallic semi-Riemannian manifold

N. Then we have

(VuS)W = ApwU + Ko Jh (U, W), (3.8)
0 = KU SW)+ DU, LW) — Jh*(U,W), (3.9)
0 = h'(USW)+VLLW — LVuW — K1 Jh (U, W), (3.10)

for W,U € T(TN).

Theorem 3.2 Let N be a radical transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N.

Then the induced connection ¥V on N is a metric connection if and only if there is no component of Ay W in l“(S(T]\)f))7

for W € T(T'N) and € € T(Rad TN).

Proof Assume that the induced connection V is a metric connection. In this case, for W € D(T'N) and ¢ € I'(RadTN),
VW € I'(RadTN). For any U € T'(S(TN)), we have

g(VeW,U) = §(VeW,U) = 0.

If we use (2.18), we find
0= g(JVeW, JU) = py(VeW, JU),
and from (2.4), we have

G(AzW,JU) =0,

which implies that there is no component of AW in I'(S(TN)).
Since the converse is obvious, we omit it. O

Now we shall investigate the conditions for integrability of the distributions involved in the definition of radical

transversal lightlike submanifolds.

Theorem 3.3 Let N be a radical transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N.

In this case, the screen distribution is integrable if and only if
r (U, SW) = (W, SU),
for W,U € T(S(TN)).
Proof For W,U € I'(S(TN)), if we use equation (3.10), and by interchanging the roles of U and W, we find

KU, SW) — BY (W, SU) — K; (jhl(U, W) — Jht (W, U)) — L[U,W].

Since h! is symmetric, we obtain
WU, SW) — (W, SU) = LU, W],

which completes the proof. a
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Theorem 3.4 Let N be a radical transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N.

The radical distribution is integrable if and only if
AW = ArwU,
for U,W € I'(RadTN).
Proof For any U,W € I'(RadTN), if we use equation (3.8), we have
—SVuW = ApwU + Ko JR (U, W),

by virtue of SW = 0. By changing the roles of U and W, we find
S(VwU — VoW) = AgW — ApwU + Ko (jhl(W, U) — JhU, W)) .
Since h! is known to be symmetric, we obtain
SW,U] = ApyW — ArwU.
Therefore, the proof is completed. O

Theorem 3.5 Let N be a radical transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N.

Then the radical distribution is defined as a totally geodesic foliation if and only if
W (W, JZ) = ph™ (W, 2),
for W € I(RadTN), Z € I'(S(TN)).

Proof By using the definition of a lightlike submanifold, it is known that the radical distribution defines totally geodesic

foliation if and only if

§ (VWUy Z) = 07
for any W,U € I'(RadTN) and Z € S(T'N). Since V is a metric connection, if we use (2.3), (2.17), and (2.18), we have

v

G(JU,NwJZ) — pg(JU,VwZ) = 0.

Then, from (2.8), we get

g (JU, W (W, JZ) — ph™ (W, Z)) —0.

Hence, the proof is completed. O

Theorem 3.6 Let N be a radical transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N.

Then the screen distribution defines a totally geodesic foliation if and only if either
h* (W, JU) + Kzh! (W, JU) = p(h* (W, U) + Kzh'(W,U))

or there is no component of JN in ltr TN for W,U € I'(S(T'N)), N e I'(itr TN).
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Proof Since the screen distribution defines a totally geodesic foliation if and only if
g(VwU,N) =0,
for any W,U € I'(S(TN)), N e I'(itr TN). Here, if we use (2.3), then we have
§(VwU,N) =0.
Also, from (2.18) and (2.17), we have
§(VwJU, JN) — pg(VwU, JN) = 0.
By using (2.3) and (2.8) in the last equation, we find
G(h* (W, JU) + Koh' (W, JU), JN) — pg(h* (W, U) 4+ Koh'(W,U), JN) = 0.

Therefore, we conclude. O

Example 3.1 Let (]\7 =R3, g, j) be the 5-dimensional semi-Euclidean space with the semi- Euclidean metric of signature

(=, +,—,+,+) and the structure J given by

v

J($1,$2,J]3,l’471’5) = ((p - U) T1, 02, (p - J) $3,U$4,0'ZC5),

- /12
where (x1,22,2s3,24,2s5) is the standard coordinate system of Ry . If we take o = w, then we have

j2=pj+ql,

which implies J is a metallic structure on R3. Hence, (1\7 =R3, 3, j) is a metallic semi-Riemannian manifold. Let N

be a submanifold in N defined by

x2 =0, x4 =o0x1+ 0x3.

Then TN = Sp{W1, Wa, W3}, where

g 0 0 0 0
W1—87x1+0'87$4, WQ—TLES—FUTM, W3787375

It is easy to check that N isa lightlike submanifold. Therefore,

RadTN = Spl{é =oW, —oWa + ovV2Ws},
. 1 0 0 0
itrTN = Sp{N = %T @0 —p) ((p—a) e (p—o0) s +a\/§a—x5>},
S(I'N) = Sp{Ws},
and we have
1 .
N —_ F .

That is, JE € D(ltr TN) and JWs = cWs € S(T'N). Therefore, N is a radical transversal lightlike submanifold of
(N =R3,4,J).
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4. Transversal lightlike submanifolds of metallic semi-Riemannian manifolds

In this section, we give a definition of transversal lightlike submanifolds and investigate the geometry of distributions.

Definition 4.1 Let (N, g, S(T'N),S(T'N‘)) be a lightlike submanifold of a metallic semi-Riemannian manifold (N, §,J).
If the following conditions are satisfied, then the lightlike submanifold N s called a transversal lightlike submanifold:

JRadTN = IltrTN,
J(S(TN)) C S(TN*).

We shall denote the orthogonal complement subbundle to J(S(T'N)) in S(TN*) by p.

Proposition 4.1 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. In

this case, the distribution p is invariant according to J.

Proof For V €T (4), € € '(RadTN), and N € T'(ltr TN), from (2.15), (2.16), and (2.18), we have

9(JV,€) = g(V, J§) = 0, (4.1)

and
g(JV,N) = g(V,JN) = 0. (4.2)

Therefore, there is no component of JV in RadTN and itr TN.
Similarly, for W € T'(S(T'N)) and Vi € D(JS(TN*')), we have

IV, W) =g(V,JW) =0 (4.3)

and
GJV, Vi) = g(v,Jvi) =0, (4.4)

which imply that there is no component of JV in S(T'N) and J(S(TN)). From (4.1), (4.2), (4.3), and (4.4), we conclude.
O

Proposition 4.2 There does not exist a 1-lightlike transversal lightlike submanifold of a locally metallic semi- Riemannian

manifold.

Proof Assume that N is a 1-lightlike transversal lightlike submanifold of a locally metallic semi-Riemannian manifold

N. In this case, RadTN = Sp{¢} and ltr TN = Sp{N}. From (2.15) and (2.18), we obtain
9(J€,€) = g(€, J&) = 0. (4.5)
On the other hand, from the fact that JRad TN = ltr TN , we have Je e L(itr TN) and so we find

g(&,Je) #0,

which contradicts (4.5). The proof is completed. |

From Definition 4.1 and Proposition 4.2, we have:

Corollary 4.1 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. Then:
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(i) dim(RadTN) > 2,

(ii) The transversal lightlike submanifold of 3-dimensional is 2 -lightlike.

Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. Q and T are

projection morphisms in RadTN and S(TN), respectively. For any W € I'(T'N), we can write
W =TW + QW, (4.6)
where TW € T'(S(T'N)) and QW € I'(Rad TN). If we apply J to (4.6), we have
JW = JTW + JQW. (4.7)
By writing JTW = KW and JQW = LW, expression (4.7) is
JW = KW + LW. (4.8)

Here, KW € I'(S(T'N*)) and LW € T'(itr TN). Besides, let D and E be projection morphisms in JS(T'N) and x in
S(TN?1), respectively. For V e T'(S(T'N™Y)), we write

V =DV +EV. (4.9)

By applying J to (4.9), we have
JV =JDV + JEV. (4.10)

If we write JDV = BV and JEV = CV, expression (4.10) becomes

JV = BV + ¢V, (4.11)

where BV € JS(TN)@® S(T'N), CV €T (1). Since N is a locally metallic semi-Riemannian manifold, then from (2.3),
(2.5), and (4.8), we have

( —AgwU + Vi KW + DY (U, KW) ) _ ( KVuW + LVyW + JhH (U, W) > (4.12)

—ApwU + VL, LW + D*(U, LW) +Bh*(U,W) + Ch*(U,W)
where U, W € I'(T'N). For projection morphisms K; and Ky of Jitr TN in ltr TN and Rad TN , respectively, we write
JhH U, W) = K1 JhH (U, W) + Ko JR (U, W).

Also, for projection morphisms S; and Sy of JS(T'N™) in JS(T'N) C S(TN*) and S(TN), we have
Bh*(U,W) = S1Bh* (U, W) + S1 Bh* (U, W).

Therefore, (4.12) can be rewritten as

KVuW + LVyW + K1 Jh (U, W)

+Ko JJhH (U, W) + S1Bh* (U, W)

( —AxwU + ViKW + D (U, KW) ) _
+85Bh* (U, W) + Ch* (U, W)

—ApwU + VL LW + D*(U, LW)

3143



ERDOGAN/Turk J Math

If we equate the tangent and transversal parts of the above equation, we get

—AgwU — ApwU = KoJh'(U,W) + SaBh* (U, W), (4.13)

s s _ KVUW+SlBhS(U,W)
ViKW + D*(U,LW) = ( O (U W) : (4.14)
D' U, KW)+ VLW = LVuW + K1Jh'(U,W). (4.15)

Now we shall investigate the integrable of the distributions on transversal lightlike submanifolds.

Theorem 4.1 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. Then

the radical distribution is integrable if and only if
D*(U,LW) = D*(W, LU),
for U;W € T(RadTN).
Proof For U,W € I'(Rad TN), from equation (4.14), by interchanging the roles of W and U, we find
VoKW — Vi KU + D*(U,LW) — D*(W,LU) — K (VuW — VwU) =0,
since h® is symmetric. Also, we have Vi KW = Vi, KU = 0. Then we get
D*(U,LW) — D*(W,LU) = K [U,W],

which completes the proof . O

Theorem 4.2 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. Then

the screen distribution 1is integrable if and only if
DY (U, KW) = D"(W, KU),
W,U e T(S(TN)).
Proof From (4.15), the fact that h! is symmetric, and LW = LU = 0, we have
DY(U,KW) — D'(W,KU) = LU, W],
by interchanging the roles of W,U € I'(S(T'N)). Thus, the proof is completed. |
Theorem 4.3 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N . Then

the screen distribution defines a totally geodesic foliation if and only if D'(W,JU) = —ph'(W,U), h*(W,U) = 0, and
there is no component of Ay, W in RadTN, for W,U € T(S(TN)), N € T'(ltr TN).

Proof By the definition of a lightlike submanifold, it is known that S (TN ) defines a totally geodesic foliation if and
only if
§(VwU,N) =0,

where W,U € T'(S(T'N)) and N € I'(ltr TN). If we use (2.16), (2.17), and (2.18), we find
0=§(VwJU, JN) — pg(VwU, JN).
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Since JU € T'(S(T'N*)) and from equation (2.3) and (2.5), we have
G(=AyuW + D'(W, JU), JN) — pg(VwU + h'(W,U), JN) = 0.
Then, by using (2.8), we obtain
§(—=AjuW + D'(W, JU) — ph™ (W, U) — ph'(W,U), JN) = 0,

which completes the proof. O

Theorem 4.4 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. Then
the radical distribution defines a totally geodesic foliation if and only if there is no component in RadTN of Ay, W,
that is, either KoJh'(W,Z) =0 or —Aj,W = SaBh*(W, Z), for W,U € T'(RadTN), Z € I'(S(TN)).

Proof The radical distribution defines a totally geodesic foliation if and only if
9(VwU, 2) =0,
for W,U € T'(RadTN) and Z € S(T'N). From (2.3), we find
3 (VwU, Z) = g(VwU, Z) = 0.
Since V is a metric connection, from (2.16), (2.17), and (2.18), we have
0=—4§(JU,VwJZ)+pi(JU,VwZ).
For JZ e T(S(T'N%Y)), from (2.5) and (2.8), we get
0= g(JU, Aj,W) + pg(JU, k" (W, Z)).

Here, since JU € L (itr T]\,f)7 we conclude that either there is no component of Ay, W in Rad TN or, by changing the
roles of U and W and taking U = Z, we have KaJh!(W,Z) =0, by virtue of

—A;,W = S;Bh(W, Z).

]

Theorem 4.5 Let N be a transversal lightlike submanifold of a locally metallic semi-Riemannian manifold N. Then

the induced connection on N is a metric connection if and only if
QuID* (W, J§) = pMyJh* (W, €),
for W € T(TN), ¢ € T(Rad TN).
Proof For W € I(TN) and £ € I'(RadTN), we have
Vw JE = JVwE.
From equations (2.3) and (2.4), we write

— AW + Vi JE+ D' (W, JE) = J (Vwe + b (W.) + b (W,9))
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If we apply J to the above equation and use (2.15), (4.8), and (4.11), we obtain

~KAj W — LA;W }
TV JE+ T Vi J€ pIVwE+qVwét
+Q1JD* (W, J¢ =| pJR WO +ah' (W) |, (4.16)
o y +pJh* (W, &) + qh® (W, §)
+Q2JD° (W, J¢

for W € F(S(TNL)), where T} and T are projection morphisms of JVi, J¢ in RadTN and ltr TN, respectively.
Then we have
IV JE = TV IV JE 4+ Tod Vi, JE.
Also, for projection morphisms M; and Ms of th(I/V, ) in S(TN) and jS(TN), respectively, then we have
Th* (W, €) = MyJh* (W, €) + M2 Jh* (W, £).
Additionally, we get
JD* (W, J€) = QuJD*(W, J¢) + Q2T D* (W, J¢),

where Q1 and Q» are projection morphisms of JD*(W,J¢) in S(T'N) and S(T'N™), respectively. By equating the
tangent parts in equation (4.16), we find

é (107 JE + QuID* (W, J&) — pMyJh* (W, €) — pF2 ! (W,6)) = Ve,

Therefore, Vw¢ belongs to RadT N if and only if
QuID* (W, J§) = pMyJh* (W, €).

This completes the proof. O

Example 4.1 Let (N = RS, g, j) be the 6 -dimensional semi-Euclidean space with the semi-Fuclidean metric of signature

(=, +,+,—,+,+) and the structure

v

J(x1, 22,73, 91, y2,¥3) = ((p — 0)T1, 022,073, (p — 0)y1,0Y2, 0Ys3),

2
where (x1,%2,x3,y1,y2,y3) is the standard coordinate system of RS. If we take o = m-fpqu

, then we have
7= pJ
=pJ +4ql,

which implies that J is a metallic structure on RS. Thus, (N = RS, g, j) is a metallic semi-Riemannian manifold. Let

N bea submanifold in N defined by

Then TN = Span{W1, Wa, W3}, where
Wi = 0z1 —|—8y2, Wo :89524—83/1, W3 :8x3+8y3.
It is easy to check that N isa lightlike submanifold. Therefore,

RadTN

Span{¢ = Wi + Wz},
V. = an{N = R T AN (Ve 0)? — q)0x1 + (0% — q)0z2
trTN = Sp {N 2p(2o’ — p) < _|_((p _ 0)2 _ q)3y1+(02 B q)ayQ )}’
1

S(TN) 7

Span{W = —Ws},
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and we have N = jf, for 202 — 2po + p* — 2q = 0, where j2§ = pjf + g€. Also, screen transversal bundle S(TNL)
is spanned by V = %(082:3 — o0ys) and JW C S(T]\’]J‘). Therefore, N s a transversal lightlike submanifold of

(N = RS, g, J).
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