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Abstract: We consider statistical submanifolds in Sasaki-like statistical manifolds. We give some examples of invariant
and antiinvariant submanifolds of Sasaki-like statistical manifolds. We prove Chen-like inequality involving scalar

curvature and Chen—Ricci inequality for these kinds of submanifolds.
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1. Introduction

Statistical manifolds have arisen from the study of a statistical distribution. In 1985 Amari [2] introduced a
differential geometric approach for a statistical model of discrete probability distribution. Statistical manifolds
have many applications in information geometry, which is a branch of mathematics that applies the techniques of
differential geometry to the field of probability theory. Some of these applications are statistical inference, linear
systems, time series, neural networks, nonlinear systems, linear programming, convex analysis and completely

integrable dynamical systems, quantum information geometry, and geometric modeling (for more details see

[1])-
Let (M,g) be a Riemannian manifold given by a pair of torsion-free affine connections V and V*. A

pair of (V,g) is called a statistical structure on M if
(Vxg) (Y, Z) = (Vyg) (X, Z) =0 (1.1)
holds for X,Y,Z € TM [2]. If a Riemannian manifold (M, g) with its statistical structure satisfies
Xg(YV,Z)=g(VxY,Z2) +g(Y,VXZ),

then it is called a statistical manifold and denoted by (M, g,V,V*) (see [2] and [22]).

Any torsion-free affine connection V always has a dual connection V* given by
V+V* =2V, (1.2)

where VO is the Levi-Civita connection of M [2].
The study to find some inequalities between the extrinsic and intrinsic invariants of a submanifold was

started by Chen in 1993 [8]. He established some inequalities in a real space form and now they are well
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known as Chen inequalities. The main extrinsic invariant is the squared mean curvature and the main intrinsic

invariants are the scalar curvature and the Ricci curvature. A relation between the Ricci curvature and the
main extrinsic invariant squared mean curvature for a submanifold in a real space form was given in [10] by

Chen and is now known as the Chen-Ricci inequality. In [14] Mihai and in [19] Matsumoto and Mihai found
relations between Ricci curvature and the squared mean curvature for submanifolds in Sasakian space forms.
Since then, many geometers have studied similar problems for different submanifolds in various ambient spaces;
for example, see [3, 9, 10, 15, 17, 18]. For the collections of the results related to Chen inequalities see also [11]
and the references therein.

Furthermore, in [4], Aydin et al. found relations between the extrinsic and intrinsic invariants for
submanifolds in statistical manifolds of constant curvature. In [16], Mihai and Mihai studied statistical
submanifolds of Hessian manifolds of constant Hessian curvature. As generalizations of the results given in
[4], the present authors studied the same problems for submanifolds in statistical manifolds of quasiconstant
curvature [5].

Motivated by the studies of the above authors, in the present paper, we define invariant and antiinvariant
submanifolds of Sasaki-like statistical manifolds and give some examples of these submanifolds. Furthermore, we

obtain Chen-like inequality involving scalar curvature and Chen—Ricci inequality for these types of submanifolds.

2. Preliminaries

Let M be an odd-dimensional manifold and ¢,&,n a tensor field of type (1,1), a vector field, and a 1-form on
M, respectively. If ¢,&, and n satisfy the following conditions,

n(€) =1, P’X =-X+n(X)¢ (2.1)

for X € TM, then M is said to have an almost contact structure (¢,€,n) and is called an almost contact

manifold.
In [21], Takano considered a semi-Riemannian manifold (M, g) with the almost contact structure (¢, &, ),

which has another tensor field ¢* of type (1, 1) satisfying
9(X,Y)+g(X,¢"Y)=0 (22)

for vector fields X and Y on (M,g). Then (M, g,¢,&,n) is called an almost contact metric manifold of certain
kind [20]. Obviously, we find (¢*)* X = =X + 7 (X)¢ and

99X, 6"Y) = g(X,Y) =n(X)n(Y). (2.3)

Because of (2.2), the tensor field ¢ is not symmetric with respect to g. This means that ¢+ ¢* does not vanish
everywhere. Equations ¢£ = 0 and 7(¢X) = 0 hold on the almost contact manifold. We obtain ¢*¢ = 0
and 7 (¢*X) = 0 on the almost contact metric manifold of certain kind. In [21], Takano defined a statistical

manifold on the almost contact metric manifold of certain kind. If
Vx&=—-¢X, (Vx9)Y =g(X,Y)E—n(Y) X, (2.4)

then (M,V,g,¢,&,m) is called a Sasaki-like statistical manifold and considered the curvature tensor R with
respect to V such that
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RXY)Z =3 gvi2)x — g(x, 2] + <L

) T Xn(2)Y
—n(Y)n(Z2)X + g(X, Z)n(Y)E — g(Y, Z)n(X)E + 9(X, ¢ Z)pY

—9(Y,02)9X +{g(X,9Y) — g(¢X,Y)} ¢Z], (2.5)

where ¢ is a constant. Changing ¢ for ¢* in (2.5), we get the curvature tensor R* [21].

Denote by R and R* the curvature tensor fields of V and V*, respectively. Then R and R* satisfy
g(R*(X,)Y)Z,W)=—g(Z,R(X,Y)W) (2.6)

(see [12]).

Let (M,g,V,V*) and (M, §,§,§*) be two statistical manifolds. An immersion f: M — M is called
a statistical immersion if (V,g) coincides with the induced statistical structure, i.e. if (1.1) holds [12]. If
there is a statistical immersion between two statistical manifolds (M, g,V,V*) and (M ., %, %*) , then M
is called a statistical submanifold of M. (For the definition of affine immersions of statistical manifolds into
(n + 1)-dimensional affine space R" ! see also [13].)

Denote the normal bundle on M by T-M. In the present study, we use the ambient space M as a
statistical manifold (M ., v, %*) .

Let M be a statistical submanifold of a statistical manifold M. Then the Gauss formulas are given by

VxY =VxY +h(X,Y),

ViY = VY + h*(X,Y),
where the normal valued tensor fields A and h* are symmetric and bilinear, called the embedding curvature

tensors of M in M for V and 6*, respectively. V and V* are called the induced connections of V and 6*,

respectively. Since h and h* are symmetric and bilinear, we have the linear transformations A¢ and Af defined
by
g(AeX,Y) =g (h(X,Y),£) (2.7)

and
9 (AX,Y) =g(h* (X,Y),¢) (2.8)

for any unit ¢ € T+*M and X,Y € TM [22]. The corresponding Weingarten formulas are as follows:
Vx€=—ALX +Vie

and
Vi€ = —AcX 4+ V€.
If we use the Levi-Civita connection, it is known that h and A are called the second fundamental form and

the shape operator with respect to the unit ¢ € T+ M, respectively [7]. Let V and V* be affine and dual
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connections on M. We denote the induced connections V and V* of V and 6*, respectively, on M. Let

ﬁ, E*,R, and R* be the Riemannian curvature tensors of %,6*,V, and V*, respectively. Then the Gauss

equations are given by
g (172 (X,Y)Z, W) —g(R(X,Y)Z,W) (2.9)
+9(h(X,2),h" (Y,W)) =g (h* (X, W),h(Y, Z))
and
g (B (X,Y)2,W) =g (R* (X,Y) Z, W)
+9 (" (X, 2),h (Y, W) =g (h (X, W), h" (Y, 2)),
where X, Y, Z, W € TM [22].
3. Statistical submanifolds in Sasaki-like statistical manifolds
In this section, we give some examples of invariant and antiinvariant submanifolds of Sasaki-like statistical

manifolds. We find some properties for these kinds of submanifolds.

Similar to the classical definition of the invariant or antiinvariant submanifold of a Sasakian manifold
(see [23]), we give the following definition:

Definition 3.1 Let M be a Sasaki-like statistical manifold and M a submanifold of M. For X € TM, if
¢6X € TTM, then M is called an antiinvariant submanifold of M. On the other hand, for a submanifold M,
if X € TM, then M is called an invariant submanifold of M.

Example 3.2 [21] Let R2""1 be a (2n+1) -dimensional affine space with the standard coordinates {x1, ..., Tn, Y1, ooy Yny 2} -
We define a semi-Riemannian metric g, the affine connection ¥V, ¢,&, and n on R2"*L respectively by
20 tyy; 0 —wyi
—Yj 0 1
Vou,0x; = —y;0y; — yi0y;,
Voe,0y; = Vay,0x; = y;0x; + (yiy; — 20i5) 0z,
Vou,02 = V. 0x; = 0y;,
Vayﬁz = vazayi = —0z; — yiaza

Voy,0yi = V.02 = 0, where Ox; = a%i’ y; = i and 0z = %
0
0 45 O
¢: _61] 0 0 5 é-:az = , nN= (_y1707 _y27"’7_yn7071)‘
1
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Then (R2"T1,V,g,6,&,n) is a Sasaki-like statistical manifold such that the curvature tensor of RZ"*! satisfies

equation (2.5) with ¢ = —3. From here, it can be easily found that
1 0 =65 O
oF = 3 46;; 0 0O
0 —Yi 0

Similar to the examples given in [6], now we present the following examples in R® and R? with the

Sasaki-like structure given in Example 3.2:

Example 3.3 Let M be a submanifold of dimension 3 such that
x (u,v,t) = (u,0,v,0,t).

For any U € TM, it is easy to see that ¢U € TM and ¢*U € TM, so M is an invariant submanifold of
Sasaki-like manifold R® with the structure (V,g,¢,&,n) .

Example 3.4 Let M be a submanifold of dimension 3 such that
x (u,v,t) = (0,v,u,0,t).

For any U € TM , it is easy to see that U € T*M and ¢*U € T+M, so M is an antiinvariant submanifold
of Sasaki-like manifold R® with the structure (V,g,$,&,m) and & is tangent to M.

Example 3.5 Let M be a submanifold of dimension 4 such that
z (u,v,w,s) = (0,0,0,0,u,v,w,s,0).

For any U € TM , it is easy to see that U € T+*M and ¢*U € T+M, so M is an antiinvariant submanifold
of Sasaki-like manifold R® with the structure (V,g,$,&,m) and € is normal to M.

For X € TM, we put
¢X = PX + FX,

where PX and FX are the tangential and normal components of ¢.X, respectively. Similarly, we can write
P*X =P*X +F*X,

where P*X and F*X are the tangential and normal components of ¢*X, respectively. We define

I1P|* = 292(¢6i7€j)7

ij=1

and
A =trP.
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From the Gauss equation and (2.5), for the curvature tensor R with respect to induced connection V, we obtain
c+3

L XOn(2)g (VW) — (Y In(Z)g (X, W)

g(R(X,)Y)Z, W)=

+

+9(X, Z)n(Y)n(W) = g(Y, Z)n(X)n(W) + 9(X, 62)g (¢Y, W)
—9(Y,62)g (X, W) +{9(X, 9Y) — g(¢X,Y)} g (02, W)]
+g (b (X, W), h(Y,Z)) =g (h (X, Z),h" (Y, W), (3.1)
where X,Y, Z W € TM.
Let M be an n-dimensional statistical submanifold of a (2m + 1)-dimensional Sasaki-like statistical

manifold M and {e1,..,en}t, {€nt1,...,€2m+1} orthonormal tangent and normal frames on M, respectively.
The mean curvature vector fields are given by

H=1

o1

2m—n—+1 n
Mewed =2 S (S ensn =T enes) s,

=1 a=1 =1

and

n

n 2m—n+1
S (e =35 (Zh)+ L B = G(h (eires) s enta)-

a=1 i=1

H* =

3=

Now, we compute Ricci tensor S and dual Ricci tensor S* with respect to induced connections V and
V*. Denote by R the Riemannian curvature tensor of M with respect to V. Then we write

n

S(X7Y) = ZQ(R(eﬁX)Y>ej)a

Jj=1

and by using equation (3.1), we have

SOXY) =302 oK V(e e5) — (e, V)g(X, e5))

Jj=1

c—

+ T (oK e Jales) — gles, e m(Xm(Y)

+g(e;, Y)n(X)n(e;) — g(X,Y)n(ej)n(e;) — g (X, 8Y) g (¢ej, ;)
+g (€j,¢Y)g(€j7¢X) + [g (eja¢X) —4g ((ZS@j,X)} g(ej’¢Y)}

+g(h*(ej,€5), M(X,Y)) — g(h" (X, e;), h(e;,Y))) (3.2)
which gives us
SO0Y) =2 - g (XY) + C {2 - mn(Xn(Y)
—g(X,Y) H,5T||2 —A\g(X,PY)+2g(PX,PY)+g(P*X,PY)}
2m—n+1
+ Y {on x| —g(ar XA, 7)) (3.3)
i=n+1
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In a similar way, for dual Ricci tensor S*, we obtain

5 (x,y) =512

(n—1)g(X,Y)+ &

— L@ - nmn(v)

— g (XY) |€7|]* — Ag (PX,Y) + 2 (P* X, PY) + g (PX, P*Y)}

2m—n—+1

+ > o4, xv) A, —g(A1, Y A, X)) (3.4)

i1=n-+1

We have the following propositions:

Proposition 3.6 Let M bea (2m + 1) -dimensional Sasaki-like statistical manifold and M an n-dimensional
statistical submanifold of M.

(1) Assume that £ is tangent to M .
(a) If M is invariant, then

c+3

S(X,Y) = (n—1)g(X,Y)

* % {20(PX,PY) — (n = 1)n(X)n(Y) = Ag (X, PY)}

2m—n—+1

+ ) { (Ae, X Y)trA7 g(A* XA, )} (3.5)

1=n+1

(b) If M is antiinvariant, then

Sx,Y) =2 — g xv)
T (- 2n(X)n(V) +9 (X, )}
2m—n—+1
+ 3 {g (A, X Y)trAL . —g (A* X, A, .. )} . (3.6)
i=n+1

(ii) If € is normal to M (which means that M is antiinvariant), then

SO0Y) =2 g (X, Y)
2m—n—+1
+ Y {o(nx)ea;  —g(4r, XA, 7))
i=n+1

Proposition 3.7 Let M be a (2m + 1) -dimensional Sasaki-like statistical manifold and M an n-dimensional
statistical submanifold of M.

(i) Assume that £ is tangent to M .
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(a) If M is invariant, then

c+3

S*(X,Y) = (n-1)g(X,Y)
(P*X,P"Y) = (n— 1)n(X)n(Y) — Ag (PX,Y)}
2m—n-+1
+ As XY )trAe,, —g (AL Y Ae X))
S ) b (1))

(b) If M is antiinvariant, then

c+3

5 (0 = - g (X Y)
— = 2mX)n(¥) + g (X,Y))
+ ZmiH {o(ar, XY )trae,. —g (AL Y A0 X) ]
i=n+1

(#i) If € is normal to M (which means that M is antiinvariant), then

c+3

§(X,Y) ==

(n=1)g(X,Y)

2m—n+1

+ > fo(ar,xv) A —g (ALY AL X) |

i=n—+1

Theorem 3.8 Let M be a (2m + 1) -dimensional Sasaki-like statistical manifold and M an n-dimensional

statistical submanifold of M. Then

c+3,, T s = .
21 > 1 (n fn)+74 {2P|| — (n— ||§ H - A JrZ;g(Pe,-,P €;)
+n?g (H, H*) = ||h]| |2*]], (3.7)
where 7 = > g (R (e €j)ej,e;) is the scalar curvature of (M,g,V,V*) and X\ = trP. Moreover, the
1<i<j<n

equality holds if and only if h || h*.

2m—n+1 n

Proof We denote by ||h]°= Y. 3 (kS ) and similarly ||h*||* .

a=n+1 3,j=1
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From (3.1), taking X =W =¢; and Y = Z = ¢;, we can write

n n

D g(Reie)eje) =Y [01:3 {g(ej ej) g(eisei) — g leie;) g(eire;)}

i,j=1 i,j=1

c —

+ 0 g ene) nlesintes) ~ n(es) 1 (e) g ex, 1)

+9 (ei,e5) n(ej)n(e:) — g (ej. e5) nlei)n(ei)

+9 (e, de;) g (e, de;) — g (ej, dej) g (dei, €;)

g (ei, de;) — g (deie5)] g (€, pej)}

+9 (P (€5, €i)  h(ej,e)) — g (h(ei e;) , h™ (e, ¢5))] -

‘We obtain
27 2013 (n® —n) + c; 1 {2||P||2 —(n—2) HgTHQ 2 +Zg(Pei,P*ei)}
i=1
2m—n+1
+n?g(H,H*) — Z Z he R
a=n+1 1<i,j<n
— 1 n
Z 61‘3 (n2 _’I’L) —+ c 4 {2||P)|2 _ (n— 2) H£T|‘2 . AQ +ZQ(P€i,P*€i)}
i=1

+n?g (H, H*) = [|h]| |2*]].

From (3.9), it is easy to see that the equality holds if and only if h || h*. Hence, we finish the proof.

4. Chen—Ricci inequality

(3.9)

In the present section, we prove the Chen—Ricci inequality for statistical submanifolds in Sasaki-like statistical

manifolds.

Let M be a (2m + 1)-dimensional Sasaki-like statistical manifold and M an n-dimensional statistical

submanifold of M. Then from (3.1), we obtain

2r = (ot )+ S {2Pn2 - -2 e’ —A2+ZQ<P€“P*€")}

=1
—|—TL2§(H, H*) - Z E(h (6i7€j),h* (6@76]‘)),

ij=1
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where H and H* are the mean curvature vector fields. Then it follows that

CZS (n* —n) + C4 {2||P|| - 2) ||€" H )\2+Zg(Pei,P*ei)}

i=1

2T =

n2
+ 5 129(H, H") + g(H, H) + g(H", H”) — g(H, H) — g(H", H")}

—*{Z 29 (h(ei ;) h* (e5,¢€5)) + g (h(eise;) , h (e e5))

1,0=1

+ §<h* (ei,ej) ,h* (ei,ej)) — g(h (61‘, ej) ,h (61', ej)) — g(h* (ei, 6]‘) 5 h* (ei, ej))

c+3 c— = "
== (n® —n) + 1 {2||P| — 2) ||1€" H )\Q—I—Zg(Pei,P ei)}
i=1
n? _ ~ ~
+ S AGUH + B H + H) = §(H, H) = §(H H")}
- 7{2 elaej +h* (eiaej)7h* (eiaej)+h(6iaej))
7,7=1
—g(h(eie;) heie;)) —g (b (ei,e5), h" (ei,€5))}-
From (1.2), since 2H" = H + H*, we have
c+3 c— - "
27 =— (n® —n) + 1 {2||P|| —(n— {|§T|| )\2+Zg(Pei,P ei)}
i=1
2 n2
+2n2§(H0,H0)—%§(H,H) —g (H*,H")—2 Z O (e5,e5),h° (e, €5))
4,j=1
1 n
+3 > G(h(eie;) h(eie;)) +3(h (eie5), h* (eie;))
i,j=1
and then
c+3 c— - .
o0r = 1 (n® —n) + 1 {2P|| — ||§TH )\2+Zg(Pei,P ei)}
i=1
2 n2 n2 * *
+2n? ||H°| *7IIHIIZ*7IIH I” —21|n°)” + (IR + 1171 (4.1)
On the other hand, we can write
2m—n+1 n
2
R* = > D>
a=n+1 i,j=1
2m—n—+1
= > B8+ (hy)* + o+ (BT + (h51)7 + (h5y)?
a=n+1

ot (091)? + (B3))? + o+ (R5,)°)
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2m—n+1
= > [P+ (WS + -+ 5,7
a=n+1
2m—n+1 2m—n+1
DI RS ED DD D
a=n+1 2<i#j<n a=n+1 1<i<j<n
2m n+1
= Z {(hf1 + RS + o+ hiy)? + (R — h3y — . — i,
a=n+1
2m—n+1 2m—n+1
12D DRED I U D DI DI L7
a=n+1 1<i<j<n a=n+1 2<i#j<n

2m—n—+1

1 apa he
5”2 HH”2 - Z Z hmh’]] j)2]'

a=n+1 2<i#j<n

Y

Similarly, we have
2m—n+1

* 1 * *ap R *Qr
17 ||22§n2||H = > > ek — (i),

a=n+1 2<i#j<n

The summation of the last two inequalities gives us

—_

2 w12 2 1 .12
IR[I° + [[*]° = 5n® | H]|| +§n2|\H [

[\]

)’}

n+1 n+1
Y e oY ¥ e -0
a=12<i#j<n a=12<i#j<n
Hence, we have
L . Loz + Loz 2
B 1% P > o | HIP + 50 7]
2m—n—+1

D DD DR (B 0 [ )

a=n+1 2<i#j<n

2m—n+1 2m—n+1

+2 > YT ngme+ Y > | +(R)?).

a=n+1 2<i#j<n a=n+1 2<i#j<n

3159



AYTIMUR and OZGUR/Turk J Math

Using (4.2) and (4.1), we find

+3
C4 (n —n)+c4 {2||P| —(n—2 Hf || —)\Q—I—ZQ Pel,Pe)}
i=1
2 n? 9 n? 2 2 1 2
<27 —on? [|HO|" + - (1H " + < I+ 2[p07 = on? [ H]|
2m n+1 2m—n+1
- 2|\H*|| +f Yoo D ARG AR - Y > kR
a=n+1 2<i#j<n a=n+1 2<i#j<n

2m n+1

3 2 2 ()P +mEy)

a=n+1 2<i#j<n

2 2
= 27 — 20 |01+ T 4 I 20

2m—n-+1 n+1
Oa 1 0 [ e
20>, DL WPWF-) D hhj
a=n+1 2<i#j<n a=12<i#j<n
2m n+1

3 2 2 ().

a=n+1 2<i#j<n

The last inequality can be written as

023(n2—n)+c4 {2|P|| —(n—2 ||§TH —)\2+Zg Pe;, P* el)}
=1
2m—n—+1

<2772n2||H0|| +—||H|| + ||H*|| +2Hh°|| +2 Z Z 9 h9%
a=n+1 2<i#j<n

2m—n—+1 2m n+1

ko « *oz « *a
DD DI () B D DI DI (R
a=n+1 2<i#j<n a=n+1 2<i#j<n

Since

c+3

Y g(Rleiejej e) == (n—1)(n—2) + -

2<i#j<n

2
— ) [|E7|I7 = A* +2(n — 2)n(e1)® + 2Ag (Pey, e1)
—2g (Pey, P*e1) — 2g (P*ey, P*ey) — 29 (Pey, Pey)

2m—n—+1

—|—Zg (Pei, Pre)}+ > > (hShis —hhi),

a=n+1 2<i#j<n
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we have

c+3 c—1 2
5 (n—1)— 1 {2H§T|| +2(n—2)17(61)2+2)\g(P61,61)

—2g (Pey,P*e;) —2g (P*ey1, P*ey) — 2g (Pey, Pey)}

2 2
< 2r —2? | HO|* + 2 H )P+ T )P 2 80

2m—n+1

20 Y MR- Y g(Rleieg)eg e
a=n+1 2<i#j<n 2<i#j<n
2m—n+1

IS IRCAE

a=n+1 2<i#j<n

Hence, we find

Ric(X) z% (n—1)— C; 1{||§T|}2 + (n—2)n(er)?

+ Mg (Pey,e1) — g(Pey, P*ey) — g (P*ey, P¥ey)

2 2
—g (Pex, Pe)} +n® | O = " | = 2 e — ]
2m—n—+1 9
- [renss - )] (43)
a=n+1 2<i#j<n

By the Gauss equation with respect to the Levi-Civita connection, we have

Z R(es ej,¢5,€:) = Z {R%ei, e5, €5, €:)

1<i#j<n 1<i#j<n
+g(h%(ei ;) h%(ei ) — G(A"(ei, €), h° (e, ¢5)) }
— 270 — n2G(H°, HO) + ||n°||” . (4.4)

Furthermore, by the Gauss equation, we can write

Z R(ei,ej,e5,e) = Z RO (eisej,¢5,¢:)

2<i#£j<n 2<i#j<n

2m—n—+1

DD M L R CON (45)

a=n+1 2<i£j<n
Using (4.4) and (4.5) in (4.3), we obtain

3
Rie(X) >2Ric®(X) + %

(1)~ e
+(n = 2)n(X)? + \g(PX,X) — g(PX,P*X) — g(P*X,P*X)

n? n? . LIS
~g(PX,PX)} = o | H|” = o [|H*|" =2 K°(X Aei),
=2
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where K° (X A.) is the sectional curvature of M with respect to V restricted to 2-plane sections of the tangent

space T, M , which are tangent to X.
The vector field X = e; satisfies the above equality if and only if

hfy =h3s + ...+ hy,, K, =0, 2<j<nandn+1<a<2m+]1,
1w =h%+..+hy5, hi7=0, 2<j<nandn+1<a<2m+]l,

or, equivalently,

H(p), h(X,Y)=0, VY €T,M orthogonal to X,
2h*(X, X) = nH*(p), h*(X,Y)=0, VY €T,M orthogonal to X.

Thus, we can state the following theorem:

Theorem 4.1 Let M be a (2m + 1) -dimensional Sasaki-like statistical manifold and M an n-dimensional
statistical submanifold of M.
(i) Assume that £ is tangent to M .
(a) If M is invariant, then
c+3 c—
_1)—

+(n = Dn(X)* = | X|* = g (P"X, P*X) — g (PX,PX)}

1
Ric(X) >2Ric’(X) + {1+ Mg (PX, X)

n2 5 TL2 o n ~,
S = -2 Y RO (X A
=2

(b) If M is antiinvariant, then

c+3 c—

Ric(X) >2Ric®(X) + I (n—1)— 1 ! {1+ (n—2)n(X)?*}

n2 2 TL2 * 12 " >0
SR 2 Y RO (X A
=2

(ii) If € is normal to M (which means that M is antiinvariant), then

Ric(X) >2Ric®(X) + % (n—1)

7’L2 2 n2 * 12 - >0
—§||HH —§||H | —2ZK (X Aei).
=2
Moreover, one of the equality holds in all cases if and only if
20X, X)=nH(p), h(X)Y)=0, VY eT,M orthogonal to X,
2p* (X, X) =nH*(p), h"(X,Y)=0, VY €T,M orthogonal to X,

where K° (X A.) is the sectional curvature of M with respect to V restricted to 2-plane sections of the tangent

space T, M , which are tangent to X.
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