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Abstract: In this paper, we investigate analytical and asymptotic properties of the Jost solution and Jost function of
the impulsive discrete Dirac equations. We also study eigenvalues and spectral singularities of these equations. Then we
obtain characteristic properties of the scattering function of the impulsive discrete Dirac systems. Therefore, we find the

Jost function, point spectrum, and scattering function of the unperturbed impulsive equations.
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1. Introduction

Impulsive differential and discrete equations appear as natural descriptions of observed evolution phenomena
of several real-world problems. Many physical phenomena involving thresholds, bursting rhythm models in
medicine, and mathematical models in economics do exhibit impulsive differential and discrete equations [6,7,17].
Therefore the theory of impulsive equations is a new and important branch of applied mathematics, which has
extensive physical and realistic mathematical models. For the general theory of impulsive differential equations,
we refer to the monographs [1,2,8]. In the literature, impulsive equations are called different kinds of names.
Some of these names are equations with jump condition, equations with interface condition, and equations with
transmission condition. In particular, impulsive Sturm-Liouville problems have been investigate in detail in
[3,4,10-15,18-22].

In the following, we will use these notations:

N:={1,2,3,..},
N°:={0,1,2,...},

N;,, == N\ {imo}

N™o .= {mg 4+ 1,mo + 2,...},

ng = {1,2, ey M — 2,m0 — 1},
N(mo) = N\ {mo — 1,m0,m0 + 1} s

where mg > 3 is an integer number.

Now we consider the impulsive boundary value problem generated by the system of difference equations
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of first order

2 2 1 1
an+1yfl+)1 0,5 + pay = Ay,

an_lyff_)l + 0,95 + g0y = M, neN(my),

with the boundary condition

and the impulsive condition
&) (2)
y77L0+1 - B ymo—l : (13)
(2) 1)
ym0+2 ym072

Y11 Y12

where B = < > is a real matrix, detB > 0; {an},cnos {0n}rens 1Pn fnens 19n fnens are real sequences

Y21 V22
such that a, # 0,n € N° b, # 0,n € N; and \ is a spectral parameter.
If a, =1,n € Nj, U{0},b, =1,n € Nj,  then system (1.1) reduces to

mo

Ay + paytt = 2, (1.4)
Ayt 4 gay? = 2P, neN(mg),

n—1

where A is a forward difference operator defined by Ay, = yn11 — Yn -

System (1.4) is the discrete analog of the well-known canonical Dirac system [9]:

G0 ) ()0

+ =A ,
-1 0/ \y, 0 q(z)) \v Yo
and so system (1.4) is called a canonical discrete Dirac system.

This paper is organized as follows. In the next section, we study asymptotic properties of the Jost
solution and Jost function of the impulsive boundary value problem (IBVP) (1.1)—(1.3). We investigate the
point spectrum and characteristic properties of the scattering function of the impulsive discrete Dirac system
in Section 3. Finally, in Section 4, we present the Jost function, eigenvalues, and scattering function of the
unperturbed impulsive Dirac equations.

2. The Jost solution
Suppose that the sequences {a,}, {bn},{pn}, and {g,},n € N, , satisfy

7 n(1 = an| + 11+ ba| + [l + lgu]) < 0. (2.1)
neNg,
Let
P(2)

P(z) = {Pn(z)}nGNmo = P(2)( )

n€ENp,
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and
D)

Q(z) = {Qn(z)}nENmO = (2)( )

n€ENp,,

be the solutions of (1.1) for A =2 sing and z € C, satisfying the conditions

PG =0, PP =1 (2.2)
and
1 1 2
P =—  QPE =0 (2:3)
ao
respectively.
It is clear that
(1) in 2 @) A
deg | P} | 2arcsin 5= 2n —1, deg | P~ | 2arcsin 5= 2n — 2, (2.4)

for all n € Ny, .

Under condition (2.1) for A = 2sin %, system (1.1) has the bounded solution

11 (2) -
f(Z) = {fn(z)}neNTﬂo = 2) , Z€ (C+,
fi(2) neN™o
satisfying the following asymptotic condition:
ez _
fn(z) = [I2 + o(1)] e, zeCy, n— oo, (2.5)
—i

10 _
where I := (0 1) and Cp:={z:2€C, $S(z) >0} such that J(z) is the imaginary part of z.

It is well known from [5] that the solution f(z) = {fn(2)},cymo has the following representation:

(2) =
fn(z) = = Qp, <I2 + ZAnmeimz> ( > einz’

2 (2) 1

él)(z) =t [eiz (1 + ZA%#@””) - iZA(l)fneimZ] ,
m=1 m=1

11 12 11 12
<an (8% > A Anm Anm
QAp = y nm — ’
21 22 21 22
an an Anm Anm

for all n € N™0 where
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and also, A% i, j = 1,2, satisfy

A<M > (11— ak| + [T+ be| + |pel + laxl),
k=n+[m/2]

where [m/2] is the integer part of m/2 and M > 0 is a constant.
Note that the function f(z) = {fn(2)},cnmo 18 analytic with respect to z in
Ci:={z:2€C, S(z)> 0}, continuous up to the real axis, and f,(z + 4mw) = f(2) for all z in C; [5].

Theorem 2.1 The following equations are satisfied for the functions f(z) = {fu(2)},cnymo and P(z) =
(Pal) e,

12

) (e _

(i) lim fo(z)e ™ =—i| " |, zeCy,
[z]=+o0 04312

(i) lim PW(2)el("3): =i (—1)" Ki(n), zeCs,

|z| =400

lim P2 (2)e!mV* = (-1)" Ky(n), zeCy4,

|z| =400

where
1

n -1 n -
Ki(n) :=— <b1 H akbk> , Ks(n):=-— <H akbk_1> . (2.7)
k=2 k=2

Proof (i) It follows from (2.6) that

[e9)
FOEE ™ 4ial? = 3 [(af A, +al2A2)eE — (@l AR, +al2aZ, )] o
m=1
+ Ckilei%,

FB (e 402 = Y [(02 AL, + aZAZ,)eiF — (a2 A, + a2 AR, )] o

Thus, for all z € C, and n € N™ | we obtain

i A = il
i Fe)e = il

or
al?

lim  fo(z)e ™ =—i| " |.
|z| =400 a??
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(#) Using (1.1) and (2.2), we see that

2n—2
A
(1) 3 _ 2n—1 m
P <Qarcsm2> = Ki(n)A + E kA, ki € R,

m=0

2n—3
A
(2) o _ 2n—2 m
P <2arcsm2> = Ko ()N 2+ 3 1A, Ly €R,

m=0
are satisfied for n € N, , where

-1

n -1 n
Ki(n) :=— <b1 H akbk> . Ky(n) = — (H akbk_1>
k=2 k=2

It follows from (2.8) and (2.9) that

lim Pfll)(z)ei("_%)z =i(-1)"K,, z€Cy,

|z|—=+o0

lim PP (2)elmV* = (-1)"K,, zeC,,

|z|—+o0

hold.
un(2)
Definition 2.2 The Wronskian of two solutions {Y5,(2)},cne = @
mo
Yn (Z) neNg,
ui(2)
of system (1.1) is defined by
ul?) (2)

neNg,
W Ya(2), Un(2)] = an [yD (2)uthy (2) = o2 ()il (2)]

Using (2.2), (2.3), (2.5), and (2.10) we obtain
W[P(2),Q(z)] =1, ze€C,

w [f(z),m} = 2iCOS%, z eR.

and {U,(2)}

(2.8)

neNg, =

(2.10)

The set {{ Jn(2)}enmo s { fn(z)} N } forms a fundamental system of the solutions of the system
neN™o

(1.1) for A = 2sin g, z € R\ {(2k + 1)7, k € Z}, and similarly, the set {{Pn(z)}neNmo,{Qn(z)}neNmo} forms

a fundamental system of the solutions of system (1.1) for A\ = 2sin g, z e C.

We consider the following vector sequences:

() = {a(z)Pn(z) +0(2)Qn(2), n € Ny,
f"('z)» n € N™Mo,
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for z € C4 and

{ P,(2), n € Ny,
Fo(z) = S (2.12)
( )fn(z)+d(z)fn(z)a n € N0,

for z e R\{(2k + )7,k € Z}.
It is clear that E(z) = {En(z)}neN* and F(z) = {{F.(2)},en- are the solutions of system (1.1) for
mo

A = 2sin 5 Using the impulsive condition (1.3), we have

a(z) = T2 [2(2) £ 12(2) — y() a0 ()] (2.13)
b(z) = =22 [u(2) £12)a(2) = () i1 ()] (2.14)
for z € C; and
() = 22 [u(2) £ a2) = 0 £ (2)] (2.15)
27 cos 5
A(z) = =25 0l 12 12(2) — 0 i) ()] (2.16)
1 COS 5

for z € R\ {(2k + 1)7,k € Z} where

r(z) = 711Qm0 1(2) +712Qm0 2(2),
Y(2) = 11 Qi) 1 (2) + 122Q0)_2(2),
(2 ) (2.17)
u(z) =11 P, _1(2) + 2Py, _2(2),
0(2) = 121 Py 1 (2) + 122 Py ()
B (2)
Vector sequence E(z) = {En(2)},ene = ® defined by (2.11) is called the Jost
mo En (Z)

neNg,

solution of the IBVP (1.1)—(1.3). From (2.11), we see that

b _
EMN(2) = C(L—‘Z) zeCy.

The function b(z) (or Eél) (2)) defined by (2.14) is called the Jost function of the impulsive Dirac system

(1.1)—(1.3). Note that the Jost solution and Jost function are analytic in C; and continuous in C; and also

E(z+47m)=FE(z), zeCy,
b(z +4m) = b(z), =z¢€C,.

Using (2.17) and Theorem 2.1, we obtain the following theorem:
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Theorem 2.3 The functions u(z) and v(z) satisfy

(Z) lim ’U/(Z)ei(mo_Q)Z = i(—l)mo'yllKg(mo - 1), z € @4_,

|z|—+o0
(i7) \zll—i&o@”(z)ei(mo_mz =i(=1)" 21 Ka(mo — 1), z € Cy,

where the function Ka(n) was defined by (2.7).

It follows from (2.13)—(2.17) that

—_— mo+1 det B
o(z) = d(z) = T p(z),
210y, —2 COS 3
- - i o (2.18)
x(z) =x(2), y(2) =y(2), u(z)=u(z), v(z)=1(2),
a(z+4r) = a(z), blz+4mw) =b(z),
for z e R\{(2k + )7,k € Z}.
Theorem 2.4 For z € R\ {(2k + 1)m, k € Z}, the following equation holds:
. Amg—2 z
—2{——"=_—cos — neN
mot1detB 27 o
W [En(z), En(z)} = fImo 1 €€ (2.19)
.z
2100s§, n € N™o,
Proof (i) Let n € N,,,, and z € R\ {(2k + 1)7, k € Z}. In this case, from Definition 2.2, we obtain
w [En(z),En(z)] = —2iS [a(z)b(z)} , (2.20)

where a(z) and b(z) were defined by (2.13) and (2.14). If we define

T(z) 1= [£5012(2)0(2) = )1 ()| [Foa()ulz) = Fra(2)(2)]

then

a@h(z) = - (M=) 1)
N det B '
Furthermore, using (2.17), we obtain

z(2)v(z) 71172113(0 QY mo— 1+711722P(0 szO 1

1
+ %2721137510) 1Qm0 2+ 712722131510) 2Q£n())72

2 2
y(2)u(z) 27117211[’,%3_1@5@3_1 + 71127215, szO 1

1 1
+ 711722P7(n0) 1@5713] 9 T 712722P7$m) zQﬁnf},z

3188



BAIRAMOV and SOLMAZ/Turk J Math

and so
®(z) =2 (vnwlpﬁfgq@ii 1+ ey, - 2Q£i3) 2) (fr(igﬂf@o)ﬂ)
bnrrzs (P02 TTa s + P Q0 DT )
+ 12021 (Pl2Q) - 1f(23+2f(13+1+P§33 Q-2 limsa i)

where ®(z2) := z(2)v(2) r(fg+ 7(?113“ + y(z)u(z)fnngrzmeJrl and R(z) is the real part of z. Therefore,

T(2) = a(2)ul2)|f2) 1 ol? + y(2)o(2)| £1) 1] — @(2)

is obtained. Using the equation

1 1 2 1
P LQE = ——+ P2 QL .,

’I’no—2

we can write

D(2) =2 (’711’)’21P7(no) 1ng 1 +’712’)’22P£m) QQng ) (finl(?+1f(23+2>

f(2)+2f 1)+1 (2) (1) (2)
+ V11722 ‘;720 2P, 1Qm0 2 (fm0+1f 0+2)
mo—
[ fiai T 2P® oM p (f 4@
+ V12721 a ) +2P, 1@ o R Tmo+1Smo+2
mo—

Thus, we get
D(z) =2 Q 4 Q f(l) f(2)
z Y1721 Py 1 Q-1 + 112722 P00 Qg —2 mo+1Jmo+2
+ 2 (711722 + 712721) P mo 1@% 2 (fm0+1f 0+2)

V11V22 oy (A1) (2 det B~ 2
+2—=R (fr(ngﬂfy(nngz) fvsz3+1fr(m3+2

m0—2

Since ST(z) = SP(z), we can write
— Am
S [a2b(2)] = S (S inn)

and we have for n € N,,,

9 Amo—2 E
w [En(z),En(z)} = 2z7am0+1 ot B °

by (2.20).
(73) Let n € Np,,. The proof is obvious while Definition 2.2 is used. O
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Theorem 2.5 The Jost function of IBVP (1.1)—(1.3) satisfies:

b(z) =¥ [A+o0(1)], 2€Cyq, |2|— +oo,
where A is a real constant such that A # 0.
Proof Using (2.14), we can write

b(z)e—&‘z _ aerZi; [fr(nl3+1e—Z(mO-‘rl)zv(Z)ei(mo—2)z _ fr(fg —i(mo-‘r?)zu(z)ei(mo—l)z '

Thus, we get

mo— 2 -1
_gir Gmg—2
b(z)e > = dm:I[B Yorape 14 (—=1)m0tt ( H ak+1bk> +o(1), |z] = +oo,

for z € C, by Theorem 2.2 and Theorem 2.3. If we define

m02

-1
a 2
A= dm:IEB Va10ay 11 (1)t ( 11 ak+1bk> ;

then we find
b(z) =¥ [A+o0(1)], 2€Cy, 2| — +oc.

3. The scattering function

Let us define the semi strips
Iy :={z: zeC, 0<RN(z)<4m, (=) >0}
IT :=TIp U [0, 4] .

We will denote the set of all eigenvalues and spectral singularities of the system (1.1)—(1.3) by o4 and
0ss, respectively. It is obvious that [5,16]

o4 = {)\ )\ZQSiI’I%, 261_-[07 b(z):0}7

Theorem 3.1 For all z € (0,27) U (27m,4m),b(z) = 0.

Proof Let us assume that there exists zg in (0,27) U (2, 47) such that b(z) = 0. It follows from (2.18)
that c(z9) = c¢(z9) = 0. Thus, F,(z) = 0 for all n € N,,,, U{0}. It is a contradiction, so b(z) # 0 for all
€ (0,2m) U (27, 4m). O

Remark 3.2 Because b(z) # 0 for all z € (0,27) U (2, 4w), we can obtain ogs =0 .
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Theorem 3.3 For all n € Ny, and all z € (0,27) U (2, 4w), the equation

. z Qmg—2 f%(z)__
2i cos 2 amos1 detB b(z) E,(z) —S(z)En(2) (3.1)

S
—

z

(=)

~—

is valid, where S(z) =

S
~—

Proof Since E(z) = {E,(2)} and E(z) = {En(z)} form the fundamental system of (1.1) for
neNy

mq

neNg,
.z
)\:251n§, we have

P,(z) =1 En(2) + ©E,.(2), neN}

mo?

z € (0,2m) U (2, 4m), (3.2)

where |c1| + |ca| # 0. Using (2.10) and (2.19) we obtain

= 7N . a -2 z
W [E E } — i dme=2 %
(2), En(2) Zamo+1 o B coS 5

W En(2), Po(2)] = —b(2),

for n € N}, ~and all z € (0,27) U (27, 4m). Thus, we get

detB —— det B
e =R BG), e = SR (),
2iQy,—2 COS 5 2iQyp,—2 COS 3

and if we take into account these relations,

mo+1det B —— mot1 det B
Aot L CO T VB (2) + —motl SR 7

. F . Z
210, —2 COS 5 210, —2 COS 3

P.(2) = — b(2)En(2)b(2)

is obtained by (3.2). Finally, since b(z) # 0 for all z € (0,27) U (27, 47), we can divide both sides of the last
expression by b(z) and obtain equation (3.1). O

The function

_ W) _ B
SO=56) = gy

z € (0,2m) U (27, 4n), (3.3)

is called the scattering function of the impulsive Dirac system (1.1)—(1.3). It is evident from (2.14) and (3.3)
that

u(2) fE) o (2) —v() f) 1 (2)  ED(2)

S(z) = 2 1 - a
u(2) fE) 5 (2) —v()f) 1 (2)  E§P(2)

,  z€(0,2m) U (2w, 4m), (3.4)

Note that the characteristic properties of the scattering function of the Sturm-Liouville and Dirac

equations were investigated in [9,16].
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Theorem 3.4 For all z € (0,27) U (2w, 47), the scattering function is continuous and satisfies

The proof of theorem is the direct consequence of (3.3) and (3.4).

4. Unperturbed Dirac systems

Now we consider the following unperturbed discrete Dirac system:

y$ =yl = xl,

o 0 @) (4.1)
Ynl1 —Yn = Ayn , mn€N(3),
with the boundary condition
1
v (2) = 0, (42)
and the impulsive condition
ys” no0\ (v
ARG -
Ys 0 7 Y1
where ~; and o are real numbers such that v;y5 # 0.
Let {E,(2)}, en-(3) denote the Jost solution of (4.1)-(4.3) for A = 2sin % It is clear that
a(z)Pn<Z) +b(Z)Qn(Z)’ n=0,1,2
E,(z) = (4.4)
fn(2), n=4,506,...,

where

In the event that solution (4.4) satisfies condition (4.3), we obtain

alegiz/Q

a(z) = — e + (y2 — ,
(&) ==~ [y1€" + (72 = )]

a164zz

i

b(2) (116 + (2 = m)e” — (2 — )] »

and also, b(z) # 0 for all z € (0,27)U(27,47). On the contrary, there exists a real number zg in (0, 27)U(27, 47)

such that b(zp) = 0. Then ‘ ‘
Nne* + (2 —m)e — (2 —m) =0,

and so, for a := 2N

2m
zo = —iln (a:t a? — 2a) +2km, keZ,

is obtained, but there is a contradiction as a & v/a? — 2a # 1. Thus, the assumption cannot be true.
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The scattering function S(z) of the problem (4.1)—(4.3) is

—iz

S(2) = _e8iz 71672%2 + (72 — ’h)e. —(v2—m)
71627 + (72 — M1)€ = (v2 — 1)

Since b(z) # 0 for all z € (0,27) U (27, 4w), there is not spectral singularity of this problem, whereas
Y2

there are the eigenvalues of this problem if |a ++va? — 2a| < 1 such that a := .

27

Case 1 a®>—2a <0 :

1
In this case, 0 < a < 2 must be. If and only if |ai Va2 — Za‘ <1 holds, 0 < a < 3 or 0 < 12 < 1 is obtained.

gi!
Therefore, the system (4.1)—(4.3) has the eigenvalues if 0 < 2.
"
Case 2 a®>—2a>0 :
3
In this case, a € (—00,0] U [2,400) must be. If and only if |ai Va2 — 2a| < 1 holds, 3 < 2 s obtained.
gg!
3
Therefore, the system (4.1)—=(4.3) has the eigenvalues if 2 3
"M
3
Finally, the unperturbed discrete Dirac system has the eigenvalues if 0 < 72 <1or 72 > 3
M "
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