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Abstract: In this paper, we deal with a conjecture related to the images of ellipses (resp. circles) under similarities that
are the special Mobius transformations. We consider ellipses (resp. circles) corresponding to any norm function (except
in the Euclidean case) on the complex plane and examine some conditions to confirm this conjecture. Some illustrative

examples are also given.
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1. Introduction

Images of circles and ellipses (corresponding to the Euclidean norm or to another norm function on the complex
plane C) have been studied extensively under some special transformations such as Mébius transformations or
harmonic Mébius transformations (see [1-16] and the references therein). Let us consider the real linear space
structure of the complex plane C. In [14], the present author proved that the image of any ellipse E,.(Fy, Fy) =
{z€C:|z— Fi|| + ||z — Fz|| = r} corresponding to any norm function ||.| (except in the Euclidean case) on
C under the similarity transformation w = f(2) = az+ 8; a # 0, a,8 € C (which is a special Mobius

transformation) is an ellipse corresponding to the same norm function or corresponding to the norm function
Izlly = [le™"2|, (1.1)

where ¢ = arg(a). For a given norm function |||, the functions [[z[|, define new norms for every real number ¢.
Clearly, for the Euclidean norm, all of the norm functions ||.||, are equal to the Euclidean norm. For any other
norm function, we have ||.|[, = ||.|| where k € Z, but we do not know the exact values of ¢ for which ||.[, = ||
for any norm except in the Euclidean case. This was left an open problem in [12, 14] regarding determination
of the images of circles (resp. ellipses) corresponding to any norm function ||.|] except the Euclidean norm.
If [|.[ly = [I-l, then the transformation f(z) = az + 8 maps circles (resp. ellipses) to circles (resp. ellipses)
corresponding to this norm function.

The rotation transformation f(z) = €'z does not map circles (resp. ellipses) to circles (resp. ellipses)
corresponding to the same norm function in general. For example, let ||.| be any norm with ||1]| # ||¢|] and

¢ = Z. From [12, 14] we know that the transformation z — 2%z maps circles (resp. ellipses) corresponding to
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this norm function ||.|| to circles (resp. ellipses) corresponding to the norm function ||H% (see [12, 14] for more

details). In [14], the following conjecture was posed on the images of ellipses (resp. circles) under the rotation

. sy
transformation z — e2'z.

Conjecture 1.1 [14] Let ||.|| be any norm on C with ||1]| = ||i||. Assume that ||z|| = ||Z|| for all z € C. Then

we have ||.||= = ||.|| and hence the transformation z — e2'z maps ellipses to ellipses corresponding to this
2

norm function.

In this paper, we determine some conditions to confirm Conjecture 1.1. We exactly solve the problem

for which as values of ¢ we have ||.|[, = |.]| for a given norm function .|| (except in the Euclidean case)

on C. Consequently, we finish the determination of images of ellipses (resp. circles) under the similarity

transformations. We also give some illustrative examples and some figures drawn with Mathematica [17].

2. Proof of Conjecture 1.1 and related results

Let » > 0 be any fixed real number. Notice that the function
[zl = 72| (2.1)

defines a new norm on C for every r > 0. Clearly, circles (resp. ellipses) of this new norm are the Euclidean
circles (resp. ellipses). We will call these cases the trivial cases.

From now on we assume that |.|| is any norm function except the trivial cases and ¢ # kw, k € Z. We

note that the equations

e = I11] (2.2)

and
el = e~ (2:3)
should be satisfied if |.|[, = [|.||. For ¢ = § we have |[1]| = [|i| by (2.2) and this is a necessary condition in

Conjecture 1.1.
For a fixed norm function, there exists at least one value of ¢ such that equation (2.2) is not satisfied

and so |||, # [|.||. Otherwise, this norm function is reduced to a trivial norm.

We recall the following definition.

Definition 2.1 [15] We say that a norm function ||.|| defined on C has Property C if it satisfies the property
Izl = IIZ]| for all z € C.

At first, we begin by the following example.
Example 2.2 Let us consider the norm function
12l = |& + 2y[ + & — 2y| + 2|z | (2.4)

on C. Clearly we have ||1|| = ||i|| = 4 and this norm function has Property C. The image of the ellipse

E19(—1,1) under the transformation w = e>'z is not an ellipse corresponding to the same norm but it is the
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ellipse Ero(—i,i) corresponding to the norm function ||z|ly = |22 +y| + [2z — y| + 2|y| (see Figure 1). We
have ||H% # ||l.|l and hence the transformation z — ez does not map ellipses to ellipses corresponding to the
norm function defined in (2.4).

2
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Figure 1.

We have seen that the norm function defined in (2.4) does not satisfy Conjecture 1.1 and so Property C

and the condition ||1|| = ||¢|| are not sufficient conditions for H||% =|.].

Let us consider the following property.
Definition 2.3 We say that a norm function ||.|| defined on C has Property D if it satisfies the property

o + iyl = lly + iz,

for all z,y € R.

Clearly, Property D implies the condition ||1|| = ||¢]|. In the following example, we see that Property D
is not a sufficient condition for ||H% =l
Example 2.4 Let us consider the norm function

12l = lz| + |yl + |z + 9 (2.5)

on C. Clearly, this norm function has Property D. Also, this norm function does not satisfy Property C. The
image of the ellipse Eg(—1,1) under the transformation w = e3'z is not an ellipse corresponding to the same

norm, but it is the ellipse Eg(—i,i) corresponding to the norm function ||z[|z = || + [y| + |y — 2| (see Figure
2). We have ||H% # ||l.|| and hence the transformation z — e>'z does not map ellipses to ellipses corresponding

to the norm function defined in (2.5).

Now let us give the following theorem.

Theorem 2.5 Let ||.|| be any norm on C with Property D (resp. Property C). Then ||.|| = H||% if and only
if the norm function ||.|| satisfies Property C (resp. Property D).
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Figure 2.

Proof Let .| = ||H% By (1.1), we have
lz + iyl = lli(z + )],
for all z=x + 4y € C. Then, using Property D and this last equation, we have
=+ wyll = ||y + iz|| = |li(x — iy)[| = [|[= — ay]].

This shows that the norm function ||.|| satisfies Property C.

Conversely, let the norm function ||| satisfy Property C. Using Property D and Property C we have
o+ iyl = lly + izl = iz — i)l = |~iz + i) = iz + i)
and so ||z]| = HzH% forall z=a+1iy € C. O

Corollary 2.6 Let ||.|| be any norm on C. If the norm function ||.| satisfies Property C and Property D then

we have ||.|| = H||%
The converse question of this corollary is not always true, as we have seen in the following example.
Example 2.7 Let us consider the norm function
2l = |22 — y| + = + 2y| (2.6)

on C. Clearly this norm function does not satisfy both Property D and Property C, but we have ||||% =]

and hence the transformation z — eZ'z maps ellipses to ellipses corresponding to this norm function.

Now we consider the general case for any real number ¢ and define a new property.

Definition 2.8 For a fized real number ¢, we say that a norm function ||.| defined on C has Property % if
it satisfies the property

el B (2.7)

for all 8 € R.

3207



OZGUR/Turk J Math

Now let us give the following theorem.

Theorem 2.9 Let |.|| be any norm on C. Then |.| = |l.|,; for a real number ¢ if and only if the norm

function ||.|| satisfies Property £¢.

Proof Let |.[[=.[|,. By (1.1), we have

™z = 2l
for all z =z + iy € C. If we use the polar representation z = |z| e where 6 = arg(z), we have
le= [l ]| = [[1=] ]

and hence

= = e

This shows that the norm function ||.|| satisfies Property £¢.

Conversely, let the norm function ||.| satisfies Property £?. For any complex number z = |z|e?

(0 = arg(z)), from (2.7) we have

=2 = e
and
le* 1=t = 1= ]|
Then we obtain ||e=*z|| = ||z|| for all 2 =z + iy € C and so 1211, = ll=I- O

Combining Theorem 2.9 and Theorem 2.1 given in [14] on page 191, we can give the following corollaries.

Corollary 2.10 Let w = f(z) =az+ B; a#0, o, € C be a similarity transformation and ¢ = arg(a). If
the norm function ||.|| satisfies Property £ then the similarity transformation f(z) = az + B maps ellipses

(resp. circles) to ellipses (resp. circles) corresponding to this norm function.

Corollary 2.11 Let ||.|| be any norm on C satisfying Property £% for some real number ¢. Then the

transformation f(z) = €'®z maps ellipses (resp. circles) to ellipses (resp. circles) corresponding to this

norm function.
Remark 2.12 For ¢ = 75, equation (2.7) becomes
e = {le”|, (2.8)

for all 0 € R. In Example 2.7 we have seen an example of a norm that does not satisfy both Property D and
Property C but satisfies Property £% (and hence we have H||% = ..

Example 2.13 For ¢ = 7, both of the norm functions defined by
l2]l, = V2|22 — y| + 3z + y| + V2|2 + 2y| + |z — 3y| (2.9)
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and
o1 = | J5( )| + | J5ta-+ 0] +1ol + (2.10)
2|, = |—=(z — —(z x )
have Property £% and hence the transformation f(z) = €'%z maps ellipses (resp. circles) to ellipses (resp.
circles) corresponding to these norm functions. We note that the norm function defined in (2.9) does not

satisfy both Property C and Property D while the norm function defined in (2.10) has both Property C and
Property D.

For a given norm function, the values of ¢ such that ||z, = [[2]| can be easily determined using equations

(2.2) and (2.3). Finally, we give some illustrative examples.

Example 2.14 Let us consider the norm function defined by

YRR TET 211

(see Example 2.1 on page 192 in [15]). By equation (2.2), we have
||ei¢|| = |I1|| = —70cos ¢sing =0

and so cos¢p = 0 or sing = 0. It can be easily checked that ||ei(9*¢)|| = HewH for all 0 € R if and only if
¢ =kn, k € Z. Hence, this norm function does not satisfy Property £ for any ¢ # kn, k € Z and so the
transformation f(z) = e¢'®z does not map ellipses (resp. circles) to ellipses (resp. circles) corresponding to
this norm function. From [12, 14], we know that the transformation f(z) = e¢'®z maps ellipses (resp. circles)
corresponding to the norm function defined in (2.11) to the ellipses (resp. circles) corresponding to the norm

function

Iz, = [le7*z]]

+4[(z —y)cos¢+ (w+y)sing]”.

_ \/[<w+y)cos¢+<y—x>sin¢12
9

Example 2.15 Let us consider the norm function defined by
21l = l2| + yl - (2.12)
By equation (2.2), we have
|cos @] + |sing| = 1 = 2|cos psing| =0

and so we find cos¢ = 0 or sing = 0. Then it can be easily checked that equation (2.7) is satisfied for
¢ = W(k € Z). Hence, we deduce that the rotation transformation f(z) = e'®z maps ellipses (resp.

circles) to ellipses (resp. circles) corresponding to this norm function if and only if ¢ = @ or ¢ = kmw

(kez).
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