Turkish Journal of Mathematics Turk J Math

(2018) 42: 2916 — 2925
© TUBITAK

T U B | TAK Research Article doi:10.3906/mat-1804-31

http://journals.tubitak.gov.tr/math/

Linear methods of summing Fourier series and approximation in weighted Orlicz
spaces

Sadulla Z. JAFAROV*
Department of Mathematics and Science Education, Faculty of Education, Mug Alparslan University, Musg, Turkey
Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, Baku, Azerbaijan

Received: 18.03.2018 . Accepted/Published Online: 17.11.2018 D Final Version: 27.11.2018

Abstract: In the present work, we investigate estimates of the deviations of the periodic functions from the linear
operators constructed on the basis of its Fourier series in reflexive weighted Orlicz spaces with Muckenhoupt weights.
In particular, the orders of approximation of Zygmund and Abel-Poisson means of Fourier trigonometric series were

estimated by the k& — th modulus of smoothness in reflexive weighted Orlicz spaces with Muckenhoupt weights.
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1. Introduction
Let M(u) be a continuous increasing convex function on [0,00) such that M(u)/u — 0 if v — 0, and
Mu)/u — oo if u — co. We denote by N the complementary of M in Young’s sense, i.e. N(u) =
max {uv — M(v) : v > 0} if u > 0. We will say that M satisfies the As—condition if M (2u) < ¢M(u) for any
u > ug > 0 with some constant ¢, independent of u.
Let T denote the interval [—m, 7], C the complex plane, and L,(T), 1 < p < oo, the Lebesgue space of

measurable complex-valued functions on T.

For a given Young function M, let L M (T) denote the set of all Lebesgue measurable functions f : T — C
for which

/M(If(rc)l)dw <.

T

Let N be the complementary Young function of M. It is well known [16,29] that the linear span of
L (T) equipped with the Orlicz norm

112 0s(ry = sup /If(x)g(xﬂ da: g € Ln(T), /N(Ig(x)l)dx <1
T

T

becomes a Banach space. This space is denoted by Ly (T) and is called an Orlicz space [16]. The Orlicz spaces

are known as the generalizations of the Lebesgue spaces L,(T), 1 < p < oo.
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If we choose M(u) = wP/p (1 <p< oo), then the complementary function is N(u) = u?/q with
1/p+1/q =1 and we have the relation

p P lull, () < llullp,, @ < g lully, Ty >

1/p
where [ull, g = (irf lu(z)|” dx) denotes the usual norm of the L,(T) space.

The Orlicz space Ly (T) is reflexive if and only if the N—function M and its complementary function
N both satisfy the As—condition [29].

Let M~1:[0,00) — [0,00) be the inverse function of the N—function M. The lower and upper indices

N o log h(t) 3 im log h(t)
= lim — = lim ————=
M St logt M T 5ot logt
of the function
Mfl
h:(0,00) = (0,00], h(t):= lim sup W) , t>0,

vooe T M (ty)

first considered by Matuszewska and Orlicz [24], are called the Boyd indices of the Orlicz spaces L (T).

It is known that the indices ap; and By satisfy 0 < apy < By < L,any+Bm =1, ayy + 8y =1 and
the space Ljs(T) is reflexive if and only if 0 < aps < By < 1. The detailed information about the Boyd indices
can be found in [1,2,19,25].

A measurable function w : T — [0,00] is called a weight function if the set w=! ({0,00}) has Lebesgue
measure zero. With any given weight w, we associate the w-weighted Orlicz space Ly (T,w) consisting of all

measurable functions f on T such that

||f\|LM(1r,w) = ||fW||LM(1r) :

Let 1<p<oo, 1/p+1/p' =1 and let w be a weight function on T. w is said to satisfy Muckenhoupt’s
Ap-condition on T [4,5,10] if

1/p 1/p’

1 / 1 _
sup | — [ WP (t)dt —/w Pr(t) dt < o0,
7\ I 7]

J J

where J is any subinterval of T and |J| denotes its length.
Let us denote by A, (T) the set of all weight functions satisfying Muckenhoupt’s A,-condition on T.
Note that by [20, Lemma 3.3] and [21, Section 2.3] if L/ (T) is reflexive and w weight function satisfying
the condition w € Ay, (T) N Ay, (T), then the space Ly (T,w) is also reflexive.
Let Ly (T,w) be a weighted Orlicz space, let 0 <ap < By <landlet we A (T)NA_1 (T). For

an Bnm

f € Ly (T,w), we set

h
(vnf) (2) ::%/f(x—!—t)dt, O<h<m xzeT.
Zh
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By reference [10, Lemma 1] the shift operator v}, is a bounded linear operator on Ly (T,w):

lvn (N yy oy S C N (r ) -

The function

k
Q’fw)w (6, f):= sup H(I_Vhi)f ,0>0,k=1,2,..
0<h; <o ||~
1<i<k =1 L (T,w)

is called k-th modulus of smoothness of f € Ly (T,w), where I is the identity operator.
It can easily be shown that Q’f%w (-, f) is a continuous, nonnegative, and nondecreasing function satisfying

the conditions
lim O, (5, ) = 0, O, (5, +9) < Oy (6.0) + s (59), 6> 0

for f,g € Ly (T,w).

Let

“ LS o) ()
k=1

be the Fourier series of the function f € L;(T), where Ag(z, f) := (ax (f)coskx + by (f)sinkx), ax(f) and
bi(f) are Fourier coefficients of the function f € L;(T).

We suppose that {/\l(,n)} (/\(()”) =1; A — 0, v > n) are system of numbers and we consider the sequence
of the functions {A,(r)} defined in the set E C R, satisfying the conditions that

Ao(r) =1, lim A (r)=1

r—>70

for an arbitrary fixed rg € E and v =0,1,2,...., we set
Ra(FA)@) = f() ~ [+ S AP A, )],
v=1
R(f0m)@) = f@) =[5+ D M)A ).
v=1

The Zygmund means and Abel-Poisson means of the series (1.1 ) are defined respectively as [5,32]

n k
_ % __ v — =
Znp(z, f) = 3 +;(1 (n+1)k)Au(x,f), n=0,1,2,.., k=1,2, ..,
Up(z, f) = % + Zr"A,,(a?,f), 0<r<l.

v=1
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The best approximation of f € Ly (T,w) in the class II, of trigonometric polynomials of degree not

exceeding n is defined by
En(f)are = inf{||f ~Tll gy : T € nn} :

Note that the existence of T} € II,, such that

E, (f)M,w = ||f - T’:L(HLJLI(T,Q))

follows, for example, from Theorem 1.1 in [7].

We use the constants ¢, ci,ca,... (in general, different in different relations) which depend only on the
quantities that are not important for the questions of interest

We need the following theorem [5]:

Theorem 1.1 Let Ly (T) be a reflexive Orlicz space and let w € A1 (T)N A% (T). Let {Ac}g be a
M

M

sequence of numbers such that
2™ 1

| A\|< ¢, and Z | A= Aet1l< ¢y, (1.2)

fk=2m—1

where ¢o > 0 does not depend on k and m. If f € Ly (T,w) has the Fourier series
a o0
0
5—1— § Ak(ﬂ?, f)a

then there exists a function F € Ly (T,w) with the Fourier series

2

)\ oo
()a0+z>\kAk(fE7f)
k=1

and

I Elaw<es | F e -

2. Main results
The problems of approximation theory in weighted and nonweighted Lebesgue spaces, as well as weighted and
nonweighted Orlicz spaces were investigated by several authors (see, for example, [3-5,7-15,17,18,22,23 26—
28,30-34)).

Note that the approximation problems by trigonometric polynomials in weighted Lebesgue spaces with
weights belonging to the Muckenhoupt class A,(T) were studied in [4,22,23].

Detailed information on weighted polynomial approximation can be found in [6,26].

In the present paper, we estimate the norms of R, (f,A) and R,.(f,A) in the weighted Orlicz spaces L (T ,w). Similar
problems in different spaces were investigated in [3,5,15,18,27,30,32-34].

Our main results are the following.

2919



JAFAROV /Turk J Math

Theorem 2.1 Let Ly(T,w) be a reflexive Orlicz space and w € A_1_ (T) ﬂA% (T). If the system of numbers
M

M

{)\(Vn)}, ()\(()n) =1; A =0, v> n) for some natural number k satisfy the conditions

-1

2#
2k Z n?* | A)\z(fn) |

2k n
‘1f/\§> =

< cyv < ¢s, (,LL =1,2,...,m; n> 2m)7 (21)

y=2n—1

where | A |= ‘)\( n) )\,(ﬁ_)l

then for f € Ly (T,w) the estimate

| 7@) =15+ AP A D] s,

|Ratr, Aﬁ’”)HLM(T .

1
< CGQR{,w(m, f) (2.2)

holds with a constant cg > 0 and does not depend on n.

k

Corollary 2.1 Let Ly (T,w) be a reflexive Orlicz space and w € A_ 1 (T) N A% (T). If A — = SV
M M

k>1, )\l(,n) =0, v>n, then for f € Ly(T,w) the estimate

1
H f - Zn,k( : 7f) ”LM(T,w)S C7Q]]€\/[,w(m7f)7

holds with a constant cy > 0 and does not depend on n.
Note that Corollary 2.1 for Zygmund means of order 2 and modulus of continuity €2 IVI,W(%«H’ f), (k=1) was
obtained in [5].

Theorem 2.2 Let Ly (T) be an Orlicz space and w € A_1_ (T) ﬂA% (T). If the sequence of functions{\,(r)}
M

M

defined in the set E C R, such that \o(r) = 1, im A, (r) = 1, for the arbitrary fized v = 0,1,2, ... satisfying

T—T0
the conditions
2k —1
M) [Ses, Y Tar) = da(r) [ eo, (p=1,2,..) (2.3)
y=2r—1
and for some natural number k
LX) N A0 04
|7 —ro |28 = co, r— 7o |2k Z V2k ‘i (2.4)
y=2#r-1

and further for any fivzed r € E, for the arbitrary f € Ly (T,w), the series

ap >
-+ ;AV(T)A
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converges in the space Ly (T,w), then the estimate

ao
1B ([ A Dy = 1S +Z/\ N zar(r, )

Clgﬂﬂcwyw“ r—17To |, f) (25)

A

holds.
Corollary 2.2. Let Ly(T) be an Orlicz space and w € A1 (T)N A (T). If A(r)=7" (vr=0,1,2,...),
M Bm

then for f € Ly (T,w), the estimate
” f - UT(I,f) HLM(T7w)S ClSQ?\/l,w(l - f)v 0<r< 17

holds with a constant c13 > 0 and does not depend on .
Note that similar estimate for modulus of continuity 2 ]W’W(%Jrl’ f), (k=1) was proved in [5].

3. Proofs of the theorems
Proof of Theorem 2.1 Let 2™ < n < 2™+, Using the subadditivity of the norm, we get

f- Z/\(" Dz rw)

< Z —ANALC ) o)

+ Z Au( 5 ) loa =11 + L. (3.1)

v=n-+1
We put
(n)
) _1-A
‘LLVk = ok o V= 1,27...777,.
Sin bry

We show that, for the sequence {,u,(jn,z}, the conditions (1.2) of Theorem 1.1 are satisfied. Under the

assumptions of Theorem 1.1, the inequality

2k |1 _ y(n)
(") 1< (9ry2k ‘1 M
| Ho < (2m) ok S C14

holds.
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On the other hand, the following inequality can be written

u (”) 2k v+1
)\ 2n |

RN L
LE 1™ .
v+ blHQkﬁslnmf v+1

2%k 1/+1 (n) r.: 2k (v+1 2k v
< (@nm)t* | (/\l/-i-l )\ ) (1) — A, [sin (+1) 2n) — sin

2n

VQk(V +1)2k
Gl PV Vil BN PV
15 2k T :

According to (3.2) and (1.2) we have, for s > m,

IN

2stl_1
> - W) L I< e
v=2s

where m such that 2™ < n < 2m+1,

Therefore, the conditions (1.2) of Theorem 1.1 are satisfied. Then using Theorem 1.1, we obtain

v
L o= | ZM(H)A f)sin?* o 1L as (7,0)

IN

v
C17 || ZA SlIl m HLILI(T7W) .
According to [10], the following inequalities hold

- 1
@)~ SEVCL D) s < esru(=0F)-

H f— Sn( ’ 7f) HLM(T,w) < ClgEn(f)Mwa

1
En(f)M,w < Czoﬂ]fw,w(ma 1)

From (3.3) and (3.4), we get

L < ar ZA ) sin” LnHLM(va)
< enl ifu S TEAC
< epa(2n)72 | iAV( SO ()
< en(20) K | S ) rar) < 20— ).

2922
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Using inequality (3.5), we have

L = Z Au( 3 ) o) < c2s Bn(f) M w- (3.8)
v=n-+1

Then by (3.8) and (3.6), we obtain
1
I < C2ﬁﬂlfww(m7 1) (3.9)

Now combining (3.1), (3.7), and (3.9), we obtain the inequality (2.2) of Theorem 2.1.
Proof of Theorem 2.2. According to the subadditivity of the norm, we get

=i
1B (£ 20D vy < 1D A= XNAC A sy +
v=1
(o)
| S A= MDAC O parw
M77oﬂ+1
= I + I, (3.10)
where [——] is the integer part of real number —L—.
[r—rol [r—ro]
The following holds
r=rrd!
Lo= | > A=X)Au( O e
v=1
= (1-0,0) 7o
- (r . v|ir—rg
= H Z WAV( . ,f) Sln2k f HLJM(TWJ) . (311)
v=1 T2
We set
1= (r)
o sin?* 7V|r;m| ’

where 1 <v <]

=it
According to relation (2.4), the system of numbers {1, } satisfies the conditions (1.2) of Theorem 1.1.
Then selecting m, such that 2™ < || m [] <2m*+Ll from (3.11) and (3.4), we have

gm+1
v ir—rg|
L < | Z:ulﬂ“ v ] sin k# ”LM(TM) <
v|r—rg
< cor |l ZA Sank % | 2 ar (7,009
< e (I =70 | ). (3.12)
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According to (2.3) for the system of numbers {1 — A, (r)}, the conditions of Theorem 1.1 are satisfied.

Then applying Theorem 1.1, we obtain

o0

I, = | Z (1= (r)Au(-, )] ||LZM(T7W)

1
v=[r=m7l+1

oo

ol Y AN e - (3.13)

1
v= [r—rol J+1

IN

By (3.5) and (3.13), we get

Now

Iy < esoQy (I =70 |, f). (3.14)

combining (3.10), (3.12), and (3.14), we obtain the inequality (2.5) of Theorem 2.2.
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