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Trigonometric expressions for infinite series involving binomial coefficients
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Abstract: By means of the hypergeometric series approach, we present a new proof of Sun’s conjecture on trigonometric
series, which is simpler than the original one due to Sun and Meng. Several further infinite series identities are shown

as examples.
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1. Introduction and motivation

For an integer n and an indeterminate z, define the rising and falling factorials, respectively, by the following
quotients of Euler’s I'-function:

I'l+z)

(@) = —5=— and (2)n, = Tlte—n)

where for the former we shall utilize the abbreviated multiparameter notation below:

{A B, .-, C] _ (An(B)n---(O)n
«, 6; T Y n (a)n(ﬂ)n(V)n '

According to Bailey [1, §2.1], the classical hypergeometric series reads as

1 r ap, A1, A2, -, Qp
tPePp b17b2a"'7bp

= (a0)k(ar)k(ag)k - - (ap)k Jk
]‘Z HbOeb)r bk

By introducing the integer sequence

(5n) ()

T 2@n+1)(%)’

n

Sun [6] proposed the following conjecture.

Conjecture 1 There are positive integers T1,T5,T5... such that

1 > on okt1  COS (% arccos (6v/3z))
ﬂngkx +;Sk$ = D
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for all real x with |x| < 1/6v/3. Also, T, = —2 (mod p) for any prime p.

Sun and Meng [5] gave an analytic proof for this conjecture. In this paper, we shall present a simpler proof by
employing the following well-known hypergeometric series formulae (see, for example, Chu [3, Eqs. 8 and 10]
and Chu and Zheng [4, Egs. 1.3a and 1.3Db]):

y21 = cos (z arcsiny), (1.1)

(1.2)

Itz 1- . .
32,45 | 4|  sin(zarcsiny)
Yy

The rest of this short paper will be organized as follows. In the next section, a new proof of Conjecture
1 will be given. Then we shall derive, in the third section, further similar results by the hypergeometric series

approach.

2. Proof of the conjecture

As a warm-up, we first give a simpler proof of Sun’s conjecture 1 by means of the hypergeometric series approach.

According to the relations

(1) = oy o @ =0 (3) (), (),

the sequence S,, can be rewritten in the following form:
‘| n

o _ log” 3
n 17

2

W oot

Then we can evaluate, by (1.2), the following series:

) 15 s 02 .
Z, = sin (% arcsin 6v/ 3x
> St =2k |5 ‘(6\/356)2] _ sinfgaresinGySe)
pars 3 8V/3
For z € [-1,1], recall the trigonometric identity
arcsin x + arccos x = g (2.1)

We can reformulate the difference

cos (2 arccos 6v/3z) i ok
— Skt

12
k=0

cos (3 — 2arcsin6v/3z)  sin (2 arcsin 6v/3z)
12 8v/3

1 2 2
= { cos (I -3 arcsin 6\/§$) — sin % sin <§ arcsin 6\/5:10) }

12 3
1 2 1 2
= cos g cos (§ arcsin 6\/53:) =51 cos (§ arcsin 6\/53:),
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where we have utilized the trigonometric identity
cos(a — ) = cosacos 8 + sin asin 3.

In view of (1.1), we can expand the last trigonometric function into the Maclaurin series

VTR S R R
21 cos (g arcsin 6\/53:) = ﬂgFl % ’ (6\/§x)
“jii 16" (3k> ok
P 24(1—3k) \ k

Therefore, we find that the {T}} sequence in Conjecture 1 is explicitly given by

16" 3k
Tk24(3k—1)(k> for k—l,?,

Observing that

2 243(k—1)\, 11
Ty = ———— 16" fi k=1,2,---
b 2+akn< k-1 o T
we confirm that {7} are integers because for A = 1,2,--- and n = 0,1,2,---, the ternary Catalan numbers
{5 J:‘Sn ()‘tf”)} are integers (cf. Chu [2]). In addition, we have, for any prime p, the following congruence:

2% 16771 (3p—1 23
" — p—1 - _
T &%J(p—l) 216 II(k )
k=2
=2 x 16P71(=1)? (mod p) = —2 (mod p)

, thanks to Fermat’s little theorem. This completes the proof of Conjecture 1, which is simpler than that due
to Sun and Meng [5].

Analogously, by examining the trigonometric relation

cos(2 arcsin 6v/3z)  sin (2 arcsin 6v/3z) ~ cos(§ + 2 arcsin 6v/3z)
24 8v/3 N 12 ’

we can show the following counterpart result.

Theorem 2 Under the same condition of Conjecture 1, the following identity holds:

1 = or ops1 €08 (% + 3 arcsin (6v/32))
2 ZT’“:C o Z Sk - 192
k=1 k=0

3. Further infinite series identities

Based on the hypergeometric series (1.1) and (1.2), we can derive further identities similar to those displayed

in Conjecture 1 and Theorem 2. Six examples will be illustrated in this section.

2937



LI/Turk J Math

Letting « = £ in (1.1) and (1.2), we have

win

3 1
oy ‘ yZ] = " sin (g arcsiny),

W Wl

=

6
o

1
| ’ yzl = cos (= arcsiny).
5 3

Then for the two sequences defined by

- L G

1
6 =
? % ] n 108“(1 B Gn) (2:) ’

1
T»,(Ll) — [6’
we get the following two infinite series identities.

Example 1 For |y| < 1, there hold the identities

18 o0 )
3 T;J Syl 4 nE:oT’(Ll)yzn — \/2sin (5 arcsiny + %),
18 ) _

3 nz:% Sgl)y2n+l § T(l 251n (3 arcsiny — Z)

Analogously, letting # = 1 in (1.1) and (1.2), we get

(3 1 9 1

oF | Y g ‘yﬂ = fsin(§ arcsiny),
L 2 Y
S )

o | Y ’yzl = 005(5 arcsiny).
L 2

Then for the two sequences defined by

we find the following two infinite series identities.
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Example 2 For |y| <1, there hold the identities

1 . 1
1 (2), 2n+1 (2),2n _ L
5 E,O Syy + E,OTn Y= \/5(308(2 arccosy),

1 > 1
3 nz:% Syt — nz:;) TPy*" = —v/2sin (5 arccos y).

There exist two companion series (cf. Chu [3, Egs. 9 and 11] and Chu and Zheng [4, Egs. 2.1 and 3.2]) similar
to (1.1) and (1.2):

2471

I+z,1-2 ’ 2] _ sin (2z arcsiny)

2 2xy\/1—y2

2

o1

5+7,3—x ‘ yQ] _ cos (2z arcsiny)

V1—192
They are utilized below to establish four pairs of infinite series identities.

First, by letting # = £ in (3.1) and (3.2),

N|—

7 3. 2 ‘ 2| 3sin (£ arcsiny)

201 s |V T T Ao
2 2yv1l-y

JF, 2.3 ’yz _ cos (£ arcsiny)
3 V1=y?

and then defining the sequences
4 2
S(S) — 373 — (i)n 3n+1
" 1,3 27 n )’

T(3>:F’é] _ L GEED
L) T ()

n

we derive the following two infinite series identities.

Example 3 For |y| < 1, there hold the identities

p = 2 2
3 Z S£L3)y2n+1 + Z T7(13)y2n =\ 1= 2 sin (§ arcsiny + g),
n=0

n=0

3 T;Sfﬁ)gﬂ +1 ;Téﬁ)y? =\ 1 " sm(g arcsiny — Z),
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Secondly, by letting x = % in (3.1) and (3.2),

5 1
oF |° 3‘92]
2
7 _1
6' 6
2 Iy 1
and then defining the sequences
5 17
4 _ |33
S L ;
72-7?,
7 _17
4 6°° 6
T = [ )
1) In

we get the following two infinite series identities.

Example 4 For |y| < 1, there hold the identities

4 o0
5 Z 57(L4)112n+1 +

n=0

g i S£L4)y2n+1 _ i T7$4)y
n=0 n=0

Thirdly, by letting = 1 in (3.1) and (3.2),

5 3

11

2 b 3

2

31

401

2 I 7

2

and then defining the sequences

gB) _ |
1

we have the following two infinite series identities.
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g

~ 3sin(

4

(57

1 6n+1(

4

3 arcsiny)

dy/1—y2

4

cos (5 arcsin y)

Vv

(

6n n)

5n) (o

3n
n

non+2
dn+1

)

)

3

T 10871 —

- [ 2 4
Z T )g2n — 1T sin (
n=0 -y

2n:

6n

)

. ™
—arcsmy + —

3 4

. (4 . T
sin (< arcsiny — —
1-y2° '3 L
_ 2sin (1 arcsiny)
yv1—y?

cos (3 arcsiny)

Vi—y?

)
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Example 5 For |y| <1, there hold the identities

1 o - 2 1
. TLZ:O §E)y2nt1 4 T;)TT(LS)yzn =T (5 arccosy),

1 — > 2 1
3 Z S(5)y 2t _ Z T2 — — - sin (5 arccosy).
n=0 n=0

Finally, by letting z = 2 in (3.1) and (3.2),

‘ y2‘| ~ 2sin (2 arcsiny)

VT

(2 arcsiny)

g, —i ’ |  cos
V1 —1y?

[N]SR

and then defining the sequences

7% :(i)n n+1 [(4n+3
1,3 167 3(4n+1)\2n+1)’

p@ _ | Toa| _ L2+l Ant]
o, 16 1—4n\ 2n )’

we find the following two infinite series identities.

Example 6 For |y| < 1, there hold the identities

3 . >, . 2 3
57;)5%6)?!2 +1+7;T£6)y2 =iz s1n(§arccosy),

3 — - [ 2 3
2 ngo §(O) g2t RZ:OT’(‘G)an =iz cos (5 arccosy).
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