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Abstract: We find all the eta quotients in the spaces M; (FO(IZ), (g)) (d = —3,—4) of modular forms and determine
their Fourier coefficients, where (g) is the Legendre—Jacobi-Kronecker symbol.
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1. Introduction

Let N, Ny, Z, and C denote the sets of positive integers, nonnegative integers, integers, and complex numbers,
respectively. Let N € Nk € Z, and x be a Dirichlet character of modulus dividing N. Let I'o(N) be the
modular subgroup defined by

FO(N)z{(‘C‘ Z)|a,b,c,deZ, ad—bc=1, c=0 (modN)}.

Let My (To(N),x) denote the space of modular forms of weight k& with multiplier system x for T'o(N), and
Ei(To(N),x) and Si(To(N),x) denote the subspaces of Eisenstein forms and cusp forms of My (To(N), x),

respectively. It is known that

My (Lo(N), x) = Ex(To(N), x) @ Sk(Lo(V), x); (1.1)

see, for example, [9, p. 83]. The Dedekind eta function 7(z) is the holomorphic function defined on the upper
half plane H = {z € C | Im(z) > 0} by

00
77(2) — eﬂ-iz/12 H(l _ 627rinz).
n=1

A product of the form

f) =TI w(2), (1.2)

1<8|N

where rs € Z, not all zero, is called an eta quotient.
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Let x and ¢ be Dirichlet characters. For n € N we define o, )(n) by

T () = Y x(m)ip(n/m). (1.3)

1<mi|n

If n ¢ N we set o(,,4)(n) =0. Let xo denote the trivial character, that is yo(m) =1 for all m € Z. We note

that oy, ) (1) coincides with the number of divisors function oo(n) = Z 1. We define three characters by

1<m|n

12
xam) = (=), xa(m) = (=), xatm) = (=), (me), (1.4)
d
which are all the nontrivial characters modulo 12, where <7) is the Legendre-Jacobi—Kronecker symbol.

The cusps of I'g(N) can be represented by rational numbers a/c, where a € Z, ¢ € N, ¢|N, and
ged(a, ¢) = 1; see [8, p. 320] and [3, p. 103]. We can choose the representatives of cusps of T'g(12) as

1,1/2,1/3,1/4,1/6,1/12. (1.5)

Let f(z) be an eta quotient given by (1.2). A formula for the order v,,.(f) of f(z) at the cusp a/c (see [8, p.
320] and [7, Proposition 3.2.8]) is given by

_ N ged(d,¢)? - s
Vase(f) = 2 ged(c2, N) 1<¥|N — 5 (1.6)

It follows from the dimension formulae [9, Section 6.3] that the only nontrivial modular spaces of level
12 with trivial cuspidal subspaces are Ms(I'0(12), x0), M1(To(12),x1), M1(T'0(12), x2), and Ma(Ty(12), x3).
We also see that

dim(M; (To(12), x1)) = dim(E1(I'o(12), x1)) = 3, (1.7)
All the eta quotients in M2(T'¢(12), xo) and M3(T'0(12), x3) and their Fourier coefficients are given in

[10] and [1], respectively. In this paper we find all the eta quotients in My (T(12), x1) and M;(T(12), x2), and
determine their Fourier coefficients.

2. Preliminary results

Throughout the remainder of this paper we use the notation ¢ = ¢(z) = €?™* with z € H. We define the
Eisenstein series E, y,(¢) and E., y,(¢) by

— . JR— N
Exi, XO(q) = 6 + Z O—(XhXO)(n)q s EX%XO(Q) = 1 + Z J(X%Xo)(n)q .
n=1 n=1

In view of (1.2) for N =12 we define an eta quotient f(z) by

f(z) =" (2)n" (22)n" (32)n" (42)n"° (62)n"*> (122). (2.1)
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Theorem 2.1 Let f(z) € M1(I'9(12),x1) be an eta quotient given by (2.1) , and let f(z) = Zanq” be its
n=0
Fourier series expansion. Then

f(Z) = blEXl,Xo (q) + b2EX1,X0 (qQ) + b3EX17X0 (q4)

for unique scalars by, bs,bs € C, and the Fourier coefficients a,, are given by
1
ap = g(bl +b2 + b3)7 an = b10X17X0 (TL) + b2UX1aX0 (n/2) + b30X17X0 (n/4) fOT n > 1

Proof It follows from (1.7) and [9, Theorem 5.9] that the set of Eisenstein series {Ey, 1o(q), Exi.xo(¢%),
Eyixo(gh)} is a basis for My(To(12), x1). Thus,

f(2) = b1Ey, xo(q) + bQEXhXo(qQ) +b3Ey, o (q4)

for some unique scalars by,bs,b3 € C, from which the assertion follows by equating the coefficients of ¢™ on
both sides. O

Similarly to Theorem 2.1, we prove the following theorem.

Theorem 2.2 Let f(z) € M1(To(12),x2) be an eta quotient given by (2.1), and let f(z) = Zanq” be its
n=0

Fourier series expansion. Then

f(Z) = blEX27Xo (q) + bQEX%Xo (qg)

for unique scalars b1,ba € C, and the Fourier coefficients a,, are given by
1
ap = Z(bl +b2), an =b10y, 5 (1) + b20x, 5 (n/3) forn = 1.

We use the following lemma to determine if certain eta quotients are modular forms. See [5, Theorem
5.7, p. 99], [6, Corollary 2.3, p. 37], [4, p. 174], and [T7].

1
Lemma 2.1 Let f(z) be an eta quotient given by (1.2), and let k = 3 Z rs and s = H 6" . Suppose
1<S|IN 1<5|IN

that the following conditions are satisfied:

(i) Y 6-r5=0(mod 24),

1<5|N

(if) Z % -rs = 0(mod 24),

1<§|N

d(d,s)? -
(iii) Z w >0 for each positive divisor d of N,
1<8|N
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(iv) k is an integer.

Then f(z) € Mi(To(N),x), where the character x is given by

xom = (E27),

m

We take N =12 and k£ =1 in Lemma 2.1 to obtain the following theorem.

Theorem 2.3 Let f(z) be an eta quotient given by (2.1), which satisfies the conditions (1)—(iv) in Lemma 2.1

with
T1 +7"2 +7’3+7’4+7‘6+7‘12:2.

Then f(z) € M1(T0(12),x), where the character x is determined by

flz) € { Mi(To(12),x1) ifrs+r6+1r12=1 (mod 2),
Mi(To(12),x2) ifrs+re+7r12=0 (mod 2).

Proof For N =12 we have

s = H 576 — 171972334 4619 12 — QT2+ 2ratre+2r12grs+retris
1<6]12

The conditions (i) and (ii) in Lemma 2.1 become

71+ 2rg 4+ 3r3 + 4ry + 616 + 12112 =0 (mod 24),
1211 + 613 + 475 + 3ry + 2rg + 112 = 0 (mod 24),

respectively. From (2.3), (2.6), and (2.7) we have
ro+16 =0 (mod 2).

Then (2.4) follows from (2.2), (2.5), and (2.8).

3. Main results

(2.3)

(2.4)

Theorem 3.1 Let f(z) be an eta quotient given by (2.1). Then we have f(z) € M1(To(12),x1) if and only if

71+ 2rg + 3r3 + 4ry + 616 + 12115 =0 (mod 24),
1271 4+ 6r9 +4rs + 314 + 2rg + 112 = 0 (mod 24),
0 <wvy/.(f) <3 forc=1,2,3,4,6,12,
T1+Te+r3+rst+re+ 112 =2,

rs+7r6+ri2 =1 (mod 2).

Proof Let f(z) € M1(T'9(12), x1) be an eta quotient given by (2.1). By (1.7) we have dim(M;(T'0(12), x1)) = 3.

We define the eta quotients fi(z), f2(2), f3(2) by

0" (22)n° (32)n° (12z)
75(2)n°(42)n°(62)

7 (2)n* (122)

fi(z) = 22)n(3z)n(42)n(6z)

fa(2) = o  f3(2) =

n(22)n°(122)
0 (42)n3(62)
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By Lemma 2.1, we have f1(z), f2(2), f3(2) € M1(T'0(12), x1). One can easily see that the set {f1(2), f2(2), f3(2)}
is linearly independent, and so it is a basis for M;(T'9(12), x1). Appealing to (1.5) and (1.6), we have

v1(f1) = vi/12(f1) = 0, vi(f2) = vij12(f2) = 1, vi(f3) =0, vi/12(f3) = 2.
Thus, for any by,bs,b3 € C we have
v1(byfi + bafo +b3f3) € No, v1/12(b1f1 + bafa + b3 f3) € No.
As f(z) can be expressed as a linear combination of f1(2), f2(z), and f3(z), we have

v1(f) € No, v1/12(f) € No,

from which the second and first assertions follow, respectively. The third assertion follows from [6, Corollary

2.3] and the fifth assertion follows from (2.4). The converse follows from Theorem 2.3. O

Theorem 3.2 Let f(z) be an eta quotient given by (2.1). Then we have f(z) € M1(To(12), x2) if and only if

r1 4 2ro 4+ 3r3 + 4rg + 616 + 12r10 =0 (mod 24),
1271 + 6r9 + 4rg + 3r4 + 2rg + 112 = 0 (mod 24),
0 <wy(f) <2 forc=1,2,3,4,6,12,
ri+re+r3+rg+reg+rie =2,

rg+ 16+ ri2 =0 (mod 2).

Proof Let f(z) € M1(T'g(12), x2) be an eta quotient given by (2.1). By (1.8) we have dim(M;(T'o(12), x2)) = 2.
We define the eta quotients g¢1(z) and go(z) by

19(22) _ 1°(22)n(62)n*(122)

g1(2) := 477747 g2 = 2
n*(z)n*(4z) n(2)n(3z)n?(4z)

By Lemma 2.1, we have g¢1(z), g2(2) € M1(I'9(12), x2). One can easily see that the set {g1(z),g2(%)} is a basis
for M;(T'9(12), x2). By (1.5) and (1.6) we see that vi(b1g1 + b2g2), vi/12(b191 + b2ge) € Ng for any by,bs € C.
As f(z) can be expressed as a linear combination of g;(z) and g2(2), we have vi(f),v1/12(f) € No, from which
the second and first assertions follow, respectively. The third assertion follows from [6, Corollary 2.3] and the

fifth assertion follows from (2.4). The converse follows from Theorem 2.3. O

There are 21 eta quotients in M;(I'g(12),x1) and 6 eta quotients in M;(T'9(12), x2). We found all the
eta quotients with MAPLE using Theorems 3.1 and 3.2. We then determined their Fourier coefficients using

Theorems 2.1 and 2.2. All these eta quotients and their Fourier coefficients are listed in Tables 1 and 2 below.

4. Applications and remarks

Theorem 4.1 Let f(z) € My1(T'0(12),x1) with the Fourier series representation

1) =3 g™
n=0

Then for all m > 0 we have agm+s = 0.
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Table 1. ™ ()0 (22)™ (3™ (427 (62)72 (122) = L(by + ba + b) + 3522, (1002 o (1) + b0 ) (0/2) +
b3U(X1,Xo)(n/4))qn :

No. 1 ) T3 Ta Te 12 bl b2 b3
1 —6 |15 |2 —6 | -5 |2 12 | -12 | 6
2 —4 |8 4 -3 4|1 6 -4 |4
3 -316 1 0 -210 3 0 3
4 -3 18 1 4| —-4114 3 —4 1
5 -2 11 6 0 310 4 0 2
6 -2 15 -2 -2|5 -2 10 4 2
7 1] -113 3 -1]1-11]3 2 1
8 -11 3 -1 -313 1 -2 1
9 0 =310 1 -2 (3 3 0
10 |0 -210 1 6 -3 1|2 4 0
11 0 -110 2 -1 2 0 -1 1
12 0 1 0 -2 -31]6 1 -1 0
13 0 6 0 3| -2|1 —6 | 12 0
14 1 -4 -3 |4 8 -4 13 4 -1
15 1 -21-310 6 0 110 1
16 2 -5 | —6 |2 15 | -6 | 4 4 -2
17 2 —-112 0 —-110 0 8 -2
18 |3 -3 -1|3 1 -11]3 6 -3
19 3 -1|-1|-1|-11]3 -3 12 1
20 4 -4 | -4|1 -3 |6 4 —4
21 6 -3 -210 0 12 | 0 —6

Table 2. 7" (2)7"(22)n"* (32)n"* (42)1" (62)7"2 (122) = (b1 +b2) + 307, (010(xz,x0) (1) + b20(xa,x0) (7/3)) 4" -

No. r1 1) T3 T4 T6 12 b1 b2
1 -4 1100 410 [0 0 4
2 -2 13 2 -1]1 —11|2 2
3 111 -1 2 3 -2 |3 1
4 -11]3 -1 -2|1 2 -1]1
5 0 0 -4 10 10| -4 |4 0
6 2 1 21 -1/3 —-11|6 -2

Proof Suppose n =2(mod 3). Then n is not a perfect square, and

-3 n
am = ()= (3) =+
Also, for all positive divisors d of n, we have

v = ()= ()= (D) (D) -

By pairing x1(d) and x1(n/d) for all d | n we obtain

> xi(d) =o. (4.1)

d|n



ALACA et al./Turk J Math

The assertion now follows from (4.1), (1.3), and Theorem 2.1. O

Theorem 4.2 Let f(z) € M1(To(12), x2) with the Fourier series representation

f(z) = Z anq".
n=0

Then for all m > 0 we have a12m+7 = @12m+11 = 0.

Proof Suppose n =3 (mod 4). Arguing as in the proof of Theorem 4.1 we obtain

> xa(d) =0. (4.2)
d|n
The assertion now follows from (4.2), (1.3), and Theorem 2.2. O

The following corollary follows immediately from Theorems 4.1 and 4.2.

Corollary 4.1 If an eta quotient f(z) given by (2.1) is a modular form of weight 1 with the Fourier series

o0
representation f(z) = Z anq", then for all m >0 we have
n=0
a12m+11 = 0,
A12m+7 = 0 Zf rs+1r6 +712 = 0 (mod 2),

a12mys5 =0 if 13 + 716 + 712 =1 (mod 2).

Remark 4.1 The method used in this paper can also be applied to determine the Fourier series representations

of eta quotients in other modular form spaces.

Remark 4.2 Berkovich and Patane [2] recently determined the Fourier coefficients of certain eta quotients of
weight 1 and levels 47,71,135,648,1024, and 1872. They used the theory of binary quadratic forms.
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