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Abstract: For an analytic function in open unit disk ID, we consider the p-valent analogue of the Noshiro—Warschawski
univalence condition. We apply the Fejér—Riesz inequality to establish some sufficient conditions for functions to be

p-valent or to be a Bazilevi¢ function or to be in some other classes.
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1. Introduction
Let H denote the class of functions analytic in the unit disk D = {z € C: |z] < 1}. Let A, be the subclass of

H consisting of analytic functions f of the form

flz)=2"+ Z anz™, z€D. (1.1)

A function f meromorphic in a domain D C C is said to be p-valent in D if for each w the equation
f(2) = w has at most p roots in D, where roots are counted in accordance with their multiplicity, and there
is some v such that the equation f(z) = v has exactly p roots in D. Furthermore, a function f € A,,
p=1,2,3,..., is said to be p-valently starlike if

me{zj:(/z)} >0, zeD.

The class of all such functions is usually denoted by S;. For p =1 we obtain the well-known class of normalized

starlike univalent functions S* = S7.

2. Main result

Theorem 2.1 /8, Th. 2, p.93] Let f € A, f®(2)#0 in 0 < |z| <1 for k=1,2,...,p and suppose that

(p) (1 11
|arg f (Z)|<2< + —logp .

Then f is p-valent in D.
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Corollary 2.2 Let f € A,, f®(2)#0 in 0 < |2| <1 for k=1,2,...,p and suppose that
p>e™=2314....

1f
arg fP)(2)] <7, z€D,

then f is p-valent in D.

Proof Since for p = €™ we have

1
T (l—l—logp) =,
2 s

a function f is p-valent by Theorem 2.1. O

Applying Theorem 2.1, we can easily obtain the following theorem.

Theorem 2.3 Let f(z) =300 a,2", a, 0, f*®(2) #0 in 0<|2| <1 for k=1,2,...,p and suppose that

n=p %n

1
|arg{exp(—ioz)f(p) (2)} < g (1 + logp> , z€D,
T

where o = arg{a,}. Then f is p-valent in D.

Proof Tt is enough to see that F(z) = 1) g in A, and apply Theorem 2.1. From the hypothesis, we have

ap

F(z)= 1(z) =2P + Z bn2" € Ap.

a
p n=p+1

Furthermore, F(*)(2) #0 in 0 < |2| <1 for k=1,2,...,p and

a
b, = — for p<n.
ap

Then, from Theorem 2.1, F is p-valent in . Therefore, f is p-valent in D too. O

Remark In [11] and [12], Ozaki proved that if f of the form (1.1) is analytic in a convex domain D C C and
for some real o we have
Re{exp(ia)fP(2)} >0, ze D, (2.1)

then f is at most p-valent in D. Ozaki’s condition is a generalization of the well-known Noshiro—Warschawski

univalence condition (see [6], [14]), where p = 1. An improvement of Ozaki’s condition is given in [9)].
Nunokawa [7] proved the following result.

If fe A, and

37

a1

|argf(p)(z)\ < z €D,

where 2 < p, then f is p-valent in ID. To prove the main results, we also need the following integral inequality.

It is due to Fejér and Riesz [1] and can be found in [3, p. 175] and in [13]. This result requires the regularity
of f in the closed unit disc D.
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Lemma 2.4 [1] Let f be analytic in D, and 0 < p. Then we have

' p 1 p
| seraz<g [ g, (22)

1

where the integral on the left is taken along the real axis.

Therefore, a change of variables in (2.2) will give

T ) r 2m .
[ tatoepan< g [ lgtrera. 23)
0

-

Applying the above lemma provides the following theorem.

Theorem 2.5 Let f € A,, f*(2)#0 in 0 <|z| <1 for k=1,2,...p, and suppose that

ZfPt1)(z)

1 1
<<1+logp>, z € D.
2 s

Then f is p-valent in D.

Proof We have

fPz) < f(p)(t)>/ _ [T
log p _/o log p dt = o dt,

and hence we obtain

(1) (¢
|arg{ ") (2)}] jm/ ff(p) ’

(P+1) )
= Jm/ / pZ; ewdp’

_ e [P D (pe’?)
B /0 jm{ F® (pe?) }dp’

r i0 p(p+1) (i
/ jm{fWHd
0

(e
/r ei@f(p+1)(pei9)

IN

IN

Jm

F®)(pet?)

(pe”)
FP (pe?)

)
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where z=7e?, 0<r<1,0<p<r,and 0 <6 < 2r. Now, applying (2.3) gives

F et

2m
rof P r
O e
Tewf(erl) (Tew)

1 27\'
T2 / F@)(reid)
1 [ 1
7/ (1+logp) de
4 Jo m

1
= I (1+logp).
2 T

Then, by Theorem 2.1, we obtain that f is p-valent in D. O

dé

do

A

Applying the same method as in the proof of Theorem 2.5, we obtain the following theorem.

Theorem 2.6 Let f(z) =z+ Y .o, a,2" be analytic in D. Assume that f'(z) #0 in D and

20| Lnf 122 ep ”

f'(2)

1—=2

Then f is univalent in D.

Proof We have

|arg{f"(2)}]

i

1
e
1

Jm ewdp‘

o [f'(pe®?)
<

ewf//(peio)
</

f'(pet®)
where z=7e?, 0<r<1,0<p<r,and 0 <6 <2r. Now, applying (2.3) gives

eief// (peie)
f'(pe?)

)

f//(rew) »

r 27
RETO Iy
Teief//(reie)

B 1 /2W
2 0 f’(re“g)
1 2 1+ ret?
- Red —— »db
< 4 /0 ¢ { 1—ret }

1 [ 1—r2

,/ It
4 ), 1—2rcosf+r?
1

4

de
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Then, by Noshiro-Warschawski univalence condition (2.1), we obtain that f is univalent in D. O

A result related to Theorem 2.6 can be found in [10]. In [10], zf”(2)/f(z) in (2.4) is replaced by
Re {zf"(2)/f'(2)} and the right-hand side is a constant. This stronger hypothesis follows that f is univalent

Janowski function.

Theorem 2.7 Let f € A,, f*(2)#0 in 0< |z| <1 for k=1,2,...,p, and suppose that

(p+1) 1 1 1
2 (2) < —-(14 —logp | Re e , z€D. (2.5)
2 T 1—=2

()

Then f is p-valent in D.

Proof Using the same method as in the proof of Theorem 2.5, we obtain

1 [ Teief(p+1)(rew)
() z MR
(P < g [ a0
Then, by (2.5), we have
1 (27 [reif f@D) (peit)
() z s N
R A e T

1 m 1+ re?
< {1+ =1 —— 5 df
< 3 (e zvm) [ o {0
1 1 m 1—7r?
= —(1+=1 ————d6
4( o ng)/o 1—2rcosf + r?
1
2 T
where z =7e?, 0 <r <1,and 0 <6 < 27. Then, by (2.1), we obtain that f is p-valent in D. O

Theorem 2.8 Let p(z) =1+ > -, ¢,2" be analytic in D and suppose that

Then Re{p(z)} >0 in D.

Proof It follows from (2.6) that p(z) # 0 in D. Otherwise, we would have p(z) = (z — 20)*q(z) for some zg
and g € H such that |z9| < 1 and ¢(z0) # 0 in D. Then the left-hand side of (2.6) tends to oo as z — 2
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while the right-hand side of (2.6) is bounded at zy. Therefore, we have
larg{p(z)}| = [Jmlog{p(z)}|

I / (log{p(2)})' dz

T/ 0
jm/ P (pe )ezedp‘
0

p(pe’®)
[“ -~ {p’(pfff”) 61-9} ’ dp
< [ '

p(pe™®)
LI

jm{p(pw)eie}‘d
p(pe)

)
where z =7¢? 0 <r<1,0<p<r,and 0 <6 < 2r. Now, applying (2.3) gives

IN

(peze

p(pet?)

argtpN| < 5 [ |2

127‘[‘
:5/0

7”620

re“gp’ )

dé. 2.7
reze (2.7)

Now, from (2.6) and (2.7), we obtain

1 [ 1
< = -
el < g [ et fas
1
4

= o =~
2
This proves that Re{p(z)} >0 in D. O
If we take p(z) such that
2f'(2)
Piz) = , f€ A )
“ =0 1

then Theorem 2.8 becomes the following corollary.

Corollary 2.9 Let f=z+Y . ,a,z" be analytic in D and suppose that

1 1

%e{zﬂz)}>o 2 eD,

or f is a starlike function with respect to the origin, that is, f € Sf.

‘ L) ()
f'(z) 1)

Then
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Recall that if f € A; satisfies

me{ 2/ (2) } >0, z€D

e'*g(z)

for some g € S§ and some a € (—7/2,7/2), then f is said to be close-to-convex in D and denoted by f € C. A

univalent function f € A; belongs to C if and only if the complement E of the image-region F' = {f(2) : |z| < 1}

is the union of rays that are disjoint (except that the origin of one ray may lie on another one of the rays).
On the other hand, if f € A; satisfies

me{ﬂz](c;()zg)ﬂ(z)}>0, zeD

for some ¢g € S§ and some 8 € (0,00), then f is said to be a Bazilevi¢ function of type 8 and denoted by
f € B(B). If we take p such that

zf'(2)
etvg(z)

p(z) = , feAL g(z) €S,

then Theorem 2.8 becomes the following corollary.

Corollary 2.10 Let f(z) =z 4 Y .oy anz" be analytic in D and suppose that

') _ e ()

‘1 e e

1 1
—Req —— D
<2 e{l—z}’ z e,

where g € S§. Then

%e{;ﬁ/;é))} >0, z€D

or [ is a close-to-conver function.

If we take p(z) such that

2f'(2)

p(z) = T8(2)g%(2)’ feA, g(z) €Sy,

then Theorem 2.8 becomes the following corollary.

Corollary 2.11 Let f(z) =2+ Y.~ ,anz" be analytic in D and suppose that

2f"(2)
f'(z)

where g(z) € 8§ and B € (0,00). Then

IRENTORETIC)

bt OO

1 1
<2%e{1_z}, ZG]D),

1)
e { () (2)

or [ is a Bazilevi¢ function of type B, that is, f € B(S).

}>0,ZE]D)
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We say that a function f is in the class Ks(y), 0 < v < 1, if f € A; and if there exists a function g € Ay,
starlike of order 1/2, such that

Re[2f'(2)/(9(2)g9(=2))] > 7, z€D.
The class K4(0) = K5 was defined by Gao and Zhou in [2], while the class Ks(7y) was introduced in [5] (see also
[4])-

Corollary 2.12 Let f(2) =24 Y .oy anz" be analytic in D and suppose that

2f"(z) _2f'(2) | zg'(=2)

YR T e T e

1 1
< 2%8{1—2}’ ZGD,
where g is starlike of order 1/2. Then

Re [2f'(2)/(9(2)g(=2))] > 0, z €D,

or f isin the class Ks(0).
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