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Abstract: There are many structures in the cotangent bundle. These include the complete and horizontal lifts of the
F»(7,1)-structure. The F\(7,1)-structure was first extended in M™ to T*(M™) by Das, Nivas, and Pathak. Later, the
horizontal and complete lift of the F,(K,1)-structure in the tangent bundle was given by Prasad and Chauhan. This
paper consists of two main sections. In the first part, we find the integrability conditions by calculating Nijenhuis tensors
of the complete lifts of the F»(7,1)-structure. Later, we get the results of the Tachibana operators applied to vector
and covector fields according to the complete lifts of the F)\(7,1)-structure in the cotangent bundle 7" (M,). Finally,
we study the purity conditions of the Sasakian metric with respect to the complete lifts of the F»(7,1)-structure. In the
second part, all results obtained in the first section are obtained according to the horizontal lifts of the Fy(7,1)-structure

in cotangent bundle T*(M,).
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1. Introduction

The investigation of the integrability of tensorial structures on manifolds and extension to the tangent or
cotangent bundle, where the defining tensor field satisfies a polynomial identity, has been an actively discussed
research topic in the last 50 years, initiated by the fundamental works of Kentaro Yano and his collaborators;
see, for example, [14]. There are many structures in the cotangent bundle. These include the complete and
horizontal lifts of the F(7,1)-structure. The F)\(7,1)-structure was first extended in M™ to T*(M™) by Das
et al. [8]. Later, the horizontal and complete lift of the F, (K, 1)-structure in the tangent bundle was given
by Prasad and Chauhan [10]. In addition, manifolds with F'(4,2)-structure have been defined and studied by
Yano et al. [13], and the complete and horizontal lifts of the F'(4,2)-structure were extended in M™ to the
cotangent bundle by Nivas and Saxena [9]. This paper consists of two main sections. In the first part, we find the
integrability conditions by calculating Nijenhuis tensors of the complete lifts of the F\(7,1)-structure. Later,
we get the results of Tachibana and Wishnevskii operators applied to vector and covector fields according to the
complete lifts of the F)\(7,1)-structure in cotangent bundle 7*(M™). Finally, we study the purity conditions of
the Sasakian metric with respect to the complete lifts of the F)(7,1)-structure. In the second part, all results
obtained in the first section are obtained according to the horizontal lifts of the F)(7,1)-structure in cotangent
bundle T*(M™).
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Let M™ be a differentiable manifold of class C*° and of dimension n and let 7*(M™) denote the
cotangent bundle of M. Then T*(M™) is also a differentiable manifold of class C*° and dimension 2n.

The following are notations and conventions that will be used in this paper.

(1) ST(M™) denotes the set of the tensor fields C*° and of type (r,s) on M™. Similarly, S%(T*(M™))
denotes the set of such tensor fields in T*(M™).

(2) The map = is the projection of T*(M™) onto M™.

(3) Vector fields in M™ are denoted by X, Y, Z,... and Lie differentiation by Lx . The Lie product of vector
fields X and Y is denoted by [X,Y].

(4) Suffixes a,b,c,...,h,i,j... take values from 1 to n and 7 =14+ n. Suffixes A,B,C,... take values from 1

to 2n.

If A isa point in M™, then 7= 1(A) is a fiber over A. Any point p € 771(A) is denoted by the ordered
pair (A,pa), where p is a 1-form in M™ and p4 is the value of p at A. Let U be a coordinate neighborhood
in M™ such that A € U. Then U induces a coordinate neighborhood 7=}(U) in T*(M™) and p € 7~ 1(A).

1.1. Complete lift of F)(7,1)-structure
Let F(#0) be a tensor field of type (1,1) and class C*° on M™ such that [8]

FT4+ \F =0, (1.1)

where A is any complex number not equal to zero. We call the manifold M™ satisfying (1.1) an Fx(7,1)-
structure manifold. Let F» be components of F' at A in the coordinate neighborhood U of M™. Then the
complete lift F of F is also a tensor field type (1,1) in T*(M™) whose components F4 in 7~!(U) are given
by (6]

Fl=F]; F'=0, (1.2)

- OF® OF® L )
Fl=p (==L, F[h=F} 1.3
% b (a.’tl a$h)7 7 h> ( )

where (x!,22,...,2") are coordinates of A relative to U and p4 has a component (p1,pa, ..., n)-

Thus, we can write

- Pl 0
c _ Ay i
)= ( Pa(OFf — OhFY) ) | -

where 0; = 9/0z° [8].
If we put
8, Fo — 9, F* = 20[iFy), (1.5)

then we can write (1.4) in the following form:

FO = (Ff) = < 2pagf:Fﬁ] 12} > (1.6)
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Thus, we have

e (ol 8) (i %)
2p.0liFy) i )\ 2w.0liFp) Fi )

(FO)? = ( FME 0 >
Ln, F/F )

where Lj; = 2pafjl~8[iF;j] + 2p F}O[j F}] (8],

and so on. Thus,

—\2Fn 0
FO)T = ( P ) :
(F) =N OlpFs] —A\FY
In view of (1.6) and (1.9), it follows that [8]
(FT + \(FC) = 0.

Hence, the complete lift F'C of F admits an Fy(7,1)-structure in the cotangent bundle 7*(M™).

1.2. Horizontal lift of F\(7,1)—structure

(1.10)

Let F,G be two tensor fields of type (1,1) on the manifold M™. If F¥ denotes the horizontal lift of F, we

have [8, 14]
FEGH + GHFH = (FG+ GF)".

Taking F' and G identical, we get
(B = (F)1,
and so on. Thus,

(FHYT = (FT)H,
Since F' gives on M"™, the F)(7,1)-structure, we have
FT+XF =0.
Taking the horizontal lift, we obtain
(FHT+ X (FT) = 0.
In view of (1.13) and (1.15), we can write [8]
(FTT 4+ X (FT) = 0.
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2. Main results

2.1. The Nijenhuis tensors of (F7)¢ on cotangent bundle 7*(M")

Definition 1 Let F be a tensor field of type (1,1) admitting the Fx(7,1)-structure in M™. The Nijenhuis
tensor of a (1,1) tensor field F of M™ is given by

Np =[FX,FY]|-F[X,FY] - F[FX, Y]+ F?[X,Y] (2.1)

for any X,Y € S§(M™) [1, 11, 12]. The condition of Np(X,Y) = N(X,Y) = 0 is essential to the
integrability condition in these structures.

The Nijenhuis tensor Np is defined in local coordinates by
NOg = (FPOEF) — FIOF} — 0, FLFF + 0, F; FF)oy, (2.2)
where X =0;, Y =9;, F € S}(M").
Proposition 1 If X, Y € S{(M"), w, 6 € SY(M™), and F,G € ${(M™), then

WY, 0] =0, V[meF] =(wo F)V, [yF,vG]=~I[F,G],

XC,w] = (Lyw)¥, [XO7F] =~(LxF), [X°,YC]=[X,Y]C, (2:3)

where wo F is a 1-form defined by (wo F)(Z) = w(FZ) for any Z € S§(M™) and Lx is the operator

of Lie derivation with respect to X .
Theorem 1 The Nijenhuis tensor N(F’?)C)(F?)C(Xc,wv) of the complete lift of F7 vanishes if the Lie deriva-
tives of the tensor field F with respect to X are zero and F acts as an identity operator on M™.
Proof
Nimye rme (XO.0") = [(FT)EXC, (FT)CWY] — (F)°[(F)° X, "]
~(FT)CIXC, (F))Cw ]+ (FT)O(FT)O (X w0V
= M{FCXC FCuY] - (FO)FCXC, W]
—FOXY POV + FOFOIXY WY}
= M{wLrxF))Y = (w(Lx F)F)Y
~((woF)o(LxF))Y + (wo (LxF))"
If we suppose that LxF =0 and F acts as an identity operator on M [6], that is,

FX=X (VX €S3(M)),

then we have
N(prye (prye (X9, YC) =0.

The theorem is proved. O
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Theorem 2 The Nijenhuis tensor N(F7)C(F7)c(wv, 0V) of the complete lift F7 vanishes.

Proof
Nepnyegne(@”,0V) = [(FN)WY, (F1)9,0"] = (FT)°[(FT)w", 6]
—(FN)w", (F1)0Y) + (F1)C(FT)°[W",6"]
= M[(woF)V,(#oF)V] - FC(wo F)V,0"]
—FCwY, (0o F)V]+ (F*)“w", 6]}
= 0,
where [w",0V] =0, w,0 € IY(M™). O

2.2. Tachibana operators applied to vector fields according to lifts of F)(7,1)-structure on 7*(M™)

Definition 2 Let ¢ € $1(M™), and let S(M™) = Zf,f;:o ST(M™) be a tensor algebra over R. A map

B |y syor S(M™) — I(M™) is called a Tachibana operator or ¢, operator on M™ if:

a) ¢, is linear with respect to a constant coefficient,

*

b) ¢y : S(M™) = % (M) for all r and s,

C *
¢) ¢o(KQL)= (¢, K)QL+K®¢p,L for all K,L € I(M"),
d) ¢oxY = —(Lyp)X forall X,Y € S{(M™), where Ly is the Lie derivation with respect to ¥ (see
2, 4, 7)),

e)

(Poxm)Y = (d(oyn))(¢X) — (d(2y (n09))) X + n((Ly¢)X)
¢X (vyn) — X(1oyn) +n((Ly ) X)

C *
for all n € SY(M") and X,Y € I§(M™), where 1yn =n(Y) =n®Y,37(M"), the module of all pure tensor

c
fields of type (r,s) on M™ with respect to the affinor field, and ® is a tensor product with a contraction C
[1, 3, 11] (see [12] for application to pure tensor fields).

Remark 1 If r = s =0, then from c),d) and e) of Definition 2 we have ¢,x (1vn) = ¢X (2vn) — X (1pvn) for

1yn € SY(M™), which is not well-defined ¢, -operator. Different choices of Y and n leading to the same function

10

Consider the function f = 1. This may be written in many different ways as vyn. Indeed, taking n = dzx,

we may choose Y = % or'Y = % + x%. Now the right-hand side of ¢ox (vyn) = ¢X (vyn) — X (1oyn) is

f = wyn do get the same values. Consider M"™ = R? with standard coordinates x,y. Let ¢ = ( 01 >

(¢X)1—0=0 in the first case and ($X)1 — Xz = —Xx in the second case. For X = g, the latter expression
is =1 #0. Therefore, we put v+ s >0 [11].
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Remark 2 From d) of Definition 2 we have
DoxY = [pX, Y] - g[X, Y] (2.4)

By virtue of

[fX,9Y] = fg[X, Y]+ f(Xg)Y —g(Y )X (2.5)
for any f,g € SH(M™), we see that ¢,xY is linear in X, but not Y [11].
Theorem 3 Let (FC)7 be a tensor field of type (1,1) on T*(M™) defined by (1.9). If the Tachibana operator

o, ts applied to vector fields according to complete lifts of the F\(7,1)-structure defined by (1.10) on T*(M™),

then we get the following results:

i) drmexeY? = N{(LyF)X) +v(Ly (LxF)) = v(Liy,x)F)},

i) prmexew’ = N{=(Laxw)" + wo (LxF)" + (Lxw) o F)"},
iii) g X¢ = N(w(LxF))Y,

) dprycevd’ = 0,

where complete lifts X¢ Y € SH(T*(M™)) of X, Y € I4(M™) and the vertical lift w0V €
ST (M™)) of w,0 € IY(M™) are given, respectively.

Proof 1)

prryexeY? = —(Lyc(F")9)X¢

= —Lyc(F)°XY + (F")°LycXC

= MLycFOXY - N2 FCy, X|¢

= MY (FX)]+ [V v (LxF)]
—(F[Y, X)) = y(Lyy.x)F)}

= NM{((LyF)X) + (F(LyX))©
+y(Ly (Lx F)) —
*’Y(L[Y,X]F)}

= NM{((LyF)X)" +y(Ly(LxF))
—(Ly,x)F)}

(F(LyX))©
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i)
prryexew’ = —(Lv(F))9)XC
= —Lywv(F)°XY 4 (F")9LyeX®
= MNL,wFXC - NF9(—(Lxw)")
= MW", (FX)C +(Lx F)]
+FC(Lxw)V
= MW", (FX)+ WY, y(LxF)]
+((Lxw) o F)V}
= M{-(Lrpx)w)" + (wo (LxF))¥
+((Lxw) o )V}
i)
drryewv XS = —(Lxe(F7))w"
= —Lyxc(F)WY + (F)Lyow”
= MLyxcF% Y — NF%(Lxw)”
= M{Lxc(woF)V —((Lxw)o F)V}
= M{(Lx(woF))" = ((Lxw)o F)"}
= N(w(LxF))"
iv)
prryenv = —(Lov(F7))w"
= —Lyv(F")°0Y + (F)Lyvw”
= MNLywF%Y
= MLy (woF)V
=0

2.3. The purity conditions of Sasakian metric with respect to (F7)°

Definition 3 A Sasakian metric °g is defined on T*(M™) by the following three equations:

Sg(wvaev) = (gil(wve))v = gil(w79)07ra
Sgw¥,Y") =0,
Sg(XH vH) = (9(X,Y))" = g(X,Y)om.
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For each # € M™ the scalar product g~1 = (¢%) is defined on the cotangent space 7~ !(z) = T (M™)
by

g_l(w7 9) = gwwleja

where XY € $3(M™) and w, 6 € I9(M™). Since any tensor field of type (0,2) on T*(M™) is completely
determined by its action on vector fields of type X and w" (see [14], p. 280), it follows that °g is completely
determined by equations (2.6), (2.7), and (2.8).

Theorem 4 Let (T*(M™),% g) be the cotangent bundle equipped with Sasakian metric g and a tensor field
(FTC of type (1,1) defined by (1.9). Sasakian metric ®g is pure with respect to (F")¢ if F =1 and VF =0
(I = identity tensor field of type (1,1)).

Proof We put

S(X.Y) =% g(F)9X,Y) =% g(X, (F")7Y).

If S(f(,f/) = 0, for all vector fields X and Y that are of the form wY,0Y or X# ,YH then S = 0. By
virtue of (FY)7 + A\2(FC) =0 and (2.6), (2.7), and (2.8), we get:

i)
S(wV79V> _ Sg((F7)CwV,9V) _S g(wv,(F7)COV)
_ Sg(—AQFCwV,HV) _S g(wV7 —)\QFCQV)
= NFg(woF)Y =g, (0o F)Y)
= =N H(woF),0)" — (g7 w, (0o F))Y).
i)

S(XH,07) = Sg(F)XM™,0Y) = (X", (FT)6")
= Fg(=NFOXH gV) -5 g(xH —N2FC9Y)
= —NCg((FX),6V)) = X (g((p[VF]x)",6"))
= =NCg(((VF)x))".6"))
= N EIVF]x),0)".
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i)
SXTYH) = Sg((FNHOXT, Yy =5 g(xH, (F1)9yH)

= Sg(-=NFOXH yHy 5 g(xH N FCYH)

= —N{((FX)" +~([VF]x),YH)
—Sg(X™ (FY)" +([VFIy))}

= N((FX)" YT+ g((p([VFx)", Y
—Sg(XH, (FY)™) =% (X, (p([VF]¥))")}

= “NCg((FX)T,YH) =% g(x M, (FY)™))

= N((9((FX), )" = (9(X,(FY))"),

where FCXH = (FX)H 4+ «([VF]x) for all X# ¢ S{(T*(M™)), FC € IHT*(M™)), and [VF]x
€ SH(M™) (see [14], p. 279). O

2.4. The Nijenhuis tensors of (F")¥ on cotangent bundle T*(M™")
Theorem 5 The Nijenhuis tensor N(F?)H(F7)H(XH, YH) of the horizontal lift F” vanishes if F is an almost
complex structure, i.e. F? = —I and R(FX,FY)=R(X,Y).
Proof
Neprysn ey (XPLYH) = [(FTYEXH (FTYHY ) — (FT)H[(FT)H X, Y]
—(FTYH[xH (FTYHYH] 4 (FTYH(FTYH[XH yH)
= \Y[FHEXH FPHYH) - PHIFHXH yH]
_pH[XH pHYyH)  (pH)2[xH yH]}
= M{[FX,FY)! +yR(FX,FY) - FH[(FX),Y|"
~FAyR(FX,Y) - FH[X, FY)¥ — FIyR(X,FY)
+HFPX, YT+ (FT)*yR(X,Y)
= M{{[FX,FY]- F[FX,Y] - F[X,FY]+ F?[X, Y]}
+y{R(FX,FY)—- R(FX,Y)F — R(X,FY)F
+R(X,Y)F?}}.

(F)H is integrable if the curvature tensor R of V satisfies R(FX,FY) = R(X,Y) and F is an

almost complex structure, and then we get R(FX,Y) = —R(X,FY). Hence, using F? = —I, we find
R(FX,FY)—R(FX,Y)F—R(X,FY)F+R(X,Y)F? = 0. Therefore, it follows that Ngryupryu (X7, YH) =
0. O

Theorem 6 The Nijenhuis tensor N(F7)H(F7)H(XH,LL)V) of the horizontal lift F7 vanishes if VF = 0.
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Proof
Ny (XT,07) = [(FOTXT (FO)HOY] = (FOHT(F)TXT, Y]

—(FOHXH (FOR WY+ (P T FDHIXT, W]

= M{[FIXH FEOY] - FHIFEXH Y]
—FHXT, PRV + (FP)?[X T, Y]}

= MIFEX)", (wo )] - FH(FX)", w"]
—FHXT (wo F)V]+ (F)*(Vxw)"}

= X{wo (VpxF) — (wo (VxF)F}Y,

where F € SH(M), X € S§(M), w € I9(M). The theorem is proved. O

Theorem 7 The Nijenhuis tensor N(F7)H(F7)H(wv, 0V') of the horizontal lift F™ vanishes.
Proof
Neprympryn (@Y,0Y) = [(F)Pw (FN)70V] — (F)P[(FT)TWY, 6"
—(FOH WY, (FT) V] + (FT) T (FT)H[w", 0V]
= MwoF)Y, (0o F)Y] - Fl[(wo F)7,0]
_FH[wVa (0 o F)V} + (FH)2[WV79V]}
=0

Theorem 8 Let (FH)7 be a tensor field of type (1,1) on T*(M™). If the Tachibana operator ¢, is applied
to vector fields according to horizontal lifts of the Fx(7,1)-structure defined by (1.16) on T*(M™), then we get
the following results:

i) prmyuxn Y = N{(LyF)X)" + (PR(Y,FX))"

~((PR(Y, X)) o F)V},

i) ¢(F7)HXHWV = AQ(((VXW) © F)V - (V(FX)W)V),
iii) ppryuev X7 = XN(wo (VxF))Y,
iv) ¢(F7)va9V = 07

where horizontal lifts X7 YH € S(T*(M™)) of X,V € I3(M™) and the vertical lift w"',0V €
IY(T*(M™)) of w,0 € SY(M™) are given, respectively.
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Proof 1)
prryuxn Y = —(Lyu(F)") X"
= —Lyu(FO)HIXH ¢ (FYHLyuXxH
= MNLyaFEXH _ N2FH([y,X]" 4+ (PR(Y,X))")
= M{(LyFX)? + (PR(Y,FX))V — (FLyX)"
—((PR(Y, X))o F)"}
= M{((LyF)X)" + (PR(Y,FX))" = (PR(Y, X))o F)"}
i)
¢(F7)HwaV = —(va (F7)H)XH
= —L(FO)EXH 4 (FOYH L v X"
= MLy (FX)? + N FH(Vxw)Y
= X (Vrxw)” + X (Vxw)o F)Y
= N((Vxw) o F)" = (Virxyw)")
i)
d)(F?)HwVXH = —(LXH (F7)H)wv
= —LXH (F7)HUJV + (F7)HLwaV
= MNLyu(woF)Y = NFH(Vxw)Y
= N(Vx(woF) = X((Vxw)o F)”
= XN(wo (VxF))V
i)
QS(F?)HUJVGV = —(Lgv (F7)H)UJV
= —Lov(F)"Y + (FI) (Lgvw")
= MLy (woF)Y
= 0

O

Theorem 9 Let (T*(M™),% g) be the cotangent bundle equipped with Sasakian metric g and a tensor field
(FYH of type (1,1) defined by (1.16). Sasakian metric ®g is pure with respect to (F)? if F =1 (I =
identity tensor field of type (1,1)).

Proof We put
S(X,Y) =" g(F)"X,Y) =% g(X, (F))"Y).
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If S(X,Y) =0, for all vector fields X and Y that are of the form w",6" or X Y then S =0. By

virtue of (FH)" + X\2(FH) = 0 and (2.6), (2.7), and (2.8), we get:

i)

i)

)

[4]

[5]

S(wV,GV) _ Sg((F7)HwV,9V) _ S g(wv7(F7)H0V)
_ Sg(—)\QFHwV,HV) _S g wV7_)\2FH9V)

= —X(Fg(woF)V,0") =" gw", (00 F)")).

S(XH,GV) — Sg((F7)HXH,9V) _ S g(XH, (F7)H9V)
_ Sg(—>\2FHXH,9V) —Sg(XH,—A2FH0V)
= NEg((FX)T,07) =% g(x, (wo F)"))
= 0.

S(XH,YH) _ Sg((F7)HXH,YH)—Sg(XH,(F7)HYH)
_ Sg(_)\2FHXH’YH)_Sg(XH’_AQFHyH)
= —XN(Eg((FX)TYT) =% g(XT, (FY)T)).

Thus, F = I, and then g is pure with respect to (F7). O
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