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Abstract: In this work, considering a new subclass of bi-univalent functions which are m-fold symmetric and analytic
functions in the open unit disk, we determine estimates for the general Taylor—Maclaurin coefficient of the functions in
this class. Furthermore, initial upper bounds of coefficients for m-fold symmetric, analytic and bi-univalent functions
were found in this study. For this purpose, we used the Faber polynomial expansions. In certain cases, the coefficient
bounds presented in this paper would generalize and improve some recent works in the literature. We hope that this

paper will inspire future researchers in applying our approach to other related problems.

Key words: Analytic functions, univalent functions, bi-univalent functions, coefficient estimate

1. Introduction, preliminaries, known results

Let A denote the class of functions f(z) which are analytic in the open unit disk & = {z € C' :| z |< 1} and

/

normalized by the conditions f(0) = f (0) — 1 = 0 showing in the form
fz)= erZanz". (1.1)
n=2

We denote by the subclass of all functions in & that are univalent in U . It is well known that every function

f has an inverse f~!, which is defined by

[l =2 z€l,

7 (w)) = w (|w|<ro<f>, ro<f>>1>,

where
g(w) = fHw) = w — asw? + (243 — az)w® — (5a3 — Sasas + ag)w* + - - - . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in /. Let ¥ denote
the class of all functions f € A which are bi-univalent in ¢ and are given by the equation (1.1).
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In 1967, Lewin [6] investigated the class ¥ and showed that |az| < 1.51. Brannan and Clunie improved

Lewin’s result to |az| < v2. On the other hand, Netanyahu [8] showed that max|as| < 3. Brannan and
Taha [3] introduced certain subclasses of the bi-univalent function class ¥ similar to the familiar subclasses.
On the other hand, the Faber polynomials introduced by Faber [4] play an important role in various areas
of mathematical sciences, especially in geometric function theory. Let m € N = {1,2,3,...}. A domain E is

™

known as m-fold symmetric if a rotation of E around origin with an angle % maps E on itself. A function f(z)

analytic in U is said to be m-fold symmetric (m € N)

F(e' 2) = ' £(2).
Especially, every f is 1-fold symetric every odd f is 2-fold symmetric. We denote by &,,, the class of m-fold
symmetric univalent functions in ¢ . A simple argument shows that f € S, is characterized by having a power

series of the form

f(z)=2+ Zamkﬂzmkﬂ zeU,meN. (1.3)
k=1

Each bi-univalent function generates an m-fold symmetric bi-univalent function each integer m € N.

In [9] Srivastava et al. defined m-fold symmetric bi-univalent function analogues to the concept of m-fold
symmetric univalent functions. They gave some important results, such as each function f € ¥ generates an
m-fold symmetric bi-univalent function for each f € N. In their work, for normalized form given by (1.3), they

obtained the series expansion for f~! as follows:

g(w) =W — apprw™ ™ + [(m+1)al, ) — agpprJw?™

1
—[§(m +1)(3m +2)ad, ;1 — (3m + 2)amt102m+1 + Agmi JW0 T 4

=w+ Z Amk+1wmk+1 (1.4)
k=1

where f~! = g. We denote by %, the class of m-fold symmetric bi-univalent functions in /. The functions in

the class X are said to be one-fold symmetric.
For m = 1, the equality (1.4) coincides with the function (1.2) of the class ¥, . Here are some remarkable

examples on m-fold symmetric bi-univalent functions (see, e.g., [7] and [9]):

zm " 1 1 1+ 2™ w
_1 1_ m ™ 71
(%) et [ (7255)°)

with the corresponding inverse functions

1 n 1 2™ 1
U}m m ew _ 1 m e w _ 1 m
1—wm ) ew™ ) e2wm +1 :
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The coefficient problem for m-fold symmetric analytic bi-univalent functions is one of the favorite subjects
of geometric function theory. Bounds for the initial coefficients of different classes of m-fold symmetric bi-
univalent functions were also investigated by other authors (see, e.g., [5], [9], and [10]). In this paper, we use the
Faber polynomial expansions for a subclass of m-fold symmetric analytic bi-univalent functions to determine
estimates for the general coefficient bounds |a,kt1| . Firstly, we consider a comprehensive class of m-fold

symmetric analytic bi-univalent functions defined by Kant and Vyas [11].

2. The class Ss_ (A, 7,0,§)

Definition 1 For 0 < A <1,0< 8 <1, and m € N, a function f € ¥, given by (1.1) is said to be in class
Sy, (A, T, 5,€) if the following two conditions are satisfied:

1] 2f' (0 +22"(x) n

L+~ EiCEIEE 1| € P:(B) d (2.1)
1] wg'(w) + g (w)

1+ T _)\wg'(w) +(1—Ng(w) L| € Pe(B), (2:2)

where 7 € C — {0}, the function g = f~! given by (1.4), and z,w € U. In order to derive our main results, we
shall need the following Lemma A.
Lemma A Let the function ®(2) =14 hiz + haz? + ....2 € U such that ® € P(3) then

hn| <€(1=B),n > 1.

3. Coefficient estimates

In general, for any n > 2 and for any p € R an expansion is [1],

p(p—1) 2 :
D
SRR VT

K? = pa, +

where D! = D! (as,as3,...a,) and by [2]

l l Z : T
Dn :Dn(az,ag,...an) = ﬁa;...an 1,
o 1+ tpn—1-
and the sum is taken over all non-negative integers i1, ....,%,—1 satisfying

il +Z2 + ...+Z‘n,1 = l’Ll +2ZQ+ + (TL— 1)in,1 =n-—1.

It is clear that D]!(as,as,...a,) = af.

Similarly, using the Faber polynomial expansion of functions f € A of the form (1.3), that is

oo oo
1
f(z)=z+ Z A1 2™ = 2 + ZK,;" (ag, a3, ...ap4 1) 2L
k=1 k=1
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-1

the coefficients of its map g = f~ may be expressed as

1
mk+1

K,;(m+l)(am+1, A2m+1, ...amk+1)wmk+1. (31)

[ee]

g(w) = fHw) =w+ Y

k=1

Consequently, for functions f € Sx(\,7,8,&) of the form (1.3), we can write

1] z2f (2) + 221" (= > m
S () ) 1 :1+ZFk(am+1va2m+1v"'7amk+1)z k

S s s vy T 2

In particular, the first three terms of Fi(am+1, @2m+1, -, Gmk+1) are

1
Fr = —-m(Am+ 1)amy1,
T

1
F, = ;m[2(2/\m + Dagm+1 — (Am + 1)%a2, 4],

1
Fy = ;m[3(3)\m + Dagm+1 — 3(Am + 1)(2Am + D)ams1a2mi1 + Am +1)%ad L]

In our first theorem, we introduced an upper bound for the coefficients |a,,x+1| of m-fold symmetric

analytic bi-univalent functions in the class Ss, (A, 7,3,§).

Theorem 3.1 For 0 < A <1 and 0 < 8 < 1, let the function f € Sy, (A 71,8,€) be given by (1.3). If
aij:O, OSJSk—l, then

< >~ s v
[y ] < mk(Amk + 1)’ =

Proof For the function f € Sy, (A, 7,3,&) of the form (1.3); we have the expansion (3.2) and for the inverse
map g = f~!, considering (1.4) and (3.1), we obtain

[ g ) + 2y () S k
1+ 2 : 1 =14 S FulAnir, Aomsts s Aper )™, 3.3
7 ey () + (1 N)gl) 2 Fildbmin Ao i) )
with
1 _
Amk+1 = Kk (mk+1)(am+1,a2m+1, ...,amk+1) k 2 1.

mk + 1

On the other hand, since f € Sx(\,7,3,€) and g = f~1 € Sx,,(\, 7, 8,€), by definition, there exist two

positive real part functions:
o0 o0
p(z) =1+ mekzmk and q(w)=1+ Z Gmpw™", (3.4)
k=1 k=1
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where R(p(z)) > 0 and R(q(z)) > 0 in U. So that

I O Rt O N
1+’T Aef' (2) + (1= N f(2) 1] = p(2),

1| 2f (2) + 22217 (2) = i

" [Azf%z) FA-NIE 1] = 2 i) 5)
and

L] wgw) g @) ]

ik [AWQ,(w)+(1—A)g(w) 11 = alw),

1] wg (w) + Ag2g” (w) & .

T [)\wg’(w) F(1=Ng(w) 11 = ’;Ké(qm,qzm,...,qkm)w’f : (3.6)

From Lemma A, |pg| < &(1—p) and |gr| < (1 — ) forall k> 1.
Comparing the corresponding coefficients of (3.2) and (3.4), for any k > 1

Fk(Am-H, A2m+17 ~--7Amk+1) = Kkli(qqu2mv ceey ka)~

Note that for a,,j+1 =0, (1 <j <k—1) we have

Amk+1 = —Amk+1,
and so

1
;mk()\mk + Damkt1 = Pk,

1
;mk()\mk + D Ank+1 = Gmk-

From here we can write

1
—;mk(/\mk + Damr+1 = @mk-

Taking the absolute values of the above equalities, we obtain

o] = el gl
P Ik (imk + 1) | = mk(Amk + 1)|
By using Lemma A
£(1 —B)|7|
m <=4 k> 2).
[@mpa] < mk(Amk + 1) ( )
This completes the proof. O

By setting 7 =1,£ =2, A = 0,8 = « in the Theorem 3.1, we get following consequence.
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Corollary 1. [5] For 0 < A <1 and m € N let the function f € Sx,, (A, 7,5,§) = S5 be given by (1.3) if
Amjt1 =0, (1 <j<k- 1), then
21 — )

k> 2).
— 2 (h22)

|a7nk+1| S
Remark 1. For one-fold case, we get the class Sx(0,1, o, 2) = S%(«) and the coefficient estimate as follows:

2(1 — )

—=, (k> 2).

lags1] <

Theorem 3.2 For 0 < A <1 and 0<pf <1, letthe function f € Ss,, (A, 7, 5,&) be given by (1.3) then one
has the following

\/ £(1-8)|7] 0<f< E[(m+1)(142mA) — (1+mA)?]|7|—m(14+mA)?
|a +1| < m[(m+1)(14+2mA)—(14+mA)?2]’ — E[(m+1)(1+2mA)—(1+mA)?]| 7] (37)
mrl = £1=p)I7| E[(m+1) (14+2m\) — (14+m\)?]|7| —m(1+m)* <B<1

m(1+mA)’ E[(m+1)(14+2mA)—(1+mA)2]| 7] ’

la +1|<mm{£<1ﬂ){|2<m+1)(1+2m><1+mA>2l+<1+mA)2}~IT| £ - B)Ir| 52(1—5>2(m+1)7|2}

Am(1 + 2mA) |(m + 1)(1 4+ 2mA) — (1 + mA)?| "2m(1 + m)) 2m2(1 4+ mA)?
(3.8)
‘[2(1+2m)\)(m+ 1) — (1 +m\)?] 2 —a §(1—pB)|7]
2(1 + 2m\) mAl T = o (1 + 2mA)

Proof Weset k =1 and k = 2 in equalities (3.5) and (3.6), respectively, and we get the following equations:

1
;m(mx\ + Dams1 = p1, (3.9
1
;[2m(2m)\ + Dagmi1 — m(mA+ 1)%a2, 1] = pa, (3.10)
1
—;m(mz\ + Dams1 = q1, (3.11)
1
- {[2m(2mA + 1)(m + 1) — m(mA + 1)*]a2, | — 2m(2mA + D)azmi1} = go. (3.12)

From the Lemma A, we find

£(1 =Bl
| < ST AT 1
] < m(mA+ 1) (3.13)
From (3.10) and (3.12), we obtain
2m o 2
— [(m+1)(1 +2mA) — (1 +mA)la;, = p2 + qo. (3.14)
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Using Lemma A, we get

|ami1| < \/ <Al
m4+1| S m[(m+ 1)(1 + 2 m) — (1 + /\m)Q]v

and combining this with the inequality (3.13), we obtain the desired estimate on the coefficient |a,,+1| as
asserted in (3.7). Next, in order to find the bound on the coefficient, we subtract (3.12) from (3.10). We thus
get

1
- {4m(1 + 22dm)agmt1 — 2m(1 + 2dm)(1 + m)afm_l} =ps—q2

or
Qa1 = mTHaan + m. (3.15)
Upon substituting the value of a2, ,; from (3.9) into (3.15), it follows that
fam+1 = Q;ZZ(J; i)]:j:; 4;((111_ 23721))\)' (3.16)
We thus easily find (by using Lemma A) that
|azm-+1] < 25(11;@7'3) + 52(12%25()12271”;;372- (3.17)
On the other hand, upon substituting the value of a2, from (3.14) into (3.15), it follows that
T (m+1)(p2 + g2)7 (P2 —a2)7 (3.18)
m[(m + 1)(1 4+ 2mA) — (1 +mA)?]  4m(1 + 2mA)
Appliying Lemma A and making some arrangements, we can easily obtain the inequality as follows:
| < §(1—=8) {[20m + 1)(1+2mA) — (1 +mA)2| + (1 +mA)2} |7] (3.19)
dm(1+2mA) |(m + 1)(1 4+ 2mA) — (1 +mA)?|
Finally from (3.12) by using the Lemma A, we find that,
— 2 _
2(1+ 2m)\;i11n:2;)1)\) (14+mA) @2y — azma| < m (3.20)
This completes the proof of Theorem 3.2. a

By setting 7 =1, =2,A = 0,8 = « in Theorem 3.2 we obtain following consequence.
Corollary 2. [5] For 0 < A <1 and m € N let the function f € S5(0,1,,2) be given by (1.3), then one has
the following:

V2(1—a) 1

|ami1] < om0 0<a< 2
R (-eS=c)] 1<a<i
m 7 = )
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2 ’ 2

R <mm{<m+1><1—a> 2m+1)(1-a)? 1_a}7

m m

2m+1 ,
A2m+1 — 2 Q41

<
m

Remark 2. For one-fold case of Corollary 2, we obtain the following consequence.

2(1 — a), 0<a<i
|as| = 1
2(1 — ), 5<a<l

las| < min{2(1 — a), (1 — a)(5 — 4a)},

3
|a3—§a§\ <l-oa.
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