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Abstract: It has been known that some numbers, including Bernoulli, Cauchy, and Euler numbers, have such corre-
sponding numbers in terms of determinants of Hessenberg matrices. There exist inversion relations between the original
numbers and the corresponding numbers. In this paper, we introduce the numbers related to harmonic numbers in de-
terminants. We also give several of their arithmetical and/or combinatorial properties and applications. These concepts

can be generalized in the case of hyperharmonic numbers.
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1. Introduction

It is known that Bernoulli numbers B, , defined by

et —1 "nl’
n=0
have determinant expressions such as
1 0
3 1
3! Pl
B, = (-1)"n! : 1 0 (1)
o =) a1
Y 11
(n+1)! nl 3T 2
(6, p. 53]).
Cauchy numbers ¢,,, defined by
x = "
In(1+z) nz::ocnﬁ ’
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also have determinant expressions such as

1
= 1 0
SN
3 2
cn=nl| : 10
1 1 1
R B
n+1 n 3 2
(6, p. 50]).
Similarly, Euler numbers F,,, defined by
1 > z"
= E _—
cosh x 7;) Tl
have determinant expressions such as
1 0
|
oo

Eap = (—1)"(2n)!

(2n;2)! (2n;4)!
(2n)! (2n—2)!

S
W= = O

(cf. [6, p. 52]). Note that E, =0 if n is odd.
In the aspect of determinants of the (lower) Hessenberg matrices, there exist the inversion numbers. See
the later section about Trudi’s formula.
(-1)"B, 1
n! (n+1)!

Cn 1
—
n! n+1
(=1)"Esy, 1
g
(2n)! (2n)!

For example, (—1)"B,,/n! can be expressed in terms of 1/(k + 1)! (k = 1,2,...,n) in the determinant and
vice versa. In addition, it is known that some hypergeometric numbers also have the corresponding inversion
numbers (see, e.g., [12]). Recently it was proved that the complementary Euler numbers ([8]) and Lehmer’s
generalized Euler numbers ([10, 14]) also have the corresponding inversion numbers.

Let H, =1+ % 44 % be harmonic numbers. In this paper, we introduce the determinantal harmonic
numbers h,, so that the harmonic numbers H, appear in determinant expressions. Namely, we have the

corresponding inversion relation:
H, < h,.

We give several of their arithmetical and/or combinatorial properties and applications. These concepts can

be generalized in the case of hyperharmonic numbers H,(f), defined by Hy(lo) = % and H,(LT) = ZZ:1 H ,iril)
(r>0).
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2. Definitions and preliminary properties

For nonnegative integers n, define determinantal harmonic numbers h,, by

L th (2| < 1).

l+z—In(1+x)

We have the list of the numbers h,, .

n |0 1 2 3 4 5 6 7 8 9 10
h ‘ 1 1 LI I I 2z 23 24T — a7 — 403 139
n 2 6 3 15 360 2520 1680 15120 4725

Definition (2) may be obvious or artificial for readers with different backgrounds.

However, there are

motivations from combinatorics and in particular graph theory. In 1989, Cameron [3] considered the operator

A defined on the set of sequences of nonnegative integers as follows: for z = {z,}n,>1 and z = {z,}n>1, set

Ax = z, where

00 00 -1
1+ Z Zpt" = (1 — Z xnt"> .
n=1 n=1

3)

The operator A also plays an important role for free associative (noncommutative) algebras. More motivations

and background together with many concrete examples (in particular, for aspects of graph theory) for this

operator can be seen in [3].

There is a recurrence relation for determinantal harmonic numbers.
Lemma 1 For any integer n > 1,

hn = (_1)n_k_1ankhk:

with h() =1.

Proof [Proof of Lemma 1] Notice that the generating function of harmonic numbers H,, is given by

Zann _ ~In(1 —z).
1—=2

n=1

By definition (2),

00 oo n—1
=S b+ 30 S (1),
=0 n=1 k=0
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Comparing the coefficients on both sides, we have hg =1 and for n > 1

n—1

ho+ Y (1) FH,_yhy =0,
k=0

O
The determinantal harmonic numbers are expressed in terms of harmonic numbers in the determinant.

Theorem 1 For any integer n > 1,

H, H,
hon = : .1 0 (4)
H, 1 H, o, --- H 1
H, H,, --- Hy H;

Proof [Proof of Theorem 1] For n =1, hy =1 = H;. Assume that the result is valid up to n — 1. By Lemma
1, expanding at the first row of the determinant, we have

H, 1 0
Hj H,
thn—l - : 1 0
anl Hn73 Hl 1
Hn Hn—2 HQ Hl
5| Hp—1 1
= Hyhp_1 — Hohppo + -+ (=1)" 2 n
1 1 2 2 (-1) 0o

3
|
—

(—1)nik71Hn_khk =h,.
0

el
Il

The determinantal harmonic numbers have an explicit expression.

Theorem 2 For any integer n > 1,

hn:i(—l)"‘k > Hy - H,.

k=1 i1t tig=n
Pl i >1

Proof [Proof of Theorem 2] When n = 1, it is easy to see that hy

H,. Assume that the result is valid up
to n — 1. Then by Lemma 1, we have
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3
|
—

hn (_l)nililHn—lhl

l

— (_1)n—1Hn

!
+ Z(*l)nillen—z Z(—l)l’k Z H;, - H,
k=1

it tig =l
i1yeenyig>1

Il
o

+ Z Z (_1)n_an—l Z Hil e Hik—l

k=21=k—-1 i1t tip 1=l
i1yeeyip_1>1

+Y (=t > Hy e Hy (n—l=iy)

k=2 it dip =l
iqheig>1

= (_1)n—k Z H; - H;, .

k=1 i1 Ftig=n
i1, i>1

3. Applications by Trudi’s formula

Such forms of determinants are very useful, though there are many expressions for Bernoulli, Euler, and other
numbers in determinants.

We shall use Trudi’s formula to obtain different explicit expressions and inversion relations for the numbers
ha .

Lemma 2 For a positive integer n, we have

aq ap 0
as a - :
ty 4+t
_ n—ty—---—t t1 ta t
: ; oo o0 T E ( / " (—ao) tayag Ay,
‘ ' t1+2ta o tnt,=n S 17T
an—1 oo a1 Qg
Gp p—1 az ai
t et )! . . .
where (tﬂ' tt") = (1;.7—:.”) are the multinomial coefficients.

This relation is known as Trudi’s formula [17, Vol. 3, p. 214] [21] and the case ag = 1 of this formula is
known as Brioschi’s formula [2] [17, Vol. 3, pp. 208-209].
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In addition, there exists the following inversion formula (see, e.g., [11]), which is based upon the following
relation:

Z(_l)nfkoékD(n —k)=0 (n>1).
k=0

Lemma 3 If {a,}n>0 is a sequence defined by ag =1 and

D(1) 1 a1
ap, = D(2) , then D(n) = a2
: . . 1 : . . 1
D(n) --- D(2) D(1) ap o+ Qy o

By Trudi’s formula, it is possible to give the combinatorial expression

ty+--+t,
tyeotstn

Ay =

( ) (1) D) D(2)' - D)
t14+2t2+--+nt,=n

By applying these lemmas to Theorem 1, we obtain an explicit expression for shifted harmonic numbers.

Theorem 3 For n > 1, we have

tit+-+t P
hn = ") (=T L H
2 (tl,...,tn >( ) ! "

t1+2ta+--4nt,=n

By applying the inversion relation in Lemma 3 to Theorem 1, we have the following.

Theorem 4 For n > 1, we have

hy 1 0
ho hi
Hy=1 : 1 0
hn-1 hn_a hi 1
hn  Pp_ ha hy

Therefore, we also have the inversion relations in Theorem 2 and Theorem 3.

Theorem 5 For n > 1, we have

H, = i(_lyl_k Z hil hlk

1 i1t Fip=n
i1 i >1
t1+---+1 e
- Z t t )=y iRl
t14+2to+-tnt,=n byeeesin
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4. Convolution identities
There are many identities involving harmonic numbers (see, e.g., [4, 20] and references therein). In particular,

the sums of products of two harmonic numbers (cf. [20, p. 861]) are given as follows:

ZHanfk =(n+1)((Hpp1 —1)* — Hﬁl +1),

k=0
where
"1
(r) — —
H"T - Z kr
k=1
are the generalized harmonic numbers with H, = ng ). The sums of products have been extensively studied

for many numbers, including Bernoulli, Euler, Stirling, and Cauchy and their generalized numbers, by many

authors. The famous Euler’s formula can be written as

3 (Z) BiBu_ = —nBn_1 — (n—1)B, (n>1),
k=0

where B,, are the Bernoulli numbers, defined by

oo
=Y om
et —1 "nl’

n=0

and this formula has been generalized in various ways (see, e.g., [1]).

The structure of the determinantal harmonic numbers is not as simple as that of harmonic numbers.

Nevertheless, we can find the sums of products of two determinantal harmonic numbers.

Theorem 6 For n >0,

> hihn ok ==+ 2)hng2 — (204 Dhpyr — (n = Dhy, .
k=0

Proof Put

14z

o) = S = (1 L)

Then

, 9 1 In(1+ x)
(o) =1 (5~ T o)

h(zr)? h(x)?

- (1+x)? B 1—|—x(1_h(x)_l)
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Hence,
1 2 1
h(z)? = —%h'(x) + @
=— 1+2+$ inh " l—&—l ih "
x n=1 " z n=0 "
=— Z (n+ 2)hpqoz™ — 2 Z(n + Dhpgr2” Z nhy,z"
n=-—1 n=0 n=1
D SYIRERS e
n=—1
Z (n+2)hpta — 2n+ Dhyyp1 — (n— 1)hn)x" .
n=0
On the other hand,
- b
n=0k=0
Comparing the coefficients, we get the result. O

5. Hyperharmonic numbers

The nth hyperharmonic number of order r, denoted by a , is recursively defined by the following relations:

go -1
" n
and
HO =3"HIY (> 0). (5)
k=1

The generating function of hyperharmonic numbers is given by

iH(%” _ (-2
= (=2

In [15], the exponential generating function of hyperharmonic numbers is given. In [16], it is shown that the

sum of the series formed by hyperharmonic numbers can be expressed in terms of the Riemann zeta function.
When r=1, H, = H,(Ll) are the original Harmonic numbers.

For nonnegative integers n, define determinantal hyperharmonic numbers hgf) by

(1+$()1+1n1+:13 Zh 7 (=l <1). (6)

‘We have the list of the numbers hsf).
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n 0 1 2 3 4 5 6 7 8 9 10
h(O) 1 1 1 1 1 7 19 3 5 13 199

n 2 3 6 60 360 70 336 756 75600
h 1 1 -1 _1 1 2 23 241 a7 403 139

n 2 6 3 15 360 2520 1680 T 15120 4725
h(2) 1 1 _3 1 2 _ 61 41 2687 4537 7531 17127

n 2 3 20 72 630 7200 7560 18900
B3 11 1 B 11 25 1971 4003 5591 _ 118169 1010273 7085539

n 2 6 6 15 360 280 1680 15120 75600
AY |11 1 7T 13 35 2033 18811 226511 _ 552871 2284103 1322737

n 2 3 6 60 360 630 1680 3780 10800
RO |1 1 9 47 6 _ 339 55849 10567 _ 1001705 8674609  _ 33243599

n 2 6 5 360 2520 1008 3024 18900

When r = 0, the sequence of coefficients of the exponential generating function is given by
{nIh D)2 =1,1,1,2,4, 14, 38, 216, 600, 6240, 9552, 319296, —519312, . ...

from [19, A006252] and also studied in [18, p. 9]. It can be expressed as

n

nlh® =3 (- ”’%'H,

k=0

where [Z] denotes the (unsigned) Stirling numbers of the first kind. Notice that Fubini numbers (or ordered

Bell numbers) F,, are given by
- n
Fo=Y ki {'},
DK,
k=0

where {7} denotes the Stirling numbers of the second kind.
Hyperharmonic numbers of order r can be obtained from those of order r — 1, as seen in (5). Though

there does not exist a similar simpler relation between hgf) and hgffl), we can see some relations for small n.

Since
W =1,
2r —1

h(T) —

2 2 9

3re —6r+2

h(T) —

3 6 )

m_ @r=DF*=Tr+ 2) _ 2% = 1517 4117 — 2
hy’ = ,

6 6
we have

hgr) _ _hgrfl) + hérfl) :
hgr) _ _hgr 1) +hr 1)
W =4 —2n P 4 nY

We also have

RO _p) g e 2l
n n ) n 1 b)

p@ 3P —6n+2 g (2n—1)(n? —Tn+2
n 6 ’ n 9 .
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Similarly to the results of harmonic numbers, we can obtain some results for hyperharmonic numbers.

Lemma 4 For any integer n > 1,

n—1
LR D(Ce i A
k=0

with hi) =1.
Theorem 7 For any integer n > 1,

H? 1 0
HQ(T) Hl(r)

hﬁf) = : : . 1
T SER AR S
w0, o)

Theorem 8 For any integer n > 1,

R SIS I

k=1 P14 tig=n
i1,.ig>1

t1+2to+--+nt,=n

Theorem 9 For n > 1, we have

M1 o
hér) hgr)

oY=\ : .1 0
O, A
hﬂ(lr) hglr_)l hg") hgr)

Theorem 10 For n > 1, we have

HO =SS Al

k=1 ipteetig=n
iy ip>1

ti+oe ity ety et (P )\t
ST ORI A (o i U RS CO

t1+2to+-+nt,=n

Bt b\ st OV
S (e )
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6. Shifted determinantal hyperharmonic numbers

For m,n,r > 0, define the shifted determinantal hyperharmonic numbers hmn by

> e
n=0 ’
. —1
1 r H(]) .
= |1 —1In(1 F_ - _— 8
+ (_m)m—1(1+x)r( n(l+z)+ 1(I)) I; TESI=EE , (8)
where
2 1 m—1_m
F7rL(Z):Z_%+"'+()TZ

is the partial summation of In(1+ z). F,,(z) has an important role to introduce incomplete Cauchy numbers
[9]. When r =1, hym = h5}2n are the shifted determinantal harmonic numbers. When m =1, hg) = hE:)l are

the determinantal harmonic numbers. When m =r =1, h, = hgll)l are the original determinantal harmonic

numbers.
Then the fundamental determinantal results are obtained by the recurrence relation.

Lemma 5 For m,r > 0, we have

n—1
W, =S (=0 ka1 (9)
k=0

and hgfr)n =1

Proof Since

;Hernflzn = Z %

n=1 k=1
1 2Hp 1
(1= 2) 4 Fpyy(—2)) 4 AL
et (=) B (2)) 4 5
we have
L)
n=0
xH?n—l
1+ ——F+—+——(—1In(1 F,,_ -
><< + 1+x)( n(l+z)+ Fp_1(z)) 1+:r>

I
N

ihn T ) <1+Z Hpyr 1xl>

n=0

oo n—1

§ : k
hn mx Z n Hm+n k— 1hk m‘r
0 n=1 k=0

p”qg

n
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By comparing the coefficients on both sides, we have

n—1

hn,m = Z(_l)n_ka-‘rn—k—lhk,m (n > 1) (10)
k=0

and hO,m =1.

By induction on r, together with the definition of hyperharmonic numbers in (5), we can prove that

o T ()
) 0 1 Hyoy
7?:1 Hohn 12" = T —2yrzm1 (=In(l = 2) + Frna(—2)) + Z;:; A=zt
This is also valid for » = 0. Then, analogous to (10), we obtain the desired result. O

By Lemma 5, in view of Trudi’s formula, we obtain the determinantal results with their inversion forms.

The proof is similar to that of Theorem 1.

Theorem 11 For m,n > 1 and r > 0, we have

258 1 0
Hi, o
) = : : ST 0
HY s HE HY 1
HS oy HYpoo oo HUL HEY
and
K, 10
n, o,
HY o= S R
W 1o WMol
W B e

We have two kinds of explicit expressions of shifted determinantal hyperharmonic numbers in terms
of hyperharmonic numbers. The shifted determinantal hyperharmonic numbers can be expressed explicitly
together with Trudi’s formula. There are several ways to prove them, one of which is similar to the proof
in 2. Another proof using the Hasse-Teichmiiller derivative can be seen in [12]. Once shifted determinantal
hyperharmonic numbers can be expressed in terms of hyperharmonic numbers, hyperharmonic numbers can be
expressed in terms of shifted determinantal hyperharmonic numbers because they have the inversion relations

with each other.

Theorem 12 For m,n>1 and r >0,

n
hn”gn = Z(_l)nik Z 7(7:175171 e Hfr:likfl

k=1 i1t =n
i1yeyig 21

Bttt o T n
Z < 1t1 . )(_1) t1 tn (Hr(n))tl o (anin_l)t
t142to+-Fnt,=n yeeayln
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and
LA B C D D L
k=1 it tig=n
i1,eeip>1
b1+ +in n—ti——tn (7,(r) \ 11 ) \in
- (e (W) - ()"
1422+ Fnt,=n breeotn
7. Examples

Set m =5 and r = 1. Then

1 CL’H4 -t
(1~ g w0+ 0+ Ru) - )

137 9949 , 5003111 5 361705747 , 26049679919

:1 _—
607 T 3600" T 15120007 T 90720000 © T 5443200000 ©
We can get
Hy 1| 15%87 1| 9949
He Hs | | 35 20173600 ~>°
and
his 1 7 49
’ = :—:H s
‘hm hi5 % 31 20 ¢
137
Hy 10 @ a0 5003111
Bl 151 @ W |~ 1513000 90
H, H; Hs g3 45 1w
and
137
s 1 || oo ) |38
’ ' 5658901 o8 137 140 '
hi7 hig his 224 a7

1512000 3600 60

Set m =5, n=2,and r =1. Since (i1) = (2) and (i1,i2) = (1,1) satisfy the condition i; 4 -+ = 2
with ¢1,...,9, > 1 for k> 1, we get

9949

—Hg + (Hs)* = 3600 — has.

Since {(tl,tg)‘tl + 2t2 = 2, tl,tg Z 0} = (2,0), (O, 1), we get

2! 2! 9949
Z(=1)*%(Hs)?* 4+ = (-1)*tHy = — = .
o (V) g (FDT e = gang = hes
On the other hand, we get
49
—h his)=— =
1,6 + (h1,5) 20 6
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and
2! 2! 49
—(=1)*2(h15)* + = (=1)*"thi g = — = Hg.
g1 D )" g (P e = o5 = s
Set m =5, n=3,and r = 1. Since (i1) = (3), (i1,42) = (1,2),(2,1), and (41,42,73) = (1,1,1) satisfy the
condition 41 + -+ + i = 3 with 41,...,i > 1 for k > 1, we get
5003111
Ho — 2HsHg + (H5)? = " — ha s .
T 25 + (H5)" = 15550 = has

Since {(tl,tg,tg)‘tl + th + 3t3 = 3, tl,tg,tg Z O} = (3,0,0), (]., 1,0), (0,0, 1), we get

O 0B H 4 (1) i Hy (1 = 2L
On the other hand, we get
hi7 — 2hy shae + (R 5)° = % = H,
and
%(—1>3‘3(h175)3 + %(—1)‘“‘—1—1h175hL6 + %(_1)3—111177 - % —H..
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