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Abstract: The spectral problem —u”(z) + au”(—z) = Au(z), —1 < z < 1, with nonlocal boundary conditions
u(—1) = Bu(l), u'(=1) = v'(1), is studied in the spaces L,(—1,1) for any « € (—=1,1) and 8 # £1. It is proved that if
r=+/(1 —a)/(1+ «) is irrational then the system of its eigenfunctions is complete and minimal in L,(—1,1) for any
p > 1, but does not form a basis. In the case of a rational value of r, the way of supplying this system with associated

functions is specified to make all the root functions a basis in L,(—1,1).
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1. Introduction

Consider the problem
Lu = —u"(x) + au”(—z) = Mu(z), —-1<ax<]l,
u(—1) = pu(l), «'(-1)=1d/(1),

with the differential expression that contains the involution transformation of the argument z in its highest

(1.1)

derivative, and an arbitrary parameter a € (—1,1).

As the periodic case with S = 1 was thoroughly discussed in [28] and the value 8 = —1 leads to a
degenerate problem, we study the problem (1.1) for any real 8 # +1.

If « = 8 =0 then one faces the well-known nonlocal problem of the Samarskii—Ionkin type [10] which
delivers an example of a spectral problem for ODEs with an infinite number of associated functions. Il'in [§]
called these spectral problems essentially nonself-adjoint and pointed out their intrinsic instability with respect

to small perturbations of the differential expression and the choice of the associated functions [9, 12, 21-23].
This paper continues the research of [16] and shows that the considered boundary-value problem (1.1)

encapsulates the same instability but with respect to its parameter « in all spaces L,(—1,1), p > 1.

Proposition 1.1 ([16]) Denote
r=+1—-a)/(1+a), (1.2)

and let B # +1. Then:
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1) for any positive T, the system of root functions of (1.1) is complete and minimal in La(—1,1);

2) if r is irrational then there are no associated functions while the eigenfunctions of (1.1) do not
constitute a basis in Lo(—1,1);

3) if v is rational then there is an infinite number of associated functions that could be chosen to make

the whole system of root functions of (1.1) an unconditional basis in La(—1,1).

In this paper, we obtain an analogous result for any Lebesgue space L,(—1,1), p > 1.

Theorem 1.2 Let r in (1.2) be a positive irrational number and § # £1. Then the system of eigenfunctions
of (1.1) is complete and minimal in L,(—1,1) for all p > 1, but is not uniformly minimal, and therefore does

not constitute a basis in L,(—1,1).

Theorem 1.3 Let r in (1.2) be rational and § # +1. Then the system of root functions of (1.1) is complete
and minimal in L,(—1,1) for any p > 1, and the associated functions could be chosen in such a way that the

whole system forms a basis in L,(—1,1).

We note that the case 8 =0 was studied in detail in [17, 18].

It is also worth mentioning that, for all Lebesgue spaces L,(—1,1), p > 1, the problem (1.1) demonstrates
an unexpected stability of its characteristics with respect to the values of § # £1. Both the absence of
uniform minimality in Theorem 1.2 and the presence of basis property in Theorem 1.3 stay unchanged when
the parameter « € (—1,1) is fixed. This is a new effect, which was obscured in [16-18].

Since the 1970s the qualitative theory of differential equations with involution has been cultivated rather
extensively (see, e.g., books by Przeworska-Rolewicz [26], Wiener [36], and Cabada and Tojo [5]). Spectral
topics for first- and second-order operations that have involution in their main terms are discussed in [13—
15, 32, 33]. Applications of the spectral approach for PDEs with involution and/or nonlocal boundary conditions
are discussed in [1, 2, 25, 27, 29-31]. For the spectral properties of conventional differential operators in non-
Hilbert spaces, one could refer to [4, 6, 7, 19, 20, 34].

2. The case of irrational number r

One can easily calculate the spectrum of (1.1):
o(L) = {0; (1 £ a)n*n®|n € N}, (2.1)
and the corresponding eigenfunctions:

A=0: u@)=(1-Bz+1+8), N=(1+a)r2?: u\"(z)=sin(rlz),

(1—p5)cosmk (2.2)

)\g = (1 — a) 7T2k2 : UI(CQ)(:E) = COS(']Tk:E) + m Sin(ﬂ'"’kx)7 l7 k (S N

The dual system is formed by eigenfunctions of the adjoint problem

Lo(z) = M(z), -l<z<l,

v(=1) =v(1), (a—=pB)'(=1)=(af—1)'(1),
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namely,
X =0: v(x)=1/(2+28), M=(01-a)rk?: v,(f) (x) = cos(rkz),

(1 —p)cosml iz (2.4)
(1+ B)rsin(nl/r) COS(*)’ l,keN.

A= (14 a)n??: vl(l)(x) = sin(nlz) +
In order to study the basicity of systems (2.2) and (2.4), we start with the following result.

Lemma 2.1 For any § # %1, both systems (2.2) and (2.4) are complete and minimal in L,(—1,1) for any
p>1.

Proof Recall that the system {e,} in a Banach space B is complete in B if it spans B and is minimal if
neither element in this system belongs to the span of others. It is known that the minimality of a system is
provided by existence of a dual system. Therefore, in our case it is sufficient to prove completeness of (2.2) and
(2.4) in L,(—1,1) which is equivalent to their totality in Ly(—1,1), ¢t +p~ 1 =1.

For instance, consider an element f € L,(—1,1), which is orthogonal to each function in (2.2). Then, as
f(z) is orthogonal to the sine-functions and due to the fact that the trigonometric system forms a basis in L,

[11, p. 128], the function f(z) a.e. coincides with an even function. Thus, we have

0= /_1 f(x)u,(f) (x)dx = /_1 f(x) cos(mkx) d,

and therefore f(x) isa.e. constant on [—1,1]. The relations f_ll f(z)ug(z) dz = 0 and f_ll ug(x)de = 2428 #0
provide that f(z) vanishes a.e. on [—1,1]. System (2.4) is analyzed similarly. O

A system {e,} C B is called a basis in B if, for any f € B, there exists a unique convergent to f series:
> ane, = f. Any basis in B is complete and minimal and thus has a unique dual system {e}} C B*.
Moreover, a,, = e (f) for any n and the series for f is called biorthogonal.

Let us prove now that, in the case of irrational r, both systems (2.2) and (2.4) do not form bases in
L,(—1,1). It actually follows from the fact [24] that these systems are not uniformly minimal in B = L,(-1,1),
i.e. the property

sup ([lenl] - ez 1) < o0 (2:5)
is violated.

Lemma 2.2 Forany f # %1, neither system (2.2) nor system (2.4) is uniformly minimal in L,(—1,1), p > 1.

Proof Let us consider the system (2.2) in the space L,(—1,1). The L,-norms of the functions v,(f)(:z:) in

(2.4) satisfy the estimates
219 > oy = 27 P 0@y > 27 PP 3 = 27277 (2.6)

We show that there exists a sequence k,, of positive integers such that the norms ||u,(€2n) I, tend to infinity.

Indeed, the L;-norm of the function u,(f) (z) satisfies the inequalities

/_ 11 0 (@)] do > 1+ Bl);if(mk) ‘ /_ 11 |sin(rrka)|de =2 2 |7 ﬁl);if(wrk) ’ (1 - bmgquf ﬂ) -2 (27)
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1k 1
It follows from [11, p.25] that the inequality ’ — ’ < —; has infinitely many solutions k = ky,s = s, €
r s s

N. Hence, |mrk, —7sy| < ™ and |sin(mrky,)| < |sin(nr/sy)|. Therefore, the factor on the right-hand side of
s

n

(2.7) tends to infinity as k = k,, — oo, which means that the norm

| > 20 -P/P )

n

1

blows up. O
Lemmas 2.1 and 2.2 yield the result of Theorem 1.2.

3. The case of rational number r
m

Now let 7 be equal to some irreducible fraction —- (mq,ms € N). Then the spectrum (2.1) contains two
ma

merging subsequences:

o= =)\ Vn € N. (3.1)

min man

The corresponding eigenfunctions are no more linearly independent, all eigenvalues A} have multiplicity
2, and each of their root subspaces is the linear span of one eigenfunction and one associated function.
Straightforward calculation shows that the biorthogonal pairs are formed by the functions (compare with (2.2)
and (2.4)):

uo(x), ul(l)(z), I # 0 (mod myq), u,(f) (x), k # 0 (mod mz),

*

ut (z) = sin(rmynz), (3.2)
1+
1—

=

-1
uy 1 () = (2(1 + a)ﬂmﬂ”t) [ﬂc cos(mminz) + (—1)tmatmz)n cos(ﬂ'mgnx)} +anul(z), neN,

ISy

for the direct problem (1.1) and

vo(x), vl(l)(x)7 I # 0 (mod my), v,(f) (x), k # 0 (mod my),

1—
vi(x) =2(1 4+ a)mrman T g(fl)(mﬁm?)" cos(mmaonz), (3.3)
vy 1(x) = ——— L (=1)mtm)ng gin(rmgna) + sin(rminz) — apv’(z), neN,

r(145)

for the adjoint problem (2.3) (the constants a, € R could be chosen arbitrarily).

Lemma 3.1 Let 3 # +1. Then systems (3.2) and (5.3) are complete and minimal in L,(—1,1) for any p > 1.

The proof of Lemma 3.1 is similar to the proof of Lemma 2.1.

Lemma 3.2 Let f# £1. If a, = O(1/n), n — oo, then both systems (3.2) and (5.3) are uniformly minimal

in Lp(—1,1), p > 1. If lim na, = oo then these systems are not uniformly minimal and therefore do not
n—oo

form bases.
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Proof Consider the biorthogonal pair ul(l)(x) and vl(l)(x), VI # 0(mod mq). It is clear that

W) <ol/p M) < 21/q(1 ’ 1-5 D
||ul ||P — 9 ||vl ”q — + (1 —l—,@)rsin(wl/r)
and the estimate |sin(wl/r)| > sin(7/m1) holds as the number [/r = Imy/m; is not an integer. Therefore, the
product ||ul(1)||p . ||ful(1)||q is bounded for all [ # 0(mod mq).
Similarly, one can evaluate the product ||u§€2) llp - ||11,(€2) |l for all & # 0(mod ms).

For the eigenvalues A = A} and the related eigenfunctions, the estimates
a < uplly < c2, an < lugllg < con

are apparently valid with some positive constants cj,co. As for the associated functions, the condition
an, = O(1/n) yields the estimates

[un1llp = O/n), vy 1llg = O),

and therefore the uniform minimality condition (2.5) is satisfied.

If lim na, = oo then the situation alters and we get the estimates
n—oo

[unillp = eslan] >0, lvgllg > eslan|n,

which show that the condition (2.5) breaks. O

Further, we consider systems (3.2) and (3.3) only with a,, = 0 for all n. Gaposhkin’s theorem [24] states
that, for any p > 1, p # 2, these systems could form only conditional bases in L,(—1,1). Therefore, we need
to arrange them before studying their basicity. The arrangement naturally corresponds to that of the classical

trigonometric system.

The ordered biorthogonal system starts with the pair { ZO((;) ] , which is followed by the juxtaposed
0

blocks of coupled pairs

(@) w (@)

ukl k . k=1,2,.... 3.4
lv;i)(w v,?)(a:)] (34)

However, if k= 0(mod m;), then the first column of the block (3.4) should be replaced by the column
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In order to analyze the biorthogonal series, we split its partial sum Sy (z, f) in the following way (here

K; = mN and Ky = moN):

Sn(z, f) = (f,vo0) uo(z) + Z (f, vl(Cl ) Uz(cl)(ff) I Z (f, vl(Cz)) Uf)(w)

1<k<N 1<k<N
kK, k€lK2 (3 5)
+ E fv Un 1) E f7 Un, n 1 )
1<k<N 1<k<N
keKy keKs

This sum apparently contains the partial sum of Fourier trigonometric series:
N
SO (x, £) = (£(),1/2) +Z{( ,cos m)) cos(kz) + ( f(t),sin(wkt)) sin(wkx)}, (3.6)
k=1

and the remaining items are

(1), 5—22) .

2+ 28
(1) _1-5 cosk ] Lk:t .
Sn (@, f) = (1+8)r 1<%<:N sin(mk/r) (f(t)’COb< r )) sin(rkz),
1-8 -
— cos :
5(2)@ f) = 178 Z Sn(rhr) ( (t),cos(wkt)) sin(mkrz),
1;;;]\’ (3.7)

SJ(\?))(xaf) = —1_5) Z (—1)0+mk/r (f(t),tsin(%kw) sin(mkx),

(1+P8)r N

keKy
SW(x (1+T)k f(t),cos(mkt) ) cos(mkrz).
V. 1+ﬁ ZN (#(8),cos(rkt) ) cos(kra)
keKsq

To analyze these sums for a given f € L,(—1,1), we decompose f(z) into the sum of its even and odd

components, f(z) = fi(z)+ f—(z) and note that for the odd component f_(z) all the sums in (3.7) vanish.

In S](\?)(gc, f+), we substitute k¥ = min and, without loss of generality, suppose that m; 4+ mgo is even.

Then it takes the form

2_25 Z / [+ (t)tsin(mmeont) dt - sin(mminx),

n:1<min<N

which, under the transform 7 = msot,y = mix, equals

2-20 Z /m2 f+ Tsm(ﬂ'm') dr - sin(mny).

(1 + ﬁ)rm2 n:1<min<N

The latter sum is clearly a sum of my partial sums of Fourier trigonometric series for functions with L,-norms,

which are O(1)||f||,-
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The same reasoning gives a similar representation for SJ(\?) (z, f+).
The sum S](\?)(Qi, f+) could be split into mg—1 items in accordance with the remainder k; = & (mod ms).

Then, for instance, the item Sﬁ’kl)(:c, f+) with even k; and my 4+ mgo equals

1
i ﬂl) ;Iﬁﬂ'kﬂ”) ISkZSN {/0 f(t) cos(mkat) cos(mmant) dt [cos(ﬂmlmc) sin(mkyrz) + sin(mminz) cos(wklrx)}
k=ki+man

_ /1 f(t)sin(mkyt) sin(wmant) dt [cos(wmlna:) sin(mkirz) + sin(rminz) cos(wklrx)} }
0

This expression consists of four items, which are linear combinations of the partial sums of Fourier
trigonometric series for some functions for which L,-norms are O(1)]|f||,, and of the partial sums of conjugate
trigonometric series, which converge in L,(0,1) to functions with L,-norms that are also O(1)||f]|, due to
Riesz’s theorem [3, p. 566]. The sum SS)(x, f+) is considered similarly.

It follows from [3, pp. 593-594] that if F(x) € L, then the partial sums oy(x,F) of its Fourier

trigonometric series and the partial sums o} (z, F') of its conjugate series satisfy the estimates
lon (z, F)llp < cllFllp,  llon(z, F)llp < | Fllp

uniformly with respect to N with some positive constant c.

Relations (3.5)—(3.7) and the above reasoning thus prove that

Iswe Dl < | (£ 3525) 2] + 9@, + iHS%)(%h)Hp = O0)lIfly (38)

uniformly with respect to V.
The system of root functions (3.2) is complete and minimal in L,(—1,1) by Lemma 3.1; therefore (see,

e.g., [11, p. 11]), the estimate (3.8) is sufficient for its basicity in L,(—1,1). Theorem 1.3 is proved.
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