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Abstract: We translate into double forms formalism the basic Greub and Greub—Vanstone identities that were previously
obtained in mixed exterior algebras. In particular, we introduce a second product in the space of double forms, namely
the composition product, which provides this space with a second associative algebra structure. The composition product
interacts with the exterior product of double forms; we show that the resulting relations provide simple alternative proofs
to some classical linear algebra identities as well as to recent results in the exterior algebra of double forms. We define
and study a refinement of the notion of pure curvature of Maillot, namely p-pure curvature, and we use one of the basic
identities to prove that if a Riemannian n-manifold has k-pure curvature and n > 4k then its Pontryagin class of degree

4k vanishes.
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1. Introduction
Let h be an endomorphism of an Euclidean real vector space (V,g) of dimension n < co. Recall the classical

Girard-Newton identities for 1 <r <n

T

r,(h) = S (=1) s, _i(R)pi(h)

i=1

where p;(h) is the trace of the endomorphism h® = ho...oh obtained using the composition product. The
i-times
scalars s;(h) are the elementary symmetric functions in the eigenvalues of h. It turns out that the invariants
s;(h) are also traces of endomorphisms constructed from h and the metric g using the exterior product; see,
for instance, [7].
Another celebrated classical result that also illustrates the interaction between the composition and

exterior product is the Cayley-Hamilton theorem:

n

> (=1 sn_r(h)A” = 0.

r=0

Girard—Newton identities are scalar valued identities while the Cayley—Hamilton theorem is an endomorphism

valued identity. Higher double forms valued identities were obtained in [7]. In particular, it is shown that the
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infinitesimal version of the general Gauss-Bonnet theorem is a double forms valued identity of Cayley—Hamilton
type that again involves the two products. Another illustration of the importance of these interactions is the
expression of all Pontryagin numbers of a compact oriented manifold of dimension n = 4k as the integral of the

following 4k-form [8]:

m

AP Pl = o zﬂzk(ﬂ YA [(o Ry (2o R o (R0 R,

where R is the Riemann curvature tensor seen as a (2,2) double form; ki, ks, ...,k are nonnegative integers
such that ki + 2k + ... + mk,, = k; Alt is the alternating operator; and all the powers over double forms are
taken with respect to the exterior product of double forms. The circle o denotes the composition product.

In this study, we investigate some other useful relations between these two products. The paper is
organized as follows. Sections 2 and 3 provide definitions and basic facts about the exterior and composition
products of double forms. In Section 4, we introduce and study the interior products of double forms, which
generalize the usual Ricci contractions. Precisely, for a double form w, the interior product map i, , which maps
a double form to another double form, is the adjoint of the exterior multiplication map by w. In particular, if
w = g we recover the usual Ricci contraction map of double forms.

Section 5 is about some natural extensions of endomorphisms of V' onto endomorphisms of the exterior
algebra of double forms. We start with an endomorphism h : V' — V| and there exists a unique exterior algebra
endomorphism 7 : AV — AV that extends h and such that ﬁ(l) = 1. Next, the space AV ® AV can be
regarded in two ways as AV -valued exterior vectors, and therefore the endomorphism h operates on the space

AV ® AV in two natural ways, say h r and h 1 - The two obtained endomorphisms are in fact exterior algebra

endomorphisms. We prove that the endomorphisms h r and h 1, are nothing but the right and left multiplication

maps in the composition algebra; precisely, we prove that

~

hr(w) =€ ow, and ?LL(w) =woe),

where e :=14+h+ g—T + g—? + ... and the powers are taken with respect to the exterior product of double forms.

As a consequence of this discussion we get easy proofs of classical linear algebra, including Laplace expansions
of the determinant.
In Section 6, we first state and prove Greub’s basic identity relating the exterior and composition products

of double forms:
Proposition. If h,hy,...,hy, are bilinear forms on V' and hy...h, is their exterior product, then
in(hahp) =Y (b hj)hy. by
J
=Y (hjoh' ohy+hgoh' ohy)hy...hj.. hy..hy.
i<k
Consequently, for a bilinear form k£ on V', the contraction of ckP of the exterior power kP of k is given

by

ck? = p(ck)kP~1 — p(p — 1)(k o k)kP2.
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Using the fact that the diagonal subalgebra (the subspace of all (p, p) double forms, p > 0) is spanned by exterior
products of bilinear forms on V', we obtain the following useful formula as a consequence of the previous identity.
This new formula generalizes formula (15) of [5] in Theorem 4.1 to double forms that are not symmetric or do

not satisfy the first Bianchi identity:

gn—p—k—i-r "

gk—pw _ 1 r+p t
() =2 G e )

T

where * is the double Hodge star operator on double forms.
Also in Section 6, we state and prove another identity relating the exterior and composition product of

double forms, namely the following Greub—Vanstone basic identity:

Theorem. For 1 <p <n, and for bilinear forms hy,...,h, and ki, ..., k,, we have

(hlhg...hp) o (k‘lk‘gk'p> == Z (h1 o kjg(l))...(hp o k‘g(p)) = Z (ha(l) ] k‘l)...(ha(p) o k'p>
oceSy oc€Sy

In particular, when h =hy = ...=h, and k =k, = ... = k,, we have the following nice relation:
hP o kP = pl(h o k)P.

Section 7 is devoted to the study of p-pure Riemannian manifolds. Letting 1 < p < n/2 be a positive
integer, a Riemannian m-manifold is said to have a p-pure curvature tensor if at each point of the manifold
the curvature operator that is associated to the exterior power RP of the Riemann curvature tensor R has
decomposed eigenvectors. For p = 1, we recover the usual pure Riemannian manifolds of Maillot. A pure
manifold is always p-pure for p > 1 and we give examples of p-pure Riemannian manifolds that are p-pure for

some p > 1 without being pure. The main result of this section is the following:

Theorem. If a Riemannian n-manifold is k-pure and n > 4k then its Pontryagin class of degree 4k vanishes.

The previous theorem refines a result by Maillot in [9], where he proved that all Pontryagin classes of a

pure Riemannian manifold vanish.

2. The exterior algebra of double forms

Let (V,g) be an Euclidean real vector space of finite dimension n. In the following we shall identify whenever
convenient (via their Euclidean structures) the vector spaces with their duals. Let AV* = ®p20 APV* (resp.
AV = @p>0 APV') denote the exterior algebra of the dual space V* (resp. V). Considering tensor products,

we define the space of double exterior forms of V' (resp. double exterior vectors) as

D(V*) = AV* @ AV* = P D9(V™),

p,q=>0

resp. D(V) = AV @ AV = € DP(V),

p,q>0

541



BELKHIRAT and LABBI/Turk J Math

where DP9(V*) = APV* @ AIV*, resp. DP9(V) = APV ® A9V. The space D(V*) is naturally a bigraded
associative algebra, called the double exterior algebra of V', where for w; = 61 ® 03 € DP4(V*) and we =

03 ® 0, € D™*(V*), the multiplication is given by
wiws = (01 ® 02)(05 @ 04) = (61 A 03) @ (02 A Oy) € DPTIT3(V), (1)

where A denotes the standard exterior product on the exterior algebra AV*. The product in the exterior
algebra of double vectors is defined in the same way.

A double exterior form of degree (p,q) (resp. a double exterior vector of degree (p,q)) is by definition
an element of the tensor product DP9(V*) = APV* @ ATV* (resp. DP1(V) = APV @ A?V). It can be identified
canonically with a bilinear form APV x A9V — R, which in turn can be seen as a multilinear form that is

skew-symmetric in the first p-arguments and also in the last g-arguments.

The above multiplication in D(V*) (resp. D(V)) shall be called the exterior product of double forms
(resp. exterior product of double vectors).

Recall that the (Ricci) contraction map, denoted by ¢, maps DP4(V*) into DP~14=1(V*). For a double
form w € DP9(V*) with p > 1 and ¢ > 1, we have

n

cw(TI A e AZp—1, Y1 A . AYg1) = Zw(ej ANTI A ZTpo1,65 AY1 A oo AYg—1),
j=1

where {e1,...,e,} is an arbitrary orthonormal basis of V' and w is seen as a bilinear form as explained above.
If p=0or g=0, weset cw=0.

It turns out (see [5]) that the contraction map ¢ on D(V*) is the adjoint of the multiplication map by
the metric g of V'; precisely, we have for wy,ws € D(V*) the following:

< gwr,ws >=< wi,Cw > . (2)

Suppose now that we have fixed an orientation on the vector space V. The classical Hodge star operator
x 1 APV* — A""PV* can be extended naturally to operate on double forms as follows. For a (p, ¢)-double form

w (seen as a bilinear form), *w is the (n — p,n — ¢)-double form given by
ww(.,.) = (=1)PFOM=P=D (5 %), (3)

Note that *w does not depend on the chosen orientation as the usual Hodge star operator is applied twice. The
obtained operator is still called the Hodge star operator operating on double forms or the double Hodge star
operator. This new operator provides another simple relation between the contraction map ¢ of double forms

and the multiplication map by the metric as follows:
Jw = *C *w. (4)

Furthermore, the double Hodge star operator generates the inner product of double forms as follows. For any

two double forms w, 0 € DP:? we have
<w,f>= *(w(*ﬂ)) — (1) PrO—p=0) ((*w)@). (5)
The reader is invited to consult the proofs of the above relations in [5].
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Definition 2.1. The subspace

AV* = @ DP(V*), (resp. AV = HDPP(V))

p=>0 p>0

of D(V*) (resp. D(V)) is a commutative subalgebra and shall be called the diagonal subalgebra.

3. The composition algebra of double forms

The space D = AV* ® AV* is canonically isomorphic to the space of linear endomorphisms L(AV,AV).
Explicitly, we have the following canonical isomorphism:

T:AV* @ AV* — L(AV,AV).
(6)
w1 Q@wy = T (w1 @ ws)
is given by

T (w1 ®wp)(0) = (wf, )i,

where wf denotes the exterior vector dual to the exterior form w;.
Note that if we look at a double form w as a bilinear form on AV, then 7 (w) is nothing but the canonical

linear operator associated to the bilinear form w.

It is easy to see that 7 maps for each p > 1 the double form %}j to the identity map in L(APV,APV);

in particular, 7 maps the double form 1+ g + g + ... onto the identity map in L(AV,AV).

The space L(AV,AV) is an algebra under the composition product o that is not isomorphic to the algebra
of double forms. Pulling back the operation o to D we obtain a second multiplication in D, which we shall call
the composition product of double forms or Greub’s product of double forms and which will be still denoted
by o.

More explicitly, given two simple double forms w; = 6; ® 65 € DP'4 and wy = 03 ® 8, € D™*°, we have
w1 owy = (91 ® 92) o (93 ® 94) = <91, 94>93 ® 0y € D™, (7)

It is clear that w; owy = 0 unless p = s.
Alternatively, if we look at w; and wy as bilinear forms, then the composition product reads as follows
[7]:

w1 o wa(uy,ug) = Z wa(ur, ey Ao Aeg Jwi(es A Aeg,,ug), (8)
i1 <i2<...<ip

where {eq,...,e,} is an arbitrary orthonormal basis of (V,g), u; € A” is an r-vector, and us € A? is a g-vector
in V.
We list below some properties of this product.

3.1. Transposition of double forms

For a double form w € DP9, we denote by w? € D9P the transpose of w, which is defined by
wh(ug, uz) = w(ug, uy). (9)
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Alternatively, if w = 6; ® 05, then

w'= (61 ®0,)" =626, (10)
A double form w is said to be a symmetric double form if w! = w.

Proposition 3.1. Letting wy, we be two arbitrary elements of D, then:

(1) (w1 owy)t = whowt and (wiws)t = wiw}.

(2) T(wi) = (T (w1))"-

(3) If ws is a third double form then (w1 o wa,w3) = (wa,w! o ws) = (wy,ws o wh).

Proof Without loss of generality, we may assume that w; = 61 ® 3 and ws = 03 ® 04, and then

t
(w1 o wg)t = ((01 ® 02) o (93 (024 94)) =< 91,94 > (03 ® 92)t =< 01, 94 > (02 ® 03)
= (94 (24 93) (e} (92 X 91) = (93 (24 94)t e} (91 (24 92)t = w; O w{.
Similarly.
(wle)t == 02 A 04 X 91 A 93 == wiwé.

This proves (1). Next, we prove prove relation (2) as follows:

< T (W (ur),ug > =< T((01 @ 02)") (ur),uz >=< T (02 @ 01)(u1), ug >

=< 0%, uy >< 08 uy >=<uy, < 0%, uy > 0% >=< uy, T (6 @ 03)uy >

t

= (T @62)) (), u2) = ((T(n) (1), w2).

Finally we prove (3). Without loss of generality assume as above that the three double forms are simple. Let

w3 = 05 ® B¢ and then a simple computation shows that:
(w1 owa,w3) = (01,04)(03 ® 02,05 @ bs) = (01,04)(03,05) (02, 06)-
(wa, wi ows) = (03 @ 04, (02, 06)05 @ 61 = (01, 04)(03,05) (02, 65).
(w1, ws ows) = (01 ® B, (05,05)04 @ 06 = (01,04) (03, 05) (02, ).
This completes the proof of the proposition.

The composition product provides another useful formula for the inner product of the double forms as
follows:

Proposition 3.2 ([7]). The inner product of two double forms wi,ws € DP? is the full contraction of the

composition product wt owy or wiowy . Precisely, we have:

1 1
(wr,wa) = Hcp(wé owp) = Hcp(wi owsy.) (11)
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Proof We use the fact that the contraction map c is the adjoint of the exterior multiplication map by g and

the above proposition as follows:

1 py, ot t g* ot g°
o (w20w1)=<w20w1»ﬁ> = (w1, (w5) °ﬁ=<wlaw2>7

where we use the fact that %I; is a unit element in the composition algebra. The proof of the second relation is

similar.

Remark 3.1. The inner product used by Greub and Vanstone in [2,3,12] is the pairing product, which can be
defined by

((wi,w2)) = ﬁcp(wz owy) = ;!Cp(wl ows.)

This is clearly different from the inner product that we are using in this paper. The two products coincide if wq

or wy 1s a symmetric double form.

4. Interior product for double forms

Recall that for a vector v € V', the interior product map 4, : APV* — AP~1V* for p > 1, is defined by declaring
ty(T2, ..., Tp) = (v, Ta, ..., Tp).

There are two natural ways to extend this operation to double forms seen as bilinear maps as above. Precisely we

define the inner product map i, : DP*? — DP~14 for p > 1 and the adjoint inner product map i, : D4 — DP-4~1
for ¢ > 1 by declaring

ivw(x27 <oy ps Y1, 7yq)) = UJ(’U,{L‘Q, sy Tps Y1y eeey yq)
and
T (W) (T, oy Tpy Y25 ey Yg)) = W(T1, ey Tp U, Y2, oovy Yg )

Note that the first map is nothing but the usual interior product of vector valued p-forms. The second

map can be obtained from the first one via transposition as follows:

fo(w) = (iv(wt))t.

In particular, the maps i, and i, satisfy the same algebraic properties as the usual interior product of usual
forms.

Next, we define a new natural (diagonal) interior product on double forms as follows. Letting v@w € V@V

be a decomposable (1,1) double vector, we define i, g, : DP*? — DP~1971 for p g > 1 by

ly@w = by © ly-

Equivalently,
iv®wW(.’L'2, s Tpi Y2, 7yq)) = W(’U,ZL'Q, vy Tpy W, Y2, "'7yq>'

The previous map is obviously bilinear with respect to v and w and therefore can be extended and defined for
any (1,1) double vector in V@ V.

545



BELKHIRAT and LABBI/Turk J Math

Let h be a (1,1) double form, i.e. a bilinear form on V. Then in a basis of V we have h =
> h(eiej)e; @ ei. The dual (1,1) double vector associated to h via the metric g denoted by h* is by

definition
= Z h(ei, ej)ei X €;j.

We then define the interior product i; to be the interior product i .
Proposition 4.1. Letting h be an arbitrary (1,1) double form, then:

1. for any (1,1) double form k we have
ink = ixh = (h, k).

2. For any (2,2) double form R we have
inR = Rh,

where for a (1,1) double form h, Rh denotes the operator defined, for instance, in [1], by

b) = Z h(ei, ej)R(ei, a; €5, b).
.3

3. The exterior multiplication map by h in D(V*) is the adjoint of the interior product map iy, that is
<ihw1, UJ2> = <UJ1, hUJQ>.

4. For h =g, we have that i, = c is the contraction map in D(V*) as defined in the introduction.

Proof To prove the first assertion, assume that h = Z” h(e;,ej)e; @e

Tand k=3 k(e es)e; ®@ey, where

(e¥) is an orthonormal basis of V*. Then

ink = Z h(ei, e5)k(er, es)ic, e, (€ @ €5) Z h(ei,ej)k(er, es)(ei, er)(ej,€s)

1,J,7,8 1,7,7,8

= hleiej)k(ei e;) = (b, k).
0,j
Next, we have
inR(a,b) Zh €, €j)ic,0¢; R(a,b) Zh ei,ej)R(e;,ase;,b) = ]o%h(a,b).
i,

This proves statement 2. To prove the third one, assume without loss of generality that h = v* ® w* is

decomposed, and then

(in(wi),wa) = (i 0t (w1), wa) = (iw(wn), (v* @ 1)wo)
= (w1, (1@ w")(v" @ Dws) = (wi, (v ® w")wz)

= (wl, hCUQ>.
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To prove relation 4, let (e}) be an orthonormal basis of V*, and then g = Z?Zl ef ®e; and

n
Zgw(xlv vy Tp—15 Y1, "~7yq71) = § e, O'Leiw<x1> vy Tp—15 Y1, "'7yq71)
i=1

n

= E W(€45 L1 5 ooy Tpe15 €3y YLy ooy Yqe1) = CWO(T1y eey Tp—15Y1, oy Yg—1)-
i=1

This completes the proof of the proposition.
More generally, for a fixed double form ¢ € D(V*), following Greub we denote by py : D(V*) — D(V*)
the left exterior multiplication map by ; precisely,

pop (W) = Y.

We then define the map iy : D — D as the adjoint map of u:

(i (1), w2) = (w1, pyp(W2))-

Note that part (3) of Proposition 4.1 shows that this general interior product ¢, coincides with the above one

in the case where 1 is a (1,1) double form.

Remark 4.1. Let us remark at this stage that the interior product of double forms defined here differs by a
transposition from the inner product of Greub. This is due to the fact that he is using the pairing product as
explained in Remark 5.1. Precisely, an interior product ipw in the sense of Greub will be equal to the interior

product iyrw as defined here in this paper.

It results directly from the definition that for any two double forms v, ¢ we have

fy © pro = p(1hp).
Consequently, one immediately gets
i 0 = iy (12)

Note that for w € DP? and ¢ € D™° we have iy(w) € DP7797° if p > r and ¢ > s. Otherwise iy(w) = 0.

Furthermore, it results immediately from formula (12) and statement (4) of Proposition (4.1) that
ige(w) = cF(w) (13)

for any w € D, where ¢ is the contraction map, ¢* =co...oc, and g* is the exterior power of the metric ¢.
~——

k-times
In particular, for w = g7, we get ing? = cF(g?). Then by direct computation or by using the general

formula in Lemma 2.1 in [5], one gets the following simple but useful identity:

Proposition 4.2. For 1 <k <p<n=dim(V) we have

Ty otk sl & (1)

i R (np)l
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We now state and prove some other useful facts about the interior product of double forms.

Proposition 4.3. Let w € DP9(V*), and the double Hodge star operator x is related to the interior product

via the following relation:

n

g

More generally, for any integer k such that 1 < k <n we have
n—k k
g _ . 9

*7(77,—]6)!607%)5. (16)

Proof Let w € DP4(V*) and § € D" P~ 9(V*) be arbitrary double forms. To prove the previous proposition,

it is sufficient to prove that

n

g

(a0, 0) = (i

), 0)-

Using equation (5), we have (xw,0) = (—1)2n=P=0{P+a=n) & (424,0) = *(w0).

Since wh € D™™ and dim(D™") =1, then

n

_ gt 9" 9"
wo = (w@, H>ﬁ - <Zw(n! )a9>

This proves the first part of the proposition. The second part results from the first one and equation (14) as

*ﬂw:iqn_k (ﬁ):iwoiqn—k g =i g—k .
(n—k)! e nl ey \ n! k!

Proposition 4.4. 1. For any two double forms wi,ws € D(V*), we have

follows:

*(w1 0 wy) = *wy 0 *kwa.
In other words, * is a composition algebra endomorphism.
2. On the diagonal subalgebra A(V*), we have (formulas (11a) and (11b) in [3])
* 0 by, = by, 0 kand i, 0% = % 0 1q,.

In particular, we get the relations

Kl * = T, and * i,%x = g, (17)
where p, is the left exterior multiplication map by w in A(V*).

Proof To prove statement 1, we assume that wq,ws € D(V)
*((.d1 O(,UQ) = *[(91 X 92) o (93 ® 94)] =< 01,04 > %03 ® %05

As x is an isometry, we have:

< 01,94 > *93 ® *02 =< *01,*04 > *03 ® *02 = *W1 O *W3q.
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To prove statement 2, let w € DP9 and ¢ € D™?, and then

n

0 (i) = #(wp) = () = (—1)”“%%(%)

n

T S . g r4qs
= (—1rHeiy (L) = (-1 o s

If w,p € A(V*) then p = ¢ and r = s and the result follows. To prove the second statement in (2), just apply
to the previous equation the double Hodge star operator twice, once from the left and once from the right, and
then use the fact that on the diagonal subalgebra we have that %2 is the identity map.

As a direct consequence of the previous formula (17), applied to w = g, we recover the following result
(Theorem 3.4 of [5]):

xCk = igand * pgx = c.

5. Exterior extensions of the endomorphisms on V

Let h € DY1(V*) be a (1,1) double form on V', and let h = T(h) be its associated endomorphism on V' via

the metric g.

There exists a unique exterior algebra endomorphism h of AV that extends h and such that E(l) =1.
Explicitly, for any set of vectors vy,...,v, in V', the endomorphism is defined by declaring
h(v1 A .. Avp) = h(v1) Ao A T(0y).
Then one can obviously extend the previous definition by linearity.

Proposition 5.1. The double form that is associated to the endomorphism hois et i=14+h+ g—? + g—? +.... In

other words, we have

T(eh) =T (i hp) _—

|
im0 V"
where h% =1 and h? =0 for p > n. In particular, we have Ty (%—T) = Idprv.

Proof Letting v; and w; be arbitrary vectors in V' and 1 < p < n, then

(h(v1 A oo Avp)swr A o Awp) = (R(v1) A oo AT(p), w1 Ao A wy)
1

= ] Z (o) (M(V(1)) A e A (Vo)) w1 A oo A wp)
T oesS,

:% 3 €0)elp) FWo(n))s o)) (B (W) o)
o,pES)y

1
= > e()elp) (Vo (1), Wp(1)) - PlVo(p), Wo(p))

" 0,pES,

hP
= 5(017 -..7vp;w1, ...,wp),

This completes the proof of the proposition.
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We can now extend the exterior algebra endomorphism h on AV to an exterior algebra endomorphism
on the space D(V) of double vectors. In the same way as we did for the interior product in the previous
paragraph, we can perform this extension in two natural ways as follows:

We define the right endomorphism
hgr: D(V) = D(V),
for a simple double vector w = 61 ® 65 by
hr(w) = hg(0; ® 02) = 6, @ h(6s).
Then one extends the definition using linearity. Similarly, we define the left extension endomorphism
hi : D(V) = D(V)
by:
hr(w) = hp (01 ® 6) = h(61) @ 6s.
Proposition 5.2. The endomorphisms iAzL and ER are double exterior algebra endomorphisms.
Proof
1. Without loss of generality, let w = 6; ® 6> and 6§ = 03 ® 6, be simple double forms, and then
hg(wd) =hg((61 @ 02) (03 ©604)) = hr(61 Ay @62 A by)
= (61 A O3) @ h(6 A By) = (61 A B3) @ (h(62) A h(6s))

= (61 @ 1(65))(05 @ h(01)) = h(61 @ O2)hp(03 @ 0s)

Proposition 5.3. Letting ﬁRﬁL be as above and 1 < p < n, then

~ gP. ~ gP RP
hR(H) = hL(E) = (18)

where the metric g is seen here as a (1,1) double exterior vector.

Proof Letting (e;) be an orthonormal basis for (V,g), then the double vector g splits to g = > 1 ;e; ®e;

and therefore

TLR(g) = TLR(Z e ® 61‘) = Z €; ®ﬁ(6i) = Z h(ei, Ej)ei Ke; = h.
i=1 i=1 ij=1

Next, Proposition (5.2) shows that
hr(g”) = (hr(9))” = h?.

The proof for }\LL is similar.
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A special case of the previous proposition deserves more attention; namely, when p = n, we have

~ g’fL ~ gn hn gn
The next proposition shows that the endomorphisms h r and ?LL are nothing but the the right and left

multiplication maps in the composition algebra.

Proposition 5.4. With the above notations we have

~

hr(w) = e ow, and /HL(w) =woeth), (20)

Proof As h R is linear in w, we may assume, without loss of any generality, that the double (p,q) vector w
is simple; that is, w = e;;, A... Ae;, ®ej, A... Aej, . Let us use multiindex notation and write w = ey ® e;. On
one hand, we have

hr(w)=er@h(es) =Y (hles),ex)er @ ex =
K

hd h?
= E pr (es,ex)er ®ex = E s (er.ex){er,es)er ® ex
q! q!
K K,L

»Q‘b‘
=
2

(er,ex)(er Rex)o(efg®ey) = ? ow.

=
b(

)

To prove the second assertion we proceed as follows:

~

hi(w) = (ER(wt))t = (" ow) =wo (")t =woel).

The fact that (e")t = (") results from Proposition 3.1.

—

Corollary 5.5. The adjoint endomorphism of hr (resp. hy ) is (h/?)R (resp. (h'); ).

Proof Proposition 3.1 shows that (e")! = e) and

o~

(hp(wi),ws) = (e" 0wy, ws) = (wi,e™) o ws) = (wr, ht g(ws)).

The proof for EL is similar.

Using the facts that both h . and h r are exterior algebra homomorphisms and the previous corollary,

we can easily prove the following technical but useful identities.
Corollary 5.6. Let w € D(V) and h be an endomorphism of V. Then we have

szhR:hRoz(h/t\)R(w),and szhL:hLoz(h/t\)L(w). (21)
Proof Since h Rr is an exterior algebra endomorphism, then for any double vectors w and 6 we have

hr(w) = hr(w)hg(6).
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That is,

~

hR o e, = 1y () © hg.
Next, take the adjoint of both sides of the previous equation to get

—_—

iwo (h)p = (h')g OiﬁR(wy

The proof of the second identity is similar.
Now we have enough tools to easily prove delicate results of linear algebra, including the general Laplace

expansions of the determinant, as follows.

Proposition 5.7 (Laplace Expansion of the determinant, Proposition 7.2.1 in [2]). For 1 < p <mn, we have

éz )";; 0 (*g) e —

hn—pP b gn—p
o) =~

(22)

Proof Using identities (21) we have

ht n—p . . n o ) n . o n
U™ (ah) =) o ine e = D)oo o = e 0 () (L)
(n—p)! n! (97) ) n!

_ (ht)n _ t\ gin, _ p' n—p
=ligr 04— = det(h")igr o i (det h) = p)!g .

The second identity can be proved in the same way as the first one by using EL instead of ER7 or simply just
by taking the transpose of the first identity.
To see why the previous identity coincides with the classical Laplace expansion of the determinant we

refer the reader to, e.g., [7].

Proposition 5.8 (Proposition 7.2.2, [2]). Letting h be a bilinear form on the vector space V, then

M —p— ppta—n
i*hphq:<” P q)p!q!(deth)

n—p (p+qg—n)
2n —p— q) hpta—n
*hP)(xh?) = plg!(det h)(x ———).
(en o) = (2 F " pger e
Proof We use in succession identities 14, 18, and 20—22 to get
ixneh? = ixpwhr(9?) = hr o i@\t)R(*hp)(gq>
~ pldeth ~
_ ay — q
=hroianr @) = G ptte 0 e (67)
_plgl2n—p—q)ls gt plgl(2n—p—q)!  hPTOTR
=gl —p! " ptqg-—n)l’ " (n—gln—p! (p+q-n)

This proves the first identity. The second one results from the first one by using identity 17 as follows:
(+hP)(xh%) = s * (xh7) = *(iuno (R7)).
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The interior product provides a simple formulation of the Newton (or cofactor) transformations t,(h) of

a bilinear form h and also for its characteristic coefficients s (h) [7] as follows:
Proposition 5.9. Letting h be a bilinear form on the vector space V', then:
1. For 0 <p <mn, the pth invariant of h is given by

sp(h) = LT inp 9"
(n—p)p!t o pl

2. For 0 <p<n-—1, the pth Newton transformation of h is given by

gnfpfl hP ) gp+1

tp(h) := —p—1pl L

3. More generally, for 0 < p <n—r, the (r,p) cofactor transformation [7] of h is given by

gn—p—rhp ) gp+r

Sy (1) 1=+ (n—p—r)pl Y (p+r)

Proof First we use formula (14) to prove (1) as follows. For 0 < p <n — 1 we have

gnfpfl hP . gn gn gp+1

7:2717717:2',07;”77 Jy—; g
(n—p-—1)! %(n!) P &Tzill)!(n!) hp(p+1

plty(h) = * ).

In the same way, we prove together relation (2) and its generalization, relation (3), as follows:

gnfpf'rhp gn gn ngr'r

! h:*iz‘n——rL —) =1 O.nf—v‘i:'
Pls(rp) () (n—p—r)! Zigmf;w’)!p(n!) thr Zf’nfpp,r)!(n!) th(p—&—r

).

Remark 5.1. According to [7], for 0 <r <n—pgq, the (r,pq) cofactor transformation of a (p,p) double form
w s defined by

gnTPITT

h W) =k
(hm)( ) (n—pq—r)!

Using the same arguments as above, it is easy to see that

gPiT

By (@) = ot .
(o)) = e Gy

6. Greub and Greub—Vanstone basic identities
6.1. Greub’s basic identities

We now state and prove Greub’s basic identities relating the exterior and composition products of double forms.

Proposition 6.1 (Proposition 6.5.1 in [2]). If h,h1,..., h, are (1,1)-forms, then

in(hy.hp) =Y (b hj)hy.hj. by

' (23)

— > (hjoht o by + hx o ht o hyj)hy.hj. ...
i<k
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In particular, if k = hy = ... = hy, we have
ink? = p(h, k)P~ = p(p — 1)(k o h o k)kP~2.

Proof Assume without loss of generality that h = 0 ® ¢ and h; = 6; ® ¥;, where 6,9, 0;, and ¥; are in V*.
Then

ih(hl...hp) = i(9®19)(91 A A Gp QU A... A 19;0)

=19 0%19(91 N ... /\Hp QU A ... /\191,)
=g (01 A N Oy) @i (01 A A )

=D (170,000,060 (01 A o AR A Ay @ VLA AT A ADy),
gk

where we have used the fact that the ordinary interior product in the exterior algebra A(V*) is an antiderivation

of degree —1. Next, write the previous sum in three parts for j =k, j < k, and j > k as follows:

in(hahy) =Y (0,0;0(0,05) (01 A o AOGA o Ay @Dy A AD A Ay)

J

= W,0,)(0,00)(0; @ OR)[Or A oo AOG A AR A AO @ [ A o AT A ATk A AT
i<k

= W0,9;)(0,06)(0; @ 901 A AOGA NG A NG D [ A ADGA AT A Ay
k<j

Using the definition of the composition product, one can easily check that
(9,9;)(0,0,)(0; @ V) = hy, o hto hj.
Consequently, we can write

in(hy.hp) =Y (b, hy)hy by by

J
- hipoht o h:)hy.. k.. .hi..h
J J P
i<k

- Z(hk o ht 9] hj)hlillﬁjhp
k<j

This completes the proof of the proposition.

Corollary 6.2. If hi...h, are (1,1) double forms, then

C(hl...hp) = Z(Chz)hlilzhp — Z(hj o hz + hi o hj)hlilziljhp (24)

7 1<j
In particular, for a (1,1) double form k, the contraction of kP is given by

ck? = p(ck)kP~™1 — p(p — 1)(k o k)kP2.
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Proof Recall that A = ¢ is a unit element for the composition product and that the contraction map c is the
adjoint of the exterior multiplication map by g. The corollary follows immediately from the previous.
As a corollary to Greub’s basic identity (23), Vanstone proved the following formula, which is in fact the

main result of his paper [12] (formula (27)):

gq+2p

gt = (= 1P (=1) " yrta 0 g (W),
i~ OV e i ()

T

where w is any (p,p) double form, and p,q are arbitrary integers.
In view of formula (16) of this paper, the previous identity can be reformulated as follows:

gt c
=2
' T

gn—q—2pwt ‘s

N oot

Letting K = n — ¢ — p, the previous formula then reads

gnfpkarr "

gkipw r+p t
*((k_p)!> :;(_1) mﬁ(w )- (25)

We then recover formula (15) of [5] in Theorem 4.1. Note that Vanstone’s proof of this identity does not require

the (p,p) double form w to satisfy the first Bianchi identity or to be a symmetric double form.

6.2. Greub—Vanstone basic identities

Greub—Vanstone basic identities are stated in the following theorem.

Theorem 6.3 ([3]). For 1 <p <mn, and for bilinear forms hi,...,h, and kq, ..., k,, we have

(haha...hy) o (kikg.p) = Y (h1 0 ko())e-(hp 0 ko)) = Y (ha(1) © k1)ew-(ho(p) © kp)-

o€eSy oESy
In particular, when h =hy =...=hy, and k= ki = ... = k,, we have the following nice relation:
hP o kP = pl(h o k)P. (26)

Proof We assume that h; = 6, ®9; and k; = 0, @}, where 0;,19;,60;, and ¥, are in V*, and then by definition

79

of the exterior product of double forms, we have
hihy =01 Ao AN VLA .. A D,

and
kiky =01 AN ANO,@IINA.AND,.

It follows from the definition of the composition product that

(h1h2...hp) o (k’lk/’gk‘p) = det(<91,19;>)[91 VAN 9;; QUL A ... A 19p]

Now the determinant here can be expanded in two different ways:

det((0:,95)) = Y o (01,0,1))--(0p, 0i) = > €01y, 1) (Bo () D).

o€Sy o€Sy
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Therefore, using the definition of the composition product, we get:

(hlhg...hp)o(klk‘g...kp) = Z 80<91,’L9:7(1)> <9P7190(p)>[0/1 VAN 9; QR A... A 191)}
oES)

— Z 01, 0.(1) 9 190'([))>[9:7(1) /\ cee /\ 9:7(]9) ® '191 /\ cee /\ 1917]

oES,
-5 ([0t o) 5 (fet)
ceS, i=1 o€Sy =l

If we use the second expansion of the determinant we get the second formula using the same arguments.

7. Pontryagin classes and p-pure curvature tensors
7.1. Alternating operator, Bianchi map

For each p > 1, we define the alternating operator as follows:
Alt :DPP(V*) — A?P(V)

w Alt(w)(vl, vy Upy Up1, - U2p)

= .Z W(Vg(1) A o AUg(p)s Vo(pt1) A - A Vg(2p))-
.GESQI,

Another basic map in D(V*) is the first Bianchi map, denoted by &. It maps DP»4(V*) into DPTHa=1(V*)
and is defined as follows. Let w € DP4(V*) and set Gw = 0 if ¢ = 0. Otherwise, set

1
Gwler A .. Aepi1,epra A oo Aepig) = - g g(o)w(eay N Aeopys Capr1) N epra Ao Neprg).  (27)
T 0€Sp41

In other terms, & is a partial alternating operator with respect to the first (p + 1) arguments. If we assume
that p = ¢, then the composition
&P =6o0..06 (28)

is up to a constant factor, the alternating operator Alt. In particular, we have the following relation first
observed by Thorpe [11] and Stehney [10].

Lemma 7.1. If w € ker &, then Alt(w) = 0.

Lemma 7.2. The linear application Alt is surjective.

Proof If w isa (2p)-form in A%P(V*), then w is also a (p,p) double form whose image under the alternating

operator is the (2p)-form w itself.

Lemma 7.3. We have the following isomorphism:
DPP(V)/ker Alt =2 A?P(V),
In particular, we have the following orthogonal decomposition:

DPP(V) = ker Alt @ A*P(V).
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7.2. p-Pure Riemannian manifolds

According to Maillot [9], a Riemannian n-manifold has a pure curvature tensor if at each point of the manifold
there exists an orthonormal basis (e;) of the tangent space at this point such that the Riemann curvature
tensor R belongs to Span{e; A e;®erNej 11 <i<j< n}. This class contains all conformally flat manifolds,
hypersurfaces of space forms, and all three-dimensional Riemannian manifolds. Maillot proved in [9] that all

Pontryagin forms of a pure Riemannian manifold vanish. In this section we are going to refine this result.

Definition 7.1. Let 1 < p < n/2 be a positive integer. A Riemannian n-manifold is said to have a p-pure
curvature tensor if at each point of the manifold there exists an orthonormal basis (e;) of the tangent space at

this point such that the exterior power RP of R belongs to
Span{e;, A...Aej, ®ej A..Ae, 1<y <..<izyp <n}

The previous definition can be reformulated using the exterior product of double forms as follows.

Proposition 7.4. Let 1 < p < n/2 be a positive integer. A Riemann n-manifold with Riemann curvature
tensor R is p-pure if and only if at each point of the manifold, there exists a family {h; : i € I} of simultaneously

diagonalizable symmetric bilinear forms on the tangent space such that the exterior power RP of R at that point
belongs to

Span{hil...hi% : il, ..izp € I}

We notice that the condition that the family {h; : i € I} consists of simultaneously diagonalizable

symmetric bilinear forms is equivalent to the fact that h! = h; and h; o hj = hjoh; forall 4,5 € I.

Proof Assuming that R is p-pure, then by definition we have

RP = Z Niy gy €y N N, @ef A Aeg

11
1<i1<...<i2p<n

= Z )\ilmin (6?1 ® e;kl) (6:2 @ €f2> (e;;p ® 6?2;7)

1< <...<igp<n

= Z )\ilu.izphil “'hi2p’

1<i1 <. <igp<n

where h; = e} ® e} . It is clear that hlf =h; and h;oh; = 5”-6;? ®ef =hjoh;.

Conversely, assume that there exists a family {h; : i € I} of simultaneously diagonalizable symmetric

bilinear forms such that

R = " Nipigyhiyrhiy,.

il,...,igpel

Let (e;) be an orthonormal basis of the tangent space at the point under consideration that diagonalizes

simultaneously all the bilinear forms in the family {h; : i € I'}. Then if hy, = 377 _, piyj.€f, @€, for each
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k=1,...,2p we have

R = " Ny isyhiyehiy,
* * * *
= Z Z Ailu-i’zppiljl "'pizpjzp (ejl X €j1) <6j2p X €j2p)

= E )‘11...12,,921]1---PZzpjzpejl NoNej, Qes N Nej, .
i1,eeyi2p €1 1,000 d2p=1
This completes the proof.

In the next proposition we provide several classes of examples and properties about p-pure manifolds

Proposition 7.5. 1. Every pure Riemannian manifold is p-pure for any p > 1. More generally, if a
Riemannian manifold is p-pure for some p then it is pq-pure for any q¢ > 1.
However the converse it is not always true. A Riemannian manifold can be p-pure for some p > 1 without

being pure.
2. A Riemannian manifold of dimension n = 2p is always p-pure.
8. A Riemannian manifold of dimension n = 2p+ 1 is always p-pure.

4. A Riemannian manifold with constant p-sectional curvature, in the sense of Thorpe [11], is always p-pure.

Proof The first and second statements in (1) are straightforward to prove. The next three properties provide
examples of p-pure manifolds (p > 1) without being necessarily pure. Property (2) follows from the fact that
in this case the Riemann tensor R is such that RP is proportional to ¢g™. To prove (3), we use Proposition 2.1

in [6], which shows that in this case we have

2p—1

RP = w19 +W092p,

where wy is a symmetric bilinear form and wp is a scalar. Finally, (4) follows from the fact that constant
p-sectional curvature is equivalent to the fact that its Riemann tensor R satisfying RP is proportional to g2.

We are now ready to state and prove the following theorem.

Theorem 7.6. If a Riemannian n-manifold is k-pure and n > 4k, then its Pontryagin class of degree 4k

vanishes.

Proof Denote by R the Riemann curvature tensor of the given Riemannian manifold. Then the following

differential form is a representative of the Pontryagin class of degree 4k of the manifold [10]:

P.(R) = —Alt(RF o RY). (29)

1
(k1)?(2m)
We are going to show that P,(R) vanishes.

According to Proposition 7.4 there exists a family {h; : i € I'} of simultaneously diagonalizable symmetric

bilinear forms such that

Rk _ Z )\i14..7;2kh7;1"'hi2k.
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Therefore, we have

Rk ° Rk = Z >‘i1-»-i2k >\j1»--j2k hir"hizk o hjl"'h’jZk'

1 igp €l
Il Jor €1

Next, Proposition 6.3, shows that each term of the previous sum is an exterior product of double forms

of the form hio h;, each of which is a symmetric bilinear form and therefore belongs to the kernel of the first
Bianchi sum &. On the other hand, the kernel of & is closed under exterior products [4], and consequently

RF o R* belongs to the kernel of & and therefore Alt (Rk o Rk) =0 by Lemma 7.1.

Remark 7.1. We remark that the previous theorem can alternatively be proved directly without using identity
7.4 as follows.

Let us use a multiindex and write R*¥ = ZI Arer ® e as in the definition. Then

AL (R" o BY) = Alt (D" A @er) =0
I

As a direct consequence of the previous theorem, we obtain the following, equivalent to a result of Stehney
(Theorem 3.3, [10]).

Corollary 7.7. Let M be a Riemannian manifold and p an integer such that 4p < n =dim M . If at any point

m € M the Riemann curvature tensor R satisfies
RP = ¢, A%P
D 5

where A @ T, M — T, M is symmetric bilinear form and c, is a constant, then the differential form
Alt(RP o RP) is 0.

Proof Since A is symmetric then R = c,A...A is p-pure; the result follows directly from the previous

theorem.
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