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Abstract: In this paper we derive some properties of multivalent functions belonging to the classes Ry (), By 4(c),
and M, 4(a). The results obtained generalize the related works of some authors, and many other new results are

obtained.

Key words: Multivalent functions, p-valently starlike and convex functions, higher-order derivatives, differential

subordinations, a-convex functions

1. Introduction

Let U:={z € C: |z| < 1} be the open unit disc of the complex plane, and let .4, denote the class of analytic

and multivalent functions in U of the form

f(z)=2"+ Z ag?®, z€U (peN:={1,2,...}).
k=p+1

Also, denote A := A;.

For two functions f and g analytic in U, we say that the function f is subordinate to g, written as
f(z) < g(z), or simply f < g, if there exists a Schwarz function w; that is, w is analytic U, with w(0) =0
and |w(z)| <1, z € U, such that f(z) = g(w(z)) for all z € U. If the function g is univalent in U, the above
subordination is equivalent to f(0) = g(0) and f(U) C g(U) (see [8, 15]).

For 0 <a<p—gq,p>q, p€eN,and ¢ € Ng:=NU{0}, we say that f € A, is in the class S}  (a) if
it satisfies the inequality

Re w >a, z€U.

f(q) (Z)

Also, we say that f € A, is in the class K, ;(«) if the following inequality holds:

2 fa+2) ()

Re[l—i_f(qﬂ)(z)] >Oé,Z€[U.

*Correspondence: ylashin@mans.edu.eg
2010 AMS Mathematics Subject Classification: 30C45, 30C80

712

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0001-9398-4042
https://orcid.org/0000-0001-8026-218X

AQUF et al./Turk J Math

The classes S, () and K, ,(a) were introduced and studied by Aouf [3, 5, 6], and we note that S} (o) =:
Sy(a) and K o(a) =: Kj() are, respectively, the class of p-valently starlike functions of order o and the class

of p-valently convex functions of order o (0 < o < p) (see Owa [20] and Aouf [1, 2]).

Definition 1.1 For 0 < a<p—gq, p>q, p €N, and g € Ny, we say the function f € A, is in the class
Cpq(a) if there exists a function g € Sy (a) such that

2 fat) ()

Re ——— 7~
CT ()

>a, z €U.
The class Cp 4(a) was introduced and studied by Aouf [4], and we note that Cpo(a) =: Cp(a) (see Aouf

[7)-

Definition 1.2 Let R, ,(a) be the subclass of Cp 4(a) obtained by choosing g(z) = 2P ; that is, the function
f e Ay belongs to the class Ry 4(a) if and only if it satisfies

f(q+1)(z)

Re S ar-a

>a,2z€U (0<a<p—gq), (1.1)

where §(p,q) =

(p—q)!
Remark 1.1 (i) It is easy to check that if the function f € A, satisfies the inequality

FlatD(z)

a1 et <(p-qg-a)ipg) 2V (0<a<p-q), (1.2)

then f € Rpq(a). Thus, if we denote by Sy q(c) the class of functions f € A, that satisfies (1.2), then
Sp.q(@) C Rpq(c).

(1) We will denote by By 4(a) (0 < a < §(p,q)) the class Bpq(a) == Spq4-1 ( Therefore, the

5(1773—1)) ’
function f € A, belongs to the class By q4(a) (0 <a < d(p,q)) if and only if it satisfies

19)

zP—q

—5(p,q)‘ <d(pq) —a, z€U (0< < d(p,q)). (1.3)
For ¢ :=p—1 and § := pla, the inequality (1.2) reduces to

’f<p>(z)_p;‘<p!:,3, zelU (0<B<p,

and the subclass S,(8) of functions satisfying the above relation was introduced and studied by Saitoh [26].
Moreover, we note the special cases Ry o(a) =: Rp() (0 < o < p) (see Lee and Owa [11]) and Ry o(a) =: R(«)
(0 <a<1) (see Owa et al. [23]). Also, the classes R, ;,—1(c) are connected with the results obtained by Saitoh
in [27].

By using the differential higher-order differential operators we define the following class of functions:
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Definition 1.3 A function f € A, is said to be a p-valently a-convex function of higher-order derivatives if

it satisfies the inequality

(g+1) (a+2)
Re (la)w+a(l+w>] >0, zeU,

for some o (a > 0), and we will denote this class by M, 4().

We note that M, ,(0) =: S ,(0) and M, (1) =: K} 4(0). The class M, o(a) =: My(a) was introduced
and studied by Owa and Ren [24] and extends the class M g(c) = M () defined by Mocanu [17] (see also
Mocanu and Reade [18], Miller [14], and Miller et al. [16]). Moreover, the class M,1_p,(a) =: A(p,a) was
introduced and studied by Nunokawa [19], and subsequently studied by Fukui et al. [9].

Definition 1.4 (i) Let G(«) be the class of functions g of the form
g(z) =1+ Z gnz", z €U, (1.4)
n=1

which are analytic in the unit disk U and satisfy
Reg(z) > a, z € U,

for some o (0<a<1).
(ii) Further, let Gy(a) be the subclass of G(«) consisting of functions g of the form (1.4) and satisfying

g1=2b(1—a)=4'(0) (0<b<1).

2. Preliminaries

In order to prove our main results we need the following lemmas.

Lemma 2.1 [10] Let w be regular in U with w(0) = 0. Then, if |w| attains its mazimum value on the circle

|z| =7 at a point zo € U, we have zow(zo) = kw(zo), where k> 1.

Lemma 2.2 [16] If f € M(«) (o> 0), then f € S*(B8(a)), where
0, if 0<a<l,

if a>1. (2.1)

The result is sharp.
Lemma 2.3 [17] If f € M(a) (a>0), then f € M(B) for 0 < <a.
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Lemma 2.4 [14] If f € M(«) (o> 0), then

—K(a,—1) <|f(2)| < K(a,7), |z| =7, 0<r <1, (2.2)
where
1 f 14 _2
K(a,r) = S to T (1—=t)"=dt| . (2.3)
0

The equality holds in (2.2) for the function fg(«,z) given by

(o3

fola, 2) = é/gé—la—ge”)—%dg , (2.4)
0

where 0 is real and the powers appearing in (2.3) and (2.4) are meant as principal values.

Lemma 2.5 [17] The function f € M(a) (a > 0) if and only if there exists a function F starlike in U, such

that
f(2) = llfozm?)adcl  zem,

where the powers appearing in the formula are meant as principal values.
A function f € A is said to be in the class R(«) if and only if it satisfies the inequality
Ref'(z2) >, z €U,
for some o (0 << 1).

Lemma 2.6 [23] If f € R(a) (0 <« < 1), then

M%?a—l—
z

H=a) log(1 — 2).

For g € Gy(a), McCarty [12, 13] proved the next results:
Lemma 2.7 [12] If g € Gy(v), then

g'(2)
9(2)

2(1 — ) b+ 2r + br?
1

<
~ 1=72 1+4+26(1 —a)r+ (1 —2a)r?’

lzl=r, 0<r<1.

Lemma 2.8 [15] If g € Gyp(v), then

—2(1 — a)r (b+2r + br?)

. ) o

Re 2¢'(2) > [1+ 2bar + (2a — 1)r2] (1 + 2br +12)° if R < Ry,
z - — —

g( ) 2\/047A1 Al Oé’ ’Lf R > va

11—«
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for |z| =r, 0 <r <1, with Ry := Ay, — Dy, where

(1+0br)2 — (2a—1)(b+7)%r?
(1—=r2)(142br+r2) 7

21— a)r(b+r)(L+br)r

Ay =
’ (1—72)(1+2br +72)

Db =

and

R/ = OéAl.

3. Some properties of the class M, ,(«)

The following result deals with an implication involving similar relations that appear in the definition of the
classes R q4(a) and K ().

Theorem 3.1 If the function f € A, satisfies

f(q+1)(z) zf(q+2)(z)

e S T Darat T parn )

>alp—q—1), z€U,

for some a (a>0) and p > q, then

flatD(z)

2p—q—1

Re > d(p,q + 1)B(«), z € U;

that is, f € Rpq ((p — q)B(c)), where B(a) is given by (2.1). The result is sharp.

Proof Let us define the function g € A by

zg'(2) _ flath(z)
g(z)  (p,q+1)zp—a-t’ zel. (3.1)

Differentiating (3.1) logarithmically with respect to z we obtain

zf(q+2)(2’) B 2"(2)  2¢'(2)
s PTGy T e FEY (32)
and from (3.1) and (3.2) we have
f(q+1)(z) Zf(q+2)(z)
fe |:5(p, q+ 1)zp—a1 a FaD(z) —alp—q-— 1>:|

e 0T o (10O o

This implies that ¢ € M(«), and by using Lemma 2.1 we have

B f(q+1)(z)
9(2) 6(p,q+1)zpat

> B(a), z € U;

that is,
f(q+1)(z)

S g)ar T > (p—q)B(a), z €, (3.3)
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where B(«) is given by (2.1). Since the result of Lemma 2.1 is sharp, the value (p — ¢)B(«) is the best lower
bound for (3.3). O

For ¢ = 0, Theorem 3.1 is reduced to the next result:
Corollary 3.2 If the function f € A, satisfies

f'(2) 2f"(2)
pzP~! T f'(2)

>alp—1), z€T,

for some a (a > 0), then

f'(z)

zp—1

Re

>pBe), z €T,
where B(«) is given by (2.1). The result is sharp.

Remark 3.1 Putting q=7—1 (1<j<p—1, peN) in Theorem 3.1, we get the result obtained by Fukui et

al. [9].
Theorem 3.3 If f € M, (a) (a>0), then f €S, (B(a;p,q)), where

0, Zf 0§a<p_Q7

Blaip,q) = (p— )8 (a) = (pqu(? ;po‘q;) L if azp—g
al(1+2°12

«

that is, M, (o) C Sy, (ﬁ(a;p, q)) . The result is sharp.

Proof If f € M, ,(a) it follows that f(@(z) # 0 for all z € U\ {0}. For f € M, ,(a), let us define the
function g € A by

(190G = .
== (srqrs) zeP o

where the power is meant as the principal value. Differentiating (3.4) logarithmically with respect to z, we get

2f () 2g'(2)

-0 g Y (35)
and
2f9(z) o zd"(2) I AC
1+7f(‘1+1)(z) =1+ ) +(p—-qg-—-1) o) el (3.6)
From (3.5) and (3.6) we deduce that
LG (RN ) ()
o=t e (1 o) =S e (14053

(2)
“eoo|(-55) S s i) e
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and hence

e[t e (e o)

~ e [(1 - piq) ZQQES) +piq <1+ Zgg’/ég)ﬂ et

This implies that f € M, ,(«) if and only if g € M (ﬁ). Since g € M (ﬁ), from Lemma 2.2 we get

pP—q pP—q

geS* (ﬂ ( e )) , and according to (3.5) this last relation is equivalent to f € Sy, ((p —q)B ( a )) ; that is,

€Sy, (ﬂ(a;p, q)) . Using the fact that the result of Lemma 2.2 is sharp, the bound g(a;p, q) from the last

relation is the best possible. O

For a =1, Theorem 3.3 reduces to the next special case:

Corollary 3.4 If f € K, 4(0), then f €S}, (3(177 q)), where

o~ ~

B(p,q) == B(1;p,q);

that is, K, 4(0) C S;, (B\(p, q)) . The result is sharp.

Theorem 3.5 If f € M, ,(a) (> 0), then f € M, ,(8) for 0 < < «; that is,

M, () C My 4(B), for 0<B<a.

Proof Like in the proof of Theorem 3.3, f € M, ,(a) (o> 0) if and only if g € M (ﬁ) , where the function
g is given by (3.4). Since 0 < 8 < a, according to Lemma 2.3 it follows that ¢ € M (p—fq), and this last

relation is equivalent to f € M, ,(5), which proves the assertion of Theorem 3.5. O

Theorem 3.6 A function f € A, belongs to the class My q4(c) (o > 0) if and only if there exists a function
F e 5% :=57,(0), such that

@
z p—q

19G) = stp0) |22 & “g)adc  zel, (3.7)

(67

0

where the powers appearing in the formula are meant as principal values.

Proof If we define the function g as in (3.4), from the proof of Theorem 3.3 we have that f € M, ,(a) (o > 0)

if and only if g € M( ) . Then, from Lemma 2.5, we get that g € M (—q) if and only if there exists a

a a
pP—q p—

function F' € S*, such that

«

g(z) = |21 (F(O)I%ng el
jimo
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Using the definition of formula (3.4) we obtain that this last relation is equivalent to (3.7), which proves

our result.

O

Using the fact that f € M, (o) (o > 0) if and only if g € M (ﬁ) , where the function ¢ is given by

(3.4), from Lemma 2.4 we obtain the following theorem:
Theorem 3.7 If f € M, ,(a) (o> 0), then
K, q(a,—r) < ‘f(q)(z)’ < Kpq4(a,r), |zl=r 0<r<1,

where

p—q —2(p—q)

Kpalasr) i=8(p,q) | 21 / BRtol(y )P g
0

z «

Ll 10\ =2=)
fé:lgz,q(aﬂz) :(5(p,q) T/C o 1(1—Ce 0) o dé‘ ,
0

where 0 is real and all the powers appearing in the formulas are meant as principal values.

4. The subclass R, ,(a)

Theorem 4.1 If f€ R, , (%) (0<a<dlp,g+1)), then

LEQ g o0 sp g1y~ 2OPa+ 1) —0)
z (p—a-1 z
0

log(1 — 2).

Proof If we define the function F' by

(a+1)
/ _ f (Z) _ 2
F'(2) = S gt =i l14+cz4c2z°+ ..., z€ U,
and F(0) =0, then
L[
F(z) = d U.
(Z) 6(p,q+ 1) Cp_q_l C? z €
0

The fact that f € R, 4 (ﬁ) is equivalent to f € A, and

FE ()

Reﬁ>oz7 zelU (0<a<d(pg+1)).
From (4.2) it follows that
ReF'(2)>f, z€U <O§B<1, 5::“),
) o(p,q+1)
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which, according to Lemma 2.6, implies

1 [ FarD(Q)
Sp,q+1)z ) (pra-t
0

dC<26717@10g(172),

Le. (4.1). O

For ¢ = 0 in Theorem 4.1 we get the next special case:

Corollary 4.2 If f € A, satisfies

red12)

1 >, zel (0 <a<p),
z

then

é/ép(fl) d(<2a—p—2(pT_a)log(l—z).

0

Remark 4.1 (i) Putting g =j—1 (1 < j <p) in Theorem j.1, we get the result obtained by Owa [21, Theorem
1] and Saitoh [27, Theorem 5];
(ii) For p =1, Corollary 4.2 reduces to the result of Owa et al. [23].

Putting ¢ = p—1 (p € N) in Theorem 4.1, we obtain the following corollary (see also Saitoh [25, Theorem

3]):
Corollary 4.3 If f € A, satisfies
Ref(p)(z) >a,z€U (0<a<p),

then
f(p— 1) (Z)

z

< 2a —p! —

2pt=a) log(1 — z).

If we consider p =1 in Corollary 4.3, we have the following corollary (see also Owa et al. [23] and Saitoh
[25, Corollary 4]):

Corollary 4.4 If f € A satisfies
Ref'(z) >a, 2€U (0<a<l),

then

2(1 — )

<2a—1-—

@ log(1 — 2).

Theorem 4.5 If f € S, (o) and
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then
(a)
Re <ei6f(z)> >0, zeU.
2P=

q

Proof From the definition of the class S, ,(e) we have that f € S, ;(c) if and only if f € A, and (1.2) is
satisfied. Using the fact that

IC—w|<r (eC (r<w) = |arg¢| <sin! 5,
from (1.2) we obtain
(g+1) —g— —g —
arg ) < sin™! (p=q=2)p,q) g A e a, zelU (4.4)
Zpmal o(p,q+1) pP—q
From (4.3) and (4.4) it follows that
(g+1) (g+1)
arg <6 T < |B| + |arg g < 5" z € U;
that is,
(q+1)
Re (ewf(z)> >0, zeU. (4.5)
2p—q—1
If we define the function w by
PR ) N S C) R 6
e W—lslnﬁ—cosﬁm,ze 5 ( )

with w(z) # 1 for all z € U, we see that w is analytic in U and w(0) = 0. It follows that

o 1
¢ £ (2) = i8(p, q) sin BzP~1 = 6(p, q) COSBJZ%Z”“H zeTl,

and differentiating the above relation with respect to z we obtain

e f " (z) — i5(p.g + 1) sin pP
B oo L+ w(2) ool 220'(2)
- s i 9 LS o B
Therefore,
(qg+1)
i (2) . o _ ltw(?) 220 (2)
i 10(p,q+ 1)sin 8 = d(p,q) cos 5 | (p q)1 —o) + a —w(z))2 , z€ U.

If we suppose that there exists a point zg € U such that

max |w(z)| = |w(z0)] =1,
[2]<]z0]
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then w(zg) = € for some 6 € (0,27). Since cos 3 > 0, by using Lemma 2.1 we get

(g+1)
Re (eiﬁ 7f (ZO)> = Re

2p—q—1

] f(qul)(Z )
elep_iq_lo — Z(S(p, q + 1) sinﬁ]
0

1+e? N 2ke™
1— et (1 — ¢if)

= d(p,q) cos Re <0,

(piq) 0sf — 1

where k > 1. The above inequality contradicts (4.5), and therefore |w(z)| <1 for all z € U. From (4.6), since

cos 8 > 0, we conclude that

; f(q)(z) : f(q)(z) o
Re(eﬁw = Re eBW—zsmﬁ >0, zeU.

Putting ¢ = 0 in Theorem 4.5, we have:

Corollary 4.6 If f € S, o(a) and
8] < = —sin !t P2
2 p
then
Re <eiﬁf(z)) >0, zeU.

zp

Remark 4.2 We note that the result of Corollary 4.6 for p =1 was obtained by Owa et al. [22].

If we take ¢ =7 —1 (1 <j <p) in Theorem 4.5, we deduce the next result:
Corollary 4.7 If f € S, ;—1(a) (1 <j<p) and

._1p—j+1—a
S1n B s—
p—j+1

)

s
<
81< %

then

(-1
Re <elﬁfzp_j+(lz)> >0, zeU.

Remark 4.3 Our result in Corollary 4.7 corrects the result obtained by Owa [21, Theorem 3J.

We will add at the end of this section the following inclusion theorem:
Theorem 4.8 If f € R, ,(a), then f € Ry 4—1 (3) (1 <gq<p), where

G=p—a+l) (47)
p—q

that is, Rpq(a) C Rpq—1 (M> .

pP—q
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Proof For the function f € A,, according to inequality (1.1) we have

f<¢+n(z)

f € prq(a) < Re [(W

—a}>0,z€U 0<a<p—y9q). (4.8)

We will determine the biggest value of B € R such that f € Rp 41 (B) ; that is,

f(q)(z) B

Let us define the function w, analytic in U, with w(0) =0 and w(z) # 1 for all z € U, such that

F9() ( A) 1+ w(z)
I g (p—qr1-8) 2 e 4.9
5pq— D)or B=(p—q+1-5 () ° € (4.9)
Differentiating the above relation we get
(a+1) B(p —
ST (=) _a:_a+5(p q)
5(p, q)zP— ! p—q+1
p—q+1-4 14+ w(z) 2zw'(2)
_— - + ,2€U
P A e R )
Supposing that there exists a point zy € U such that
max |w(z)| = |w(zo)| =1,
|z[<|zo0]
by using Lemma 2.1, and letting w(zg) = € for some 6 € (0,27), we get
(@) (z Blp— —q+1-3 1+ef 2kt
f (,O),l—a:—aJrﬁ(p U 5[(p_q) - .
5(p,q)2h1 p—q+1 p—q+1 1—e?  (1—e")

and therefore

Re

[ z) N B
5(p,q)zb p—q+1

— 1_A
4P g+1-p
p—q+1

1+ e 2ket?
Re {(p —q) } :

1— eie + (1 _ 61‘0)2

This last relation is equivalent to

elf(q“)(%) _a]:_a+3<p—q>+p—q+1—3< 2 )

S(p.a)zp p—q+1 " p—g+1 | 4sin®§

and assuming that B <p-—q+ 1, from the above identity we deduce that

Re

Y

£tV () _a] ey B

3(p,q)28 7" p—q+1
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if B is given by (4.7). Moreover, this value of B satisfies the inequality B < p—q+1, and therefore the above

inequality contradicts assumption (4.8).

It follows that |w(z)| <1 for all z € U, and using the fact that B <p—q+1, from (4.9) we obtain our

conclusion. O

5. The subclass B, (b, «)

Let B, 4(b, ) be the subclass of B, 4(a) consisting of functions f € B, ,(«) satisfying

(p—q+1)

< <bhb<1).
(p+1)! (p>q 0<a<i(pq), 0<b<1)

ap1=2b(0(p,q) — @)
For f € B, 4(c) we prove the next result:

Theorem 5.1 If f € B, 4(b, ), then

Zf@tD(z)

2L N < —
f(q) (Z) > (p (])
+2(6(p,q)—oz)r b+ 2r + br? (5.1)
L—72  4(p,q) +2b(3(p,q) — a)r + (6(p, q) — 2a) r2’ '
where |z =1, 0<r<1.
Proof If f € B, 4(b, ), then
f(z) =2 +2b(6(p,q) — @) wzm'1 +...,2z€0U,
(p+ 1)
and we obtain that
1) ( a )
S 7 R VA (. 4., 2€U, 5.2
5(p, q)zP1 5(p;q) (5:2)
with 0 < ﬁ <land 0<b<1. Since f € B,4(b,a), from (1.3) and (5.2) it follows that
1) < a )
G )
3 qg)zr=1 " \b(p.q)
' . f(q) (Z)
Using Lemma 2.7 for the function ————— we conclude that
6(p, q)zP~1
z (qu‘l) z
) (p—q)| <
)
2(6(p,q) — a)r b+ 2r + br?
, =r, 0<r<li,
L—r2  4(p,q) +2b(d(p,q) — a)r + (6(p,q) — 2a) 12 el =r '
which implies the conclusion (5.1). O

For ¢ = 0 Theorem 5.1 reduces to the next special case:
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Corollary 5.2 If f € By, o(b, ), then

21 — a)r b+ 2r + br?
- 1—7r2 142b(1—a)r+(1—2a)r

5 lzl=r 0<r <1

With a similar proof as for Theorem 5.1, using Lemma 2.8 we obtain the following theorem:

Theorem 5.3 If f € B, 4(b, ), then

(p—q)— 2(0(p,q) —a)r(b+2r +br?)
(6(p,q) + 2bar + (2a — 6(p, q))r2) (1 + 2br + r2)’

Re 2 flat (z) S if R < Ry,
f@() ~ 24/0(p, g)aMy — (p, )M —
6(p.q) —a
Zf R/ Z Rb7
for |zl =r, 0 <r <1, with Ry := My — Ny, where
A @) (1 +0r)% — (20 = 6(p, q)) (b + 7)*r
T -2t
No e 2(6(p,q) —a)r(b+r)(1 +br)r

b 5(p,q)(1 —72) (1 + 2br +12) ’

and
«
R =, /|——M,.
i(pq)
Taking ¢ = 0 in Theorem 5.3 we obtain the next special case:
Corollary 5.4 If f € By, o(b, ), then
2(1 — a)r(b+ 2r + br?) )
_ R' <R
R 2 P A5 2bar+ QoD (112 12y 1 B=hy
z) 2v/aMy — My —
/e p+ Y = if R'> Ry,

11—«
for |zl =r, 0 <r <1, with Ry := My — Ny, where

(1+br)? — (2a = 1)(b+1)%r?
(1 —72) (14 2br +12) ’

21 —a)r(b+r)(1 + br)r
(1—72)(1+2br +172) ~’

Mb = Nb =

and
R/ = OlMl.

Remark 5.1 (i) Putting ¢ = j (1 < j < p) in Theorems 5.1 and 5.3, we get the results obtained by Owa
[21, Theorems 5 and 6];

(it) For p=1 Corollaries 5.2 and 5.4 reduce to the results of McCarty [12, 13].
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