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Abstract: The aim of this paper is to study the compactness for the commutators of intrinsic square functions, including
the intrinsic g∗λ -function and the intrinsic Littlewood–Paley g-function. Using a weighted version of the Frechét–
Kolmogorov–Riesz theorem, the compactness for their commutators generated with the CMO functions is obtained
on the weighted Lebesgue spaces.
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1. Introduction
For 0 < α ≤ 1 , let Cα be the family of functions ϕ : Rn 7→ R such that ϕ ’s support is contained in {x : |x| ≤ 1} ,∫
ϕdx = 0 , and for x, x′ ∈ Rn ,

|ϕ(x)− ϕ(x′)| ≤ |x− x′|α.

For (y, t) ∈ Rn+1
+ and f ∈ L1

loc(Rn) , set

Aαf(t, y) ≡ sup
ϕ∈Cα

|f ∗ ϕt(y)|,

where ϕt(y) = t−nϕ(yt ) . Then we define the varying-aperture intrinsic square (intrinsic Lusin) function of f

by the formula

Gα,β(f)(x) =

(∫∫
Γβ(x)

(Aαf(t, y))
2 dydt

tn+1

) 1
2

,

where Γβ(x) = {(y, t) ∈ Rn+1
+ : |x− y| < βt}. Denote Gα,1(f) = Gα(f) .

The intrinsic square functions were first introduced by Wilson in order to answer a conjecture proposed
by Fefferman and Stein on the boundedness of the Lusin area function S on the weighted L2 Lebesgue space
[19, 20]. The intrinsic square function has several interesting features. First, it is independent of any particular
kernel, such as the Poisson kernel. It dominates pointwise the classical square function (Lusin area integral) and
its real-variable generalizations. Second, although the function Gα,β(f) is defined by the kernels with uniform
compact support, there is a pointwise relation between Gα,β(f) with different β :
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Gα,β(f)(x) ≤ β
3n
2 +αGα(f)(x).

We point out that for the classical square functions such a pointwise relation is not available. We can see details
in [19].

The intrinsic Littlewood–Paley g-function and the intrinsic g∗λ -function are defined respectively by

gαf(x) =

(∫ ∞

0

(Aαf(t, y))
2 dt

t

) 1
2

,

g∗λ,αf(x) =

(∫∫
Rn+1

+

(
t

t+ |x− y|

)nλ

(Aαf(t, y))
2 dydt

tn+1

) 1
2

,

where Aαf(t, y) is defined as above. In [19], Wilson proved the following result.
Theorem A([19]) Let 1 < p < ∞ , 0 < α ≤ 1 , ω ∈ Ap , and then Gα is bounded from Lp(ω) to itself.

After that, many papers focused on the boundedness of these operators. Among them, we list [4, 11–
13, 17, 18] and references therein. Let b be a locally integrable function on Rn . The commutators generated
with BMO functions are defined by

[b,Gα]f(x) =

(∫∫
Γ(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

,

[b, gα]f(x) =

(∫ ∞

0

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f(z)dz

∣∣∣∣2 dt

t

) 1
2

,

and

[b, g∗λ,α]f(x) =

(∫∫
Rn+1

+

(
t

t+ |x− y|

)λn

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

.

As usual, a function f ∈ L1
loc(Rn) is said to be in BMO if

∥f∥BMO = sup
x∈Rn,r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)− fB(x,r)|dy < ∞,

where fB(x,r) = 1
|B(x,r)|

∫
B(x,r)

f(y)dy and B(x, r) denotes the ball centered at x with radius r . Moreover,

CMO denotes the closure of C∞
c in the BMO topology. C∞

c is the set of C∞ functions with compact supports
in Rn .

A weight is a function ω ∈ L1
loc(Rn) such that ω(x) > 0 almost everywhere. A weight ω is said to belong

to the Muckenhoupt class Ap, 1 < p < ∞, if

sup
(

1

|Q|

∫
Q

ω(x)dx

)(
1

|Q|

∫
Q

ω(x)−
p′
p dx

) p
p′

< ∞,

where the supremum is taken over all cubes Q ⊂ Rn , and 1
p + 1

p′ = 1.
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In [17], Wang obtained the boundedness of these commutators on weighted Lebesgue space. We state it
as follows.
Theorem B([17]) Let 1 < p < ∞ , 0 < α ≤ 1 , ω ∈ Ap . Then the commutators [b,Gα] and [b, g∗λ,α] are
bounded from Lp(ω) to themselves whenever b ∈ BMO .

In this paper, we are interested in the compactness for the commutators of Gα , gα , and g∗λ,α on the
weighted Lebesgue spaces. We briefly summarize some classical and recent works in the literature, which lead
to the motivation in this paper. In the linear setting, the first paper on the compactness of commutators
was written by Uchiyama [15]. He improved the boundedness result of the commutators of singular integral
operators to compactness when the symbol is in CMO. Since then, many authors have studied the compactness
of various operators on different function spaces, such as [1–3, 5–9, 14, 16] and the references therein. In the
sublinear setting, Chen and Ding [7] first studied the compactness of the classical Littlewood–Paley operators
on the Lebesgue spaces. The compactness of the commutator of singular integral operators on weighted spaces
was not known until the work of Clop and Cruz [9]. Here, we will show that the commutators of the intrinsic
square functions are compact on the weighted Lebesgue spaces when the symbol is in CMO. We will also study
the commutators of gα and g∗λ,α . It is worth pointing out that, unlike the singular integral operators in [9],
it is easy to see that these three operators are sublinear. Thus, in this paper, we will use some new ideas to
overcome the nonlinear difficulty in the weighted setting.

Our main results in this paper are stated as follows.

Theorem 1.1 Let 1 < p < ∞ , 0 < α ≤ 1 , ω ∈ Ap . If b ∈ CMO , then [b,Gα] is a compact operator on
Lp(ω) .

Theorem 1.2 Let 1 < p < ∞ , 0 < α ≤ 1 , ω ∈ Ap . If b ∈ CMO , then for λ > 3 + 2α
n , we have that [b, g∗λ,α]

is a compact operator on Lp(ω) .

In [19], the author proved that the functions Gαf and gαf are pointwise comparable. Thus, as a
consequence of the proof of Theorem 1.1, we have the following results.
Corollary 1.3 Let 1 < p < ∞ , 0 < α ≤ 1 , ω ∈ Ap . If b ∈ CMO , then [b, gα] is a compact operator on
Lp(ω) .

Throughout this paper, we use the notation A ⪯ B to mean that there is a positive constant C
independent of all essential variables such that A ≤ CB. Moreover, the constant C may be different from
place to place.

2. Definitions and lemmas
Lemma 2.1 ([10]) Let ω ∈ Ap with 1 < p < ∞ . Then:

1) for any ball B and k > 1 , there exists an absolutely constant C such that

ω(kB) ≤ Cknpω(B);

2) there is a q < p such that ω ∈ Aq .

Lemma 2.2 Let b1, b2 ∈ BMO,λ > 0 , and 0 < α ≤ 1 . The commutators of Gα and g∗λ,α are defined in
Section 1. Then we have:
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1) |[b1, Gα]f(x)− [b2, Gα]f(x)| ≤ |[b1 − b2, Gα]f(x)| ;
2) |[b1, g∗λ,α]f(x)− [b2, g

∗
λ,α]f(x)| ≤ |[b1 − b2, g

∗
λ,α]f(x)| .

Proof 1)

|[b1, Gα]f(x)− [b2, Gα]f(x)| =

∣∣∣∣∣
(∫∫

Γ(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

(b1(x)− b1(z))ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

−

(∫∫
Γ(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

(b2(x)− b2(z))ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2
∣∣∣∣∣

≤

(∫∫
Γ(x)

sup
ϕ∈Cα

(∣∣∣∣∫
Rn

(b1(x)− b1(z))ϕt(y − z)f(z)dz

∣∣∣∣
−
∣∣∣∣∫

Rn

(b2(x)− b2(z))ϕt(y − z)f(z)dz

∣∣∣∣
)2

dydt

tn+1

) 1
2

≤

∣∣∣∣∣
(∫∫

Γ(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[(b1(x)− b2(x))− (b1(z)− b2(z))]ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

=|[b1 − b2, Gα]f(x)|.

The proof of conclusion 2) is similar to the proof of conclusion 1). We omit the details. 2

Definition 2.1 T : V → Y is said to be a compact operator if T is continuous and maps bounded subsets into
strongly precompact subsets.

A criterion for compactness in weighted Lp spaces is provided by the following weighted version of the
Frechét–Kolmogorov–Riesz theorem.

Lemma 2.3 ([9]) Let p ∈ (1,∞), ω ∈ Ap , and let F ⊂ Lp(ω) . Then F is a strongly precompact subset if it
satisfies the following conditions:

(C1) F is uniformly bounded, i.e. sup
f∈F

∥f∥Lp(ω) < ∞ ;

(C2) F is uniformly equicontinuous, i.e. sup
f∈F

∥f(·+ h)− f(·)∥Lp(ω)
h→0−→ 0 ;

(C3) F uniformly vanishes at infinity, i.e. lim
R→∞

∫
|x|>R

|f(x)|pω(x)dx = 0 .

3. Proof of Theorem 1.1
Since b ∈ CMO ⊂ BMO , by Theorem B, we have that the commutator [b,Gα] is continuous in Lp(ω) .
Hence, for any bounded set F ⊂ Lp(ω) , where f ∈ F must satisfy ∥f∥Lp(ω) ⪯ 1 , it suffices to prove that
{[b,Gα]f : f ∈ F, b ∈ CMO} is a strongly precompact subset. According to a density argument, if b ∈ CMO ,
then there exists a sequence of functions bϵ ∈ C∞

c (Rn) , such that

∥bϵ − b∥BMO < ϵ.
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Thus, by Lemma 2.2 and Theorem B, we get

∥[b,Gα]− [bϵ, Gα]∥Lp(ω)→Lp(ω) ≤ ∥[b− bϵ, Gα]∥Lp(ω)→Lp(ω) ⪯ ϵ.

Therefore, it will be enough to prove that G = {[b,Gα]f : f ∈ F, b ∈ C∞
c (Rn)} is strongly precompact. Then,

by Lemma 2.3, we need to show that conditions (C1)–(C3) hold uniformly for set G. First, by Theorem B, we
have

sup
f∈F

∥[b,Gα]f∥Lp(ω) ⪯ ∥b∥BMO sup
f∈F

∥f∥Lp(ω) < ∞.

Thus, condition (C1) holds for G. Next, we verify condition (C3); that is,

lim
R→∞

(∫
|x|>R

|[b,Gα]f(x)|p ω(x)dx

) 1
p

= 0. (3.1)

Suppose supp b ⊂ {z : |z| < η} . Let us choose R > 2η . For |x| > R > 2η , we have b(x) = 0 and |x| > 2|z| .
Thus, |x| ≤ |x − z| + |z| ≤ |x − z| + 1

2 |x| , and we get |x| ≤ 2|x − z| . Therefore, by the Minkowski inequality,
we have

[b,Gα]f(x) =

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∫
Rn

(b(x)− b(z))ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

=

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣
∫
|z|<η

b(z)ϕt(y − z)f(z)dz

∣∣∣∣∣
2
dydt

tn+1

 1
2

⪯

∫ ∞

0

∫
|x−y|<t

∣∣∣∣∣
∫

|y − z| ≤ t
|z| < η

|b(z)f(z)|dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

≤
∫
|z|<η

(∫ ∞

0

∫
|x − y| ≤ t
|y − z| ≤ t

|b(z)f(z)|2 dydt

t3n+1

) 1
2

dz

⪯
∫
|z|<η

(∫ ∞

|x−z|
2

dt

t2n+1

) 1
2

|b(z)f(z)| dz

⪯ ∥b∥∞
∫
|z|<η

|f(z)|
|x− z|n

dz ⪯ 1

|x|n

∫
|z|<η

|f(z)|dz.
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Then, by the Hölder inequality, it follows that

(∫
|x|>R

|[b,Gα]f(x)|p ω(x)dx

) 1
p

⪯

(∫
|x|>R

1

|x|np

(∫
|z|<η

|f(z)|dz

)p

ω(x)dx

) 1
p

=

∫
|z|<η

|f(z)|dz

(∫
|x|>R

1

|x|np
ω(x)dx

) 1
p

⪯

(∫
|x|>R

1

|x|np
ω(x)dx

) 1
p ∫

|z|<η

|f(z)|ω(z)
1
pω(z)−

1
p dz

≤

(∫
|x|>R

1

|x|np
ω(x)dx

) 1
p
(∫

|z|<η

|f(z)|pω(z)dz

) 1
p
(∫

|z|<η

ω(z)−
p′
p dz

) 1
p′

⪯

(∫
|x|>R

1

|x|np
ω(x)dx

) 1
p

∥f∥Lp(ω).

By Lemma 2.1, one can choose a q < p such that ω ∈ Aq , and we claim that

∫
|x|>R

ω(x)

|x|np
dx =

∞∑
j=1

∫
2j−1R<|x|≤2jR

ω(x)

|x|np
dx

≤
∞∑
j=1

(2j−1R)−np

∫
|x|≤2jR

ω(x)dx

=

∞∑
j=1

(2j−1R)−npω(B(0, 2jR))

⪯
∞∑
j=1

2−nj(p−q)R−n(p−q)ω(B(0, 1))

⪯ R−n(p−q).

Therefore, letting R → ∞ , we obtain (3.1). At last, we estimate

sup
f∈F

∥[b,Gα]f(·+ h)− [b,Gα]f(·)∥Lp(ω).

Similar to Lemma 2.2, we obtain that

|[b,Gα]f(x+ h)− [b,Gα]f(x)| ≤

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|I(x, y, t)|2 dydt

t3n+1

) 1
2

, (3.2)

where

I(x, y, t) =

∫
ϕ(

y + h− z

t
)[b(x+ h)− b(z)]f(z)dz −

∫
ϕ(

y − z

t
)[b(x)− b(z)]f(z)dz.
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For every x , choose 0 < ϵ < 1
2 , and let us write

I(x, y, t) =

∫
|x−z|<21/ϵ|h|

ϕ(
y − z

t
)[b(z)− b(x)]f(z)dz

+

∫
|x−z|<21/ϵ|h|

ϕ(
y + h− z

t
)[b(x+ h)− b(z)]f(z)dz

+

∫
|x−z|≥21/ϵ|h|

[
ϕ(

y + h− z

t
)− ϕ(

y − z

t
)

]
[b(x+ h)− b(z)]f(z)dz

+

∫
|x−z|≥21/ϵ|h|

ϕ(
y − z

t
)[b(x+ h)− b(x)]f(z)dz

= : I + II + III + IV. (3.3)

First, we estimate
(∫∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|I|2 dydt
t3n+1

) 1
2

. By the Minkowski inequality, we obtain

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|I|2 dydt

t3n+1

) 1
2

=

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| < 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)[b(z)− b(x)]f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯ ∥∇b∥∞
∫
|x−z|<21/ϵ|h|

(∫ ∞

|x−z|
2

∫
|y−z|≤t

dydt

t3n+1

) 1
2

|x− z||f(z)|dz

⪯ ∥∇b∥∞
∫
|x−z|<21/ϵ|h|

|f(z)|
|x− z|n−1

dz

= ∥∇b∥∞
∞∑
j=1

∫
2−j+1/ϵ|h|≤|x−z|<2−j+1+1/ϵ|h|

|f(z)|
|x− z|n−1

dz

⪯
∞∑
j=1

1

(2−j+1/ϵ|h|)n−1

∫
|x−z|≤2−j+1+1/ϵ|h|

|f(z)|dz

⪯ 2n+1/ϵ|h|
∞∑
j=1

2−jMf(x)

⪯ 21/ϵ|h|Mf(x),

where M is the Hardy–Littlewood maximal function defined as

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(z)|dz.

Using the boundedness of M on Lp(ω) (see [10] Corollary 9.2.7), we obtain that

∫
Rn

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|I|2 dydt

t3n+1

) p
2

ω(x)dx

 1
p

⪯ 21/ϵ|h|∥f∥Lp(ω). (3.4)

734



WU and YU/Turk J Math

Then we estimate
(∫∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|II|2 dydt
t3n+1

) 1
2

. By the Minkowski inequality, we have that

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|II|2 dydt

t3n+1

) 1
2

=

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| < 21/ϵ|h|
|y + h − z| ≤ t

ϕ(
y + h− z

t
)[b(z)− b(x+ h)]f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯ ∥∇b∥∞
∫
|x−z|<21/ϵ|h|

(∫ ∞

|x+h−z|
2

∫
|y+h−z|≤t

dydt

t3n+1

) 1
2

|x+ h− z||f(z)|dz

⪯ ∥∇b∥∞
∫
|x+h−z|<21/ϵ+1|h|

|f(z)|
|x+ h− z|n−1

dz

= ∥∇b∥∞
∞∑
j=1

∫
2−j+1+1/ϵ|h|≤|x+h−z|<2−j+2+1/ϵ|h|

|f(z)|
|x+ h− z|n−1

dz

⪯
∞∑
j=1

1

(2−j+1+1/ϵ|h|)n−1

∫
|x+h−z|≤2−j+2+1/ϵ|h|

|f(z)|dz

⪯ 2n+1/ϵ|h|
∞∑
j=1

2−jMf(x)

⪯ 21/ϵ|h|Mf(x).

Using the boundedness of M on Lp(ω) again, we have that

∫
Rn

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|II|2 dydt

t3n+1

) p
2

ω(x)dx

 1
p

⪯ 21/ϵ|h|∥f∥Lp(ω). (3.5)

Now we estimate III. We will divide the integral into three parts. Denote

A1 = {z ∈ Rn : |y − z| ≤ t, |y − z + h| ≤ t},

A2 = {z ∈ Rn : |y − z| ≤ t, |y − z + h| > t},

A3 = {z ∈ Rn : |y − z| > t, |y − z + h| ≤ t}.

Clearly, if z ∈ Rn \A1 ∪A2 ∪A3 , we have III=0. Denote

IIIAi =

∫
Ai∩{z||x−z|≥21/ϵ|h|}

[
ϕ(

y + h− z

t
)− ϕ(

y − z

t
)

]
[b(x+ h)− b(z)]f(z)dz,
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where i = 1, 2, 3 . We first estimate the integral over A1 . By the property of function ϕ and the Minkowski
inequality, we get

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|IIIA1
|2 dydt

t3n+1

) 1
2

⪯ ∥b∥∞

∫ ∞

0

∫
|x−y|<t

∣∣∣∣∣
∫
A1∩{z||x−z|≥21/ϵ|h|

∣∣∣∣ht
∣∣∣∣α |f(z)|dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

⪯ |h|α
∫
|x−z|≥21/ϵ|h|

(∫
t>

|x−z|
2

∫
|y−z|≤t

1

t3n+2α+1
dydt

) 1
2

|f(z)|dz

⪯ |h|α
∫
|x−z|≥21/ϵ|h|

|f(z)|
|x− z|n+α

dz

⪯
∞∑
j=0

|h|α
∫
2j+1/ϵ|h|≤|x−z|≤2j+1+1/ϵ|h|

|f(z)|
|x− z|n+α

dz

⪯ 2−
α
ϵ

∞∑
j=0

2−jαMf(x) ⪯ 2−
α
ϵ Mf(x).

Using the boundedness of M on Lp(ω) again, we have that

∫
Rn

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|IIIA1 |
2 dydt

t3n+1

) p
2

ω(x)dx

 1
p

⪯ 2−
α
ϵ ∥f∥Lp(ω). (3.6)

The integrals over A2 and A3 are symmetric, so we only give the details over A2 . Noticing that |y − z| ≤
t < |y − z + h| on A2 and |x − y| < t , if |y − z| ≤ 1

3 |x − z|, then |y − z| + |h| ≥ |y − z + h| > t > |x − y| =

|x− z + z − y| ≥ |x− z| − |y − z| ≥ 2
3 |x− z| ⇒ |h| ≥ 2

3 |x− z| − |y − z| ≥ 1
3 |x− z|; that is, |x− z| ≤ 3|h| . This

is a contradiction, so |y − z| > 1
3 |x− z| ≥ 1

32
1/ϵ|h| ≥ 4

3 |h|. Then, by the Minkowski inequality, it follows that

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣
∫
A2∩{z||x−z|≥21/ϵ|h|}

ϕ(
y − z

t
)[b(x+ h)− b(z)]f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

⪯ ∥b∥∞

∫ ∞

0

∫
|x−y|<t

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t < |y − z + h|

f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯
∫
|x−z|≥21/ϵ|h|

(∫
|y−z|> 1

3 |x−z|

∫
|y−z|≤t<|y−z+h|

dtdy

t3n+1

) 1
2

|f(z)|dz
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⪯
∫
|x−z|≥21/ϵ|h|

(∫
|y−z|> 1

3 |x−z|

∣∣∣∣ 1

|y − z|3n
− 1

|y + h− z|3n

∣∣∣∣ dy
) 1

2

|f(z)|dz

⪯ |h|1/2
∫
|x−z|≥21/ϵ|h|

(∫
|y−z|> 1

3 |x−z|

1

|y − z|3n+1
dy

) 1
2

|f(z)|dz

⪯ |h|1/2
∫
|x−z|≥21/ϵ|h|

1

|x− z|n+1/2
|f(z)|dz

⪯ |h|1/2
∞∑
j=0

∫
2j+1/ϵ|h|≤|x−z|≤2j+1+1/ϵ|h|

1

|x− z|n+1/2
|f(z)|dz

⪯ 2−
1
2ϵ

∞∑
j=0

2−
j
2Mf(x)

⪯ 2−
1
2ϵMf(x).

Using the boundedness of M on Lp(ω) again, we have that

∫
Rn

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|IIIA2 |
2 dydt

t3n+1

) p
2

ω(x)dx

 1
p

⪯ 2−
1
2ϵ ∥f∥Lp(ω). (3.7)

For the last part,

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|IV |2 dydt

t3n+1

) 1
2

=

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)[b(x)− b(x+ h)]f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

= |b(x)− b(x+ h)|

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

:= |b(x)− b(x+ h)|Gα,ϵ,hf(x).

We claim that
Gα,ϵ,hf(x) ⪯ M(Gαf)(x) + (M(|f |q)(x))

1
q +Mf(x), (3.8)

where 1 < q < p . Let Q denote the cube centered at x and with diameter r = 21/ϵ|h|/4 . Furthermore, let
f1(x) = fχ4Q(x) and f2(x) = f(x)− f1(x). Then we get

Gα,ϵ,hf(x) =
1

|Q|

∫
Q

|Gα,ϵ,hf(x)|dξ

≤ 1

|Q|

∫
Q

|Gαf(ξ)|dξ +
1

|Q|

∫
Q

|Gαf1(ξ)|dξ

+
1

|Q|

∫
Q

|Gαf2(ξ)−Gα,ϵ,hf(x)|dξ

≤ M(Gαf)(x) + I1 + I2.
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By Theorem A (let ω = 1) and Hölder’s inequality, for any 1 < q < p , we get that

I1 ≤ 1

|Q|1/q

(∫
Q

|Gαf1(ξ)|qdξ
) 1

q

⪯ 1

|Q|1/q

(∫
Q

|f1(ξ)|qdξ
) 1

q

⪯ (M(|f |q)(x))
1
q .

Now, let us estimate I2 . Similar to Lemma 2.2, we have

|Gαf2(ξ)−Gα,ϵ,hf(x)|

=

∣∣∣∣
∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣
∫
|ξ−x+y−z|≤t

ϕ(
ξ − x+ y − z

t
)f2(z)dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

−

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2 ∣∣∣∣

≤
(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣ ∫ |x − z| ≥ 21/ϵ|h|
|ξ − x + y − z| ≤ t

ϕ(
ξ − x+ y − z

t
)f(z)dz

−
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣2 dydt

t3n+1

) 1
2

≤

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

|ξ − x + y − z| > t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

+

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| > t

|ξ − x + y − z| ≤ t

ϕ(
ξ − x+ y − z

t
)f(z)dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

+

∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

|ξ − x + y − z| ≤ t

[
ϕ(

ξ − x+ y − z

t
)− ϕ(

y − z

t
)

]
f(z)dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

:= I21 + I22 + I23.

Noticing ξ ∈ Q , similar to the proof of IIIA2
, we get

I21 ⪯
∫
|x−z|≥21/ϵ|h|

(∫
|y−z|> 1

3 |x−z|

∫
|y−z|≤t<|ξ−x+y−z|

dtdy

t3n+1

) 1
2

|f(z)|dz

⪯
∫
|x−z|≥21/ϵ|h|

|ξ − x| 12
|x− z|n+ 1

2

|f(z)|dz

⪯ (21/ϵ|h|) 1
2

∫
|x−z|≥21/ϵ|h|

1

|x− z|n+ 1
2

|f(z)|dz

⪯ Mf(x).
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Similarly, we obtain
I22 ⪯ Mf(x).

For I23 , similar to IIIA1 , we have

I23 ⪯

∫ ∞

0

∫
|x−y|<t

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

|ξ − x + y − z| ≤ t

∣∣∣∣ξ − x

t

∣∣∣∣α |f(z)|dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯ (21/ϵ|h|)α
∫
|x−z|≥21/ϵ|h|

(∫
t>

|x−z|
2

∫
|y−z|≤t

dydt

t3n+2α+1

) 1
2

|f(z)|dz

⪯ (21/ϵ|h|)α
∫
|x−z|≥21/ϵ|h|

|f(z)|
|x− z|n+α

dz

⪯ Mf(x).

Combining by the estimates of I21 , I22 and I23 , we obtain I2 ⪯ Mf(x). Combining I1 and I2 , we have claim
(3.8). Now we are ready to give the estimates of IV. Noticing that b ∈ C∞

c (Rn), we have |b(x)−b(x+h)| ≤ C|h|.
Then, applying the claim (3.8) for 1 < q < p , Theorem A, and the Lp(ω)(p > 1) boundedness of M and Mq ,
we have ∥∥∥∥∥∥

(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|IV |2 dydt

t3n+1

) 1
2

∥∥∥∥∥∥
Lp(ω)

⪯ |h|∥f∥Lp(ω). (3.9)

By (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), and (3.9), we obtain

sup
f∈F

∥[b,Gα]f(·+ h)− [b,Gα]f(·)∥Lp(ω) ⪯ (21/ϵ|h|+ 2−
α
ϵ + 2−

1
2ϵ + |h|)∥f∥Lp(ω).

Taking ϵ = 2
log 1

|h|
and letting h → 0 , we have the uniform equicontinuity (condition (C2)) of G. Thus, we

complete the proof of Theorem 1.1.

4. Proof of Theorem 1.2
Since b ∈ CMO ⊂ BMO , by Theorem B, we have that the commutator [b, g∗λ,α] is continuous in Lp(ω) .
Therefore, for any bounded subset F ⊂ Lp(ω) , it suffices to prove that {[b, g∗λ,α]f : f ∈ F, b ∈ CMO} is a
strongly precompact subset. Similar to Theorem 1.1, according to a density argument, it will be enough to
prove that P = {[b, g∗λ,α]f : f ∈ F, b ∈ C∞

c (Rn)} is strongly precompact. By Lemma 2.3, we need to show that
conditions (C1)–(C3) hold uniformly for subset P. First, by Theorem B, it is easy to check condition (C1):

sup
f∈F

∥[b, g∗λ,α]f∥Lp(ω) ⪯ ∥b∥BMO sup
f∈F

∥f∥Lp(ω) < ∞.

Next, we verify condition (C3):

(∫
|x|>R

∣∣[b, g∗λ,α]f(x)∣∣p ω(x)dx
) 1

p

→ 0(R → ∞).
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We decompose the function as follows:

[b, g∗λ,α](f)(x) =

(∫ ∞

0

∫
|x−y|<t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

≤[b,Gα](f)(x) + C

∞∑
i=1

2−
inλ
2 [b, Sα,i](f)(x), (4.1)

where

[b, Sα,i](f)(x) =

(∫ ∞

0

∫
2i−1t≤|x−y|<2it

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

.

First, we claim that

(∫
|x|>R

|[b, Sα,i]f(x)|p ω(x)dx

) 1
p

⪯ 2inRn(q−p)∥f∥Lp(ω)(q < p). (4.2)

Noticing that λ > 2 and q < p , if claim (4.2) holds, combining (3.1), we will get

(∫
|x|>R

∣∣[b, g∗λ,α]f(x)∣∣p ω(x)dx
) 1

p

⪯

(∫
|x|>R

|[b,Gα]f(x)|p ω(x)dx

) 1
p

+ C

∞∑
i=1

2−
inλ
2

(∫
|x|>R

|[b, Sα,i]f(x)|p ω(x)dx

) 1
p

⪯ Rn(q−p)∥f∥Lp(ω) → 0(R → ∞).

Now we prove claim (4.2). Suppose supp b ⊂ {z : |z| < η} . Let us choose R > 2η . For |x| > R > 2η , we have
b(x) = 0 and |x| > 2|z| . Thus, |x| ≤ |x− z|+ |z| ≤ |x− z|+ 1

2 |x| , and we have |x| ≤ 2|x− z| . Therefore,

[b, Sα,i]f(x) ≤

(∫ ∞

0

∫
|x−y|<2it

sup
ϕ∈Cα

∣∣∣∣∫
Rn

(b(x)− b(z))ϕt(y − z)f(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

⪯

∫ ∞

0

∫
|x−y|<2it

∣∣∣∣∣
∫
|y−z|≤t,|z|<η

|b(z)f(z)|dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

≤
∫
|z|<η

(∫ ∞

0

∫
|x−y|≤2it,|y−z|≤t

|b(z)f(z)|2 dydt

t3n+1

) 1
2

dz

⪯
∫
|z|<η

(∫ ∞

|x−z|
2i+1

dt

t2n+1

) 1
2

|b(z)f(z)| dz

⪯ 2in∥b∥∞
∫
|z|<η

|f(z)|
|x− z|n

dz ⪯ 2in

|x|n

∫
|z|<η

|f(z)|dz.
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Then, as in the proof of (3.1), we have (4.2). So, we have proved condition (C3). At last, we are in the position
to prove

sup
f∈F

∥[b, g∗λ,α]f(·+ h)− [b, g∗λ,α]f(·)∥Lp(ω) → 0(h → 0). (4.3)

Similar to (3.2), first we obtain that

|[b, g∗λ,α]f(x+ h)− [b, g∗λ,α]f(x)| ≤

(∫ ∞

0

∫
Rn

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|I(x, y, t)|2 dydt

t3n+1

) 1
2

≤

(∫ ∞

0

∫
|x−y|<t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|I(x, y, t)|2 dydt

t3n+1

) 1
2

+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|I(x, y, t)|2 dydt

t3n+1

) 1
2

:= V + V I, (4.4)

where

I(x, y, t) =

∫
ϕ(

y + h− z

t
)[b(x+ h)− b(z)]f(z)dz −

∫
ϕ(

y − z

t
)[b(x)− b(z)]f(z)dz.

For V, as the estimate of (3.2) in Theorem 1.1, we obtain

∥V ∥Lp(ω) ≤

∥∥∥∥∥∥
(∫ ∞

0

∫
|x−y|<t

sup
ϕ∈Cα

|I(x, y, t)|2 dydt

t3n+1

) 1
2

∥∥∥∥∥∥
Lp(ω)

→ 0(h → 0). (4.5)

Now we estimate VI. For every x , as the proof of Theorem 1.1, we divide I(x, y, t) into four parts; see (3.3).
Therefore,

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|I(x, y, t)|2 dydt

t3n+1

) 1
2

≤

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|I|2 dydt

t3n+1

) 1
2

+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|II|2 dydt

t3n+1

) 1
2

+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|III|2 dydt

t3n+1

) 1
2

+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

|IV |2 dydt

t3n+1

) 1
2

:=I3 + I4 + I5 + I6. (4.6)
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First, we estimate I3 . Noticing that λ > 2 , by the Minkowski inequality, we obtain that

I3 ≤
∞∑
i=1

(∫ ∞

0

∫
2i−1t≤|x−y|<2it

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| < 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)[b(z)− b(x)]f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1

) 1
2

⪯ ∥∇b∥∞
∞∑
i=1

2−
inλ
2

∫
|x−z|<21/ϵ|h|

(∫ ∞

|x−z|
2i+1

∫
|y−z|≤t

dydt

t3n+1

) 1
2

|x− z||f(z)|dz

⪯
∞∑
i=1

2−
in
2 (λ−2)

∫
|x−z|<21/ϵ|h|

|f(z)|
|x− z|n−1

dz

⪯
∞∑
j=1

∫
2−j+1/ϵ|h|≤|x−z|<2−j+1+1/ϵ|h|

|f(z)|
|x− z|n−1

dz

⪯
∞∑
j=1

1

(2−j+1/ϵ|h|)n−1

∫
|x−z|≤2−j+1+1/ϵ|h|

|f(z)|dz

⪯ 2n+1/ϵ|h|
∞∑
j=1

2−jMf(x)

⪯ 21/ϵ|h|Mf(x).

Using the boundedness of M on Lp(ω) , we obtain that

(∫
Rn

|I3|pω(x)dx
) 1

p

⪯ 21/ϵ|h|∥f∥Lp(ω). (4.7)

Then we estimate I4 . Since λ > 2 , we get that

I4 ≤
∞∑
i=1

(∫ ∞

0

∫
2i−1t≤|x−y|<2it

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| < 21/ϵ|h|
|y + h − z| ≤ t

ϕ(
y + h− z

t
)[b(z)− b(x+ h)]f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1

) 1
2

⪯ ∥∇b∥∞
∞∑
i=1

2−
inλ
2

∫
|x−z|<21/ϵ|h|

(∫ ∞

|x+h−z|
2i+1

∫
|y+h−z|≤t

dydt

t3n+1

) 1
2

|x+ h− z||f(z)|dz

⪯
∞∑
i=1

2−
in
2 (λ−2)

∫
|x+h−z|<21/ϵ+1|h|

|f(z)|
|x+ h− z|n−1

dz

⪯
∞∑
j=1

∫
2−j+1+1/ϵ|h|≤|x+h−z|<2−j+2+1/ϵ|h|

|f(z)|
|x+ h− z|n−1

dz
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⪯
∞∑
j=1

1

(2−j+1+1/ϵ|h|)n−1

∫
|x+h−z|≤2−j+2+1/ϵ|h|

|f(z)|dz

⪯ 2n+1/ϵ|h|
∞∑
j=1

2−jMf(x)

⪯ 21/ϵ|h|Mf(x).

Using the boundedness of M on Lp(ω) again, we have that

(∫
Rn

|I4|pω(x)dx
) 1

p

⪯ 21/ϵ|h|∥f∥Lp(ω). (4.8)

Now we estimate I5 . As the estimate of III in Theorem 1.1, we will divide the integral into three parts again.
Denote

A1 = {z ∈ Rn : |y − z| ≤ t, |y − z + h| ≤ t},

A2 = {z ∈ Rn : |y − z| ≤ t, |y − z + h| > t},

A3 = {z ∈ Rn : |y − z| > t, |y − z + h| ≤ t}.

Then, if z ∈ Rn \ A1 ∪ A2 ∪ A3 , we have I5 = 0 . We first estimate the integral over A1 . Noticing
λ > 3 + 2α

n > 2 + 2α
n , by the Minkowski inequality, we have that

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣
∫
A1∩{z||x−z|≥21/ϵ|h|}

[
ϕ(

y + h− z

t
)− ϕ(

y − z

t
)

]
[b(x+ h)− b(z)]f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

) 1
2

⪯ ∥b∥∞
∞∑
i=1

2−
inλ
2

∫ ∞

0

∫
2i−1t≤|x−y|<2it

∣∣∣∣∣
∫
A1∩{z||x−z|≥21/ϵ|h|}

∣∣∣∣ht
∣∣∣∣α |f(z)|dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

⪯ |h|α
∞∑
i=1

2−
inλ
2

∫
|x−z|≥21/ϵ|h|

(∫
t>

|x−z|
2i+1

∫
|y−z|≤t

1

t3n+2α+1
dydt

) 1
2

|f(z)|dz

⪯
∞∑
i=1

2−
inλ
2 2i(n+α)|h|α

∫
|x−z|≥21/ϵ|h|

|f(z)|
|x− z|n+α

dz

⪯
∞∑
i=1

2−
in
2 (λ−2− 2α

n )
∞∑
j=0

|h|α
∫
2j+1/ϵ|h|≤|x−z|≤2j+1+1/ϵ|h|

|f(z)|
|x− z|n+α

dz

⪯ 2−
α
ϵ

∞∑
j=0

2−jαMf(x) ⪯ 2−
α
ϵ Mf(x).
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Using the boundedness of M on Lp(ω) , we have that

(∫
Rn

|I5|pω(x)dx
) 1

p

⪯ 2−
α
ϵ ∥f∥Lp(ω), overA1. (4.9)

The integrals over A2 and A3 are symmetric, so we only give the details over A2 . We divide the proof in three
cases.

Case 1. If |y − z| ≤ min{ 1
3 |x− z|, 2|h|} , then for any t satisfying 2i−1t ≤ |x− y| < 2it , on one hand, we

can deduce that 2it > |x− y| = |x− z + z − y| ≥ |x− z| − |y − z| ≥ 2
3 |x− z| ⇒ t > 1

3·2i−1 |x− z|. On the other
hand, |x− z| = |x− y + y − z| ≥ |x− y| − |y − z| ≥ |x− y| − 1

3 |x− z| ≥ 2i−1t− 1
3 |x− z| ⇒ t ≤ 4

3·2i−1 |x− z| .
Therefore, we get

1

3 · 2i−1
|x− z| ≤ t ≤ 4

3 · 2i−1
|x− z|.

Then, by the Minkowski inequality and λ > 2 + 1
n , it follows that

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣
∫
A2∩|x−z|≥21/ϵ|h|

ϕ(
y − z

t
)[b(x+ h)− b(z)]f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

) 1
2

≤ 2∥b∥∞
∞∑
i=1

2−
inλ
2

∫ ∞

0

∫
2i−1t≤|x−y|<2it

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t < |y − z + h|

|f(z)|dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯
∞∑
i=1

2−
inλ
2

·
∫
|x−z|≥21/ϵ|h|

(∫
1

3·2i−1 |x−z|≤t≤ 4

3·2i−1 |x−z|

∫
|y−z|≤2|h|

1

|y − z|n−1

1

t2n+2
dydt

) 1
2

|f(z)|dz

⪯ |h| 12
∞∑
i=1

2−
inλ
2

∫
|x−z|≥21/ϵ|h|

(∫
1

3·2i−1 |x−z|≤t≤ 4

3·2i−1 |x−z|

1

t2n+2
dt

) 1
2

|f(z)|dz

⪯
∞∑
i=1

2−
inλ
2 2i(n+

1
2 )|h| 12

∫
|x−z|≥21/ϵ|h|

1

|x− z|n+ 1
2

|f(z)|dz

⪯
∞∑
i=1

2−
in
2 (λ−2− 1

n )|h| 12
∞∑
j=0

∫
2j+1/ϵ|h|≤|x−z|≤2j+1+1/ϵ|h|

1

|x− z|n+ 1
2

|f(z)|dz

⪯ 2−
1
2ϵ

∞∑
j=0

2−
j
2Mf(x)

⪯ 2−
1
2ϵMf(x). (4.10)
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Case 2. If 2|h| ≤ |y − z| ≤ 1
3 |x− z| , then

t < |y − z + h| ≤ |y − z|+ |h| ≤ 3

2
|y − z|

and

|x− y| ≥ |x− z| − |y − z| ≥ 2

3
|x− z|.

Noticing that λ > 3 + 2α
n > 2 + 1

n , by the Minkowski inequality, we obtain that

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣
∫
A2∩|x−z|≥21/ϵ|h|

ϕ(
y − z

t
)[b(x+ h)− b(z)]f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

) 1
2

≤2∥b∥∞

∫ ∞

0

∫
|x−y|≥t

(
t

|x− y|

)nλ
∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t < |y − z + h|

|f(z)|dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯
∫
|x−z|≥21/ϵ|h|

(∫
2|h|≤|y−z|≤ 1

3 |x−z|
|y − z|nλ

∫
|y−z|≤t<|y−z+h|

1

t3n+1
dtdy

) 1
2 |f(z)|
|x− z|nλ

2

dz

⪯
∫
|x−z|≥21/ϵ|h|

|f(z)|
|x− z|nλ

2

(∫
|y−z|≤ 1

3 |x−z|

|h|
|y − z|(3n−nλ+1)

dy

) 1
2

dz

⪯|h| 12
∫
|x−z|≥21/ϵ|h|

1

|x− z|n+ 1
2

|f(z)|dz

⪯|h| 12
∞∑
j=0

∫
2j+1/ϵ|h|≤|x−z|≤2j+1+1/ϵ|h|

1

|x− z|n+ 1
2

|f(z)|dz

⪯2−
1
2ϵ

∞∑
j=0

2−
j
2Mf(x) ⪯ 2−

1
2ϵMf(x). (4.11)

Case 3. If |y − z| > 1
3 |x − z| , then |y − z| > 1

3 |x − z| ≥ 1
32

1/ϵ|h| ≥ 4
3 |h|. It follows that |h| < 3

4 |y − z|.
Noticing that λ > 0 , by the Minkowski inequality, we have that

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∫
A2

ϕ(
y − z

t
)][b(x+ h)− b(z)f(z)dz

∣∣∣∣2 dydt

t3n+1

) 1
2

≤ 2∥b∥∞
∞∑
i=1

2−
inλ
2

∫ ∞

0

∫
2i−1t≤|x−y|<2it

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t < |y − z + h|

|f(z)|dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2

⪯
∞∑
i=1

2−
inλ
2

∫
|x−z|≥21/ϵ|h|

(∫
|y−z|> 1

3 |x−z|

∫
|y−z|≤t<|y−z+h|

dtdy

t3n+1

) 1
2

|f(z)|dz
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⪯
∞∑
i=1

2−
inλ
2

∫
|x−z|≥21/ϵ|h|

(∫
|y−z|> 1

3 |x−z|

∣∣∣∣ 1

|y − z|3n
− 1

|y + h− z|3n

∣∣∣∣
) 1

2

|f(z)|dz

≤ |h|1/2
∫
|x−z|≥21/ϵ|h|

1

|x− z|n+1/2
|f(z)|dz

⪯ |h|1/2
∞∑
j=0

∫
2j+1/ϵ|h|≤|x−z|≤2j+1+1/ϵ|h|

1

|x− z|n+1/2
|f(z)|dz

⪯ 2−
1
2ϵ

∞∑
j=0

2−
j
2Mf(x) ⪯ 2−

1
2ϵMf(x). (4.12)

Combining (4.10), (4.11), and (4.12), using the boundedness of M on Lp(ω) again, we have that

(∫
Rn

|I5|pω(x)dx
) 1

p

⪯ 2−
1
2ϵ ∥f∥Lp(ω), overA2. (4.13)

For the last part,

I6 =

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣
∫
|x−z|≥21/ϵ|h|

ϕ(
y − z

t
)[b(x)− b(x+ h)]f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

) 1
2

= |b(x)− b(x+ h)|

·

∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∣
∫
|x−z|≥21/ϵ|h|

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

⪯ ∥∇b∥∞|h|

∫ ∞

0

∫
Rn

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∣
∫
|x−z|≥21/ϵ|h|

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

:= ∥∇b∥∞|h|g∗λ,α,ϵ,hf(x).

For any 1 < q < p , we claim that

g∗λ,α,ϵ,hf(x) ⪯ M(g∗λ,αf)(x) + (M(|f |q)(x))
1
q +Mf(x). (4.14)

Let Q denote the cube centered at x and with diameter r = 21/ϵ|h|/4 . Furthermore, let f1(x) = fχ4Q(x) and
f2(x) = f(x)− f1(x). Then we get
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g∗λ,α,ϵ,hf(x) =
1

|Q|

∫
Q

|g∗λ,α,ϵ,hf(x)|dξ

≤ 1

|Q|

∫
Q

|g∗λ,αf(ξ)|dξ +
1

|Q|

∫
Q

|g∗λ,αf1(ξ)|dξ

+
1

|Q|

∫
Q

|g∗λ,αf2(ξ)− g∗λ,α,ϵ,hf(x)|dξ

≤ M(g∗λ,αf)(x) + I7 + I8.

Similar to (4.1), according to the pointwise relationship between Gα,β with different β , we have that

g∗λ,αf(x) ≤ Gαf(x) + C

∞∑
i=1

2−
inλ
2 Gα,2i(f)(x)

≤ Gαf(x) + C

∞∑
i=1

2−
inλ
2 +i( 3n

2 +α)Gα(f)(x)

⪯ Gαf(x).

The last inequality holds for λ > 3 + 2α
n . Then, by Theorem A, we have that g∗λ,α is bounded from Lp(ω) to

itself. For any 1 < q < p , combining Hölder’s inequality, we get that

I7 ≤ 1

|Q|1/q

(∫
Q

|g∗λ,αf1(ξ)|qdξ
) 1

q

≤ 1

|Q|1/q

(∫
Q

|f1(ξ)|qdξ
) 1

q

⪯ (M(|f |q)(x))
1
q .

Now let us estimate I8 . Similar to Lemma 2.2, we can compute that

|g∗λ,αf2(ξ)− g∗λ,α,ϵ,hf(x)| =
∣∣∣∣
∫ ∞

0

∫
Rn

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∣
∫
|ξ−x+y−z|≤t

ϕ(
ξ − x+ y − z

t
)f2(z)dz

∣∣∣∣∣
2
dydt

t3n+1

 1
2

−

∫ ∞

0

∫
Rn

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣∣
2

dydt

t3n+1


1
2 ∣∣∣∣

≤
(∫ ∞

0

∫
Rn

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣ ∫
|ξ−x+y−z|≤t

ϕ(
ξ − x+ y − z

t
)f2(z)dz

−
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣2 dydt

t3n+1

) 1
2

≤
(∫ ∞

0

∫
|x−y|<t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣ ∫
|ξ−x+y−z|≤t

ϕ(
ξ − x+ y − z

t
)f2(z)dz

−
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣2 dydt

t3n+1

) 1
2
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+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣ ∫
|ξ−x+y−z|≤t

ϕ(
ξ − x+ y − z

t
)f2(z)dz

−
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣2 dydt

t3n+1

) 1
2

:=I81 + I82.

By I2 in Theorem 1.1, we have that

I81 = I2 ⪯ Mf(x).

Now we estimate I82 :

I82 ≤

∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

|ξ − x + y − z| > t

ϕ(
y − z

t
)f(z)dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

+

∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

sup
ϕ∈Cα

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| > t

|ξ − x + y − z| ≤ t

ϕ(
ξ − x+ y − z

t
)f(z)dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

+

(∫ ∞

0

∫
|x−y|≥t

(
t

t+ |x− y|

)nλ

· sup
ϕ∈Cα

∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

|ξ − x + y − z| ≤ t

[
ϕ(

ξ − x+ y − z

t
)− ϕ(

y − z

t
)

]
f(z)dz

∣∣∣∣∣
2
dydt

t3n+1

) 1
2

:= J1 + J2 + J3.

Noticing ξ ∈ Q , similar to the proof of I5 over A2 , we get

J1 ≤
∫
ξ∈Q,|x−z|≥21/ϵ|h|

|ξ − x| 12
|x− z|n+ 1

2

|f(z)|dz

⪯ (21/ϵ|h|) 1
2

∫
|x−z|≥21/ϵ|h|

1

|x− z|n+ 1
2

|f(z)|dz

⪯ Mf(x).

Similarly, we obtain

J2 ⪯ Mf(x).
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For J3 , similar to I5 over A1 , since λ > 2 + 2α
n , we have

J3 ≤
∞∑
i=1

2−
inλ
2

∫ ∞

0

∫
2i−1t≤|x−y|<2it

∣∣∣∣∣∣∣
∫

|x − z| ≥ 21/ϵ|h|
|y − z| ≤ t

|ξ − x + y − z| ≤ t

∣∣∣∣ξ − x

t

∣∣∣∣α |f(z)|dz

∣∣∣∣∣∣∣
2

dydt

t3n+1


1
2

≤ (21/ϵ|h|)α
∞∑
i=1

2−
inλ
2

∫
|x−z|≥21/ϵ|h|

(∫
t>

|x−z|
2i+1

∫
|y−z|≤t

dydt

t3n+2α+1

) 1
2

|f(z)|dz

≤ (21/ϵ|h|)α
∞∑
i=1

2−
in
2 (λ−2− 2α

n )

∫
|x−z|≥21/ϵ|h|

|f(z)|
|x− z|n+α

dz

⪯ Mf(x).

By the estimates of J1 , J2 , and J3 , we obtain

I82 ⪯ Mf(x).

Combining I7 , I81 , and I82 , we have claim (4.14). Then, applying the claim (4.14) for 1 < q < p , with the
Lp(ω)(p > 1) boundedness of M, Mq , and g∗λ,α , we have

(∫
Rn

|I6|pω(x)dx
) 1

p

⪯ |h|∥f∥Lp(ω). (4.15)

By (4.6), (4.7), (4.8), (4.9), (4.13), and (4.15), we obtain

∥V I∥Lp(ω) ⪯ (21/ϵ|h|+ 2−
α
ϵ + 2−

1
2ϵ + |h|)∥f∥Lp(ω).

Taking ϵ = 2
log 1

|h|
and letting h → 0 , then we have

∥V I∥Lp(ω) → 0.

Then, combining (4.4) and (4.5), we have the uniform equicontinuity (Condition (C2)) of g∗λ,α . Thus, we
complete the proof of Theorem 1.2.

Acknowledgments

This work was completed with the support of the National Natural Science Foundation of China (Grant No.
11501516, 11561057 and 11671362), Natural Science Foundation of Zhejiang Province (Grant No. LQ15A010003),
and Natural Science Foundation of Jiangxi Province (Grant No. 20151BAB211002).

References

[1] Beatrous F, Li SY. On the boundedness and compactness of operators of Hankel type. J Funct Anal 1993; 111:
350-379.

[2] Bényi A, Damián W, Moen K, Torres R. Compact bilinear commutators: the weighted case. Michigan Math J 2015;
64: 39-51.

749



WU and YU/Turk J Math

[3] Bényi A, Damián W, Moen K, Torres R. Compactness properties of commutators of bilinear fractional integrals.
Math Z 2015; 280: 569-582.

[4] Carro MJ, Grafakos L, Soria J. Weighted weak-type (1,1) estimates via Rabio de Francia extrapolation. J Funct
Anal 2015; 269: 1203-1233.

[5] Chen JC, Chen YP, Hu GE. Compactness for the commutators of singular integral operators with rough variable
kernels. J Math Anal Appl 2015; 431: 597-621.

[6] Chen JC, Hu GE. Compact commutators of rough singular integral operators. Canad Math Bull 2015; 58: 19-29.

[7] Chen YP, Ding Y. Compactness characterization of commutators for Littlewood-Paley operators. Kodai Math J
2009; 32: 256-323.

[8] Chen YP, Wang H. Compactness for the commutator of the parameterized area integral in the Morrey space. Math
Ineq Appl 2015; 4: 1261-1273.

[9] Clop A, Cruz V. Weighted estimates for Beltrami equations. Ann Acad Sci Fenn Math 2013; 38: 91-113.

[10] Grafakos L. Classical Fourier Analysis. 2nd ed. New York, NY, USA: Springer Science Business Media LLC, 2008.

[11] Huang JZ, Liu Y. Some characterizations of weighted Hardy spaces. J Math Anal Appl 2010; 363: 121-127.

[12] Lerner AK. Sharp weighted norm inequalities for Littlewood-Paley operators and singular integrals. Adv Math 2011;
226: 3912-3926.

[13] Liang YY, Yang DC. Intrinsic square function characterizations of Musielak-Orlicz Hardy spaces. T Am Math Soc
2015; 367: 3225-3256.

[14] Mao SZ, Sawano Y, Wu HX. On the compactness of commutators for rough Marcinkiewicz integral operators.
Taiwanese J Math 2015; 19: 1777-1793.

[15] Uchiyama A. On the compactness of operators of Hankel type. Tóhoku Math J 1978; 30: 163-171.

[16] Villarroya P. A characterization of compactness for singular integrals. J Math Pure Appl 201; 104: 485-532.

[17] Wang H. Intrinsic square functions on the weighted Morrey spaces. J Math Anal Appl 2012; 396: 302-314.

[18] Wang LJ, Tao SP. Parameterized Littlewood-Paley operators and their commutators on Herz spaces with variable
exponents. Turk J Math 2016; 40: 122-145.

[19] Wilson M. The intrinsic square function. Rev Mat Iberoam 2007; 23: 771-791.

[20] Wilson M. Weighted Littlewood-Paley Theory and Exponential-Square Integrability. Berlin, Germany: Springer-
Verlag, 2007.

750


	Introduction
	Definitions and lemmas
	Proof of Theorem 1.1 
	Proof of Theorem 1.2

