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Abstract: We consider the positivity of the sum Y ., piF (&), where [ is a convex function of higher order, as
well as analogous results involving the integral fab;’ p(&)F (9(&))dE. We use a representation of the function [ via the

Fink identity and the Green function that leads us to identities from which we obtain conditions for positivity of the
above-mentioned sum and integral. We also obtain bounds for the integral remainders which occur in these identities,

as well as corresponding mean value results.
Key words: n-convex functions, Fink identity, Green function, Cebysev functional

1. Introduction

We start this section with some basic definitions and properties regarding n-convex functions, the main object
of our study.

Definition 1.1 The nth order divided difference of a function F : I — R at distinct points &, &1, .-+, Eifn €
I =[ag,bo] C R for some i € N is defined recursively by:

&, F1 =F (&), jefi,....i+n},

[Eise oo &itns F] = [£i+17--~7£i+né{:_£:[7§£i;-“7£i+n711f I
The value [&;,...,&+n, F| is independent of the order of the points &;,&41,..., &4n. We can extend this

definition by including the cases in which two or more points coincide by taking respective limits.

Definition 1.2 A function  : I — R is called convex of order n or n—convex if for all choices of (n+ 1)

distinct points &, ..., & +n we have [&;, ... &i1n, F]>0.

If the nth order derivative f (™ exists, then F is m-convex if and only if F™ >0, For1<k<n-— 2, a

function f is n-convex if and only if f (¥) exists and is (n — k)-convex.
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We will also need the Fink identity given in [1].

Proposition 1.3 Let ag,byp € R, F : [ag,by] = R, n > 1 and F =Y be absolutely continuous on [ag, by].
Then

bo

r) = bofao / r () dt
_ "i n—k <F(’“‘” (a0) (€ = a0)" — F*~) (bo) (¢ - bo)’“>
= K bo — ag
ey 1)!tb0 —a0) /: (€= 0" Tkl (,6) £ (1) dt, (1.1)
where
=] iy REEED o

Pecari¢ in [5] proved the following result (see also [6, p. 262]):

Proposition 1.4 The inequality

ZPiF(&‘) >0 (1.3)
i=1
holds for all convex functions I if and only if the m—tuples £ = (&1,...,&m), P = (p1,- .-, pm) € R™ satisfy
Zpl:o and Zpi|§i—§k|ZOforkE{l,...,m}. (1.4)
i=1 i=1

Since
D opil& =&l =2> pil& —&)r — D pil& — &),
=1 i=1 i=1

where y; = max(y,0), it is easy to see that condition (1.4) is equivalent to

Zpizo, Zpifi:() and Zpi(fiffkhZOforke{l,...,mfl}. (1.5)
i=1 i=1 i=1

The following result is due to Popoviciu [7, 8] (also see [6, 9]).

Proposition 1.5 Let n > 2. Inequality (1.3) holds for all n-convex functions F : [ag,bo] — R if and only if
the m— tuples & € [ag,bo]™, p € R™ satisfy

Zplff =0, forallke{0,1,...,n—1}, (1.6)
i=1
S il — )1 0, for every t € [ao b, (17)
i=1
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In fact, Popoviciu proved a stronger result; it is enough to assume that (1.7) holds for every t €
[£1) §(m—n+1)] and then, due to (1.6), it is automatically satisfied for every ¢ € [ag, bo]. The integral analogue

is given in the next proposition.

Proposition 1.6 Let n > 2, p: [ag, Bo] = R and g : [ag, Bo] = [ao,bo]. Then, the inequality

Bo
/ P(OF (9(6)) dé > 0 (1.8)

0

holds for all n-convex functions F : [ag,bo] — R if and only if

Bo
/ p(&)g(&)Fde =0, forallk € {0,1,...,n—1},

0

Bo
[ o6& -0 g2 0. for everyt € fao,bo.

0

The paper is organized as follows: in Sections 2 and 3, we derive identities for > ; p;F (&) and

/ :;] p(&)F (g(€))d¢ using the Fink identity and the Green function. We also give inequalities for n-convex
functions which are based on these identities. Section 4 is devoted to estimations of the integral remainders of

the identities by using CebySev type inequality and the Holder inequality. In the last section, we give mean
value results for functionals associated to the identities. Here, it is worth mentioning that the contents of this

work are part of a monograph [3].

2. Popoviciu-type identities and inequalities via Fink identity

Here, we state our first main result:

Theorem 2.1 Let n € N and F : [ag,by] — R be such that F "~V is absolutely continuous. Let & € [ag, bo],
pi €R (i€ {l,...,m}) be reals such that > ;" pi = 0 and let kloo-*ol be the function defined in (1.2). Then

we have
> pif (&) = (2.1)
i=1

n—1 m m
Z k!(zo_kao) (F(k_l) (bo) Zpi (& — bo)]C — 1 *=Y (ag) Zpi (& — ao)’“>

i=1 i=1

m

— /bof(%) S i (s — " Rl (1,6 ) at
(Tl*l)!(bofao) ao ! ! e '

i=1
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Proof By using the Fink identity (1.1) for & = &;, multiplying it with p; and taking the sum over i from 1

to m, we have

bo m
n
pl @)= [ F0dy

Z bO — Q0 Jaq ;
+ Z n = k F 0 (bg) (& — bo)* = F 7Y (ag) (& — ao)"

202 —

i JEE O (1) (& — 1) Rleotol (1,6, dt
+

=1 (n = ! (bo — ao)

After some rearrangement, we get our required result. O

The following theorem is the integral version of Theorem 2.1.

Theorem 2.2 Let n € N and F : [ag,bo] — R be such that [ ™= is absolutely continuous on [ag,by] and
let kloobol (t,€) be the same as defined in (1.2). Let g : [ag, Bo] — [ao,bo] and p : oo, Bo] — R be integrable
functions such that ffg p(&)dé = 0. Then we have

Bo
| p©r @y - Z k,

o (bo — ao)

Bo

Bo
x <F<’“> (bo) / p(€) (9 (€) — o) dé — F 5D (ag) /

0 [e75)

p(€) (g (€) —ao)* dé‘)

bo
+<n71>ztb0fao>/ PO @) (2 p(©) (9(€) = &) Kl (t,g () de )

Proof Putting & — ¢g(£) in (1.1), multiplying it by p(£) and integrating with respect to £, we get an identity

from which, after using the Fubini theorem, we obtain the desired identity. O

Let us now introduce some notations which will be used in the rest of the paper:

Q€. p,1) = sz (& — )" Kool (1,6y), (2:2)

b o 1
O (o B ) = [ p(O)(9(6) — " Kol (9 (€) de 23)

0

A (m, €, p,F sz &)
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Bo = n—
Aol ((ag. o], g,y F) = / p(E)F (g(€)dE > k'(bk
k=1 " \"0

(e 70) - a())

Bo

Bo
X (F(kl) (bo)/ p(€) (g (&) —bo)* de — F*=V) (ao)/ p(€) (g (&) —ao)" df) (2.5)

0

The following theorem is our second main result.
Theorem 2.3 Let all the assumptions of Theorem 2.1 be satisfied and let

Q[lao’bo] (T)’L7 g, P, t) >0, fOT’ allt € [a(], b(]]. (26)

If F is n-convex, then we have

Aol ¢ p ) >0 (2.7)

If the opposite inequality holds in (2.6), then (2.7) holds in the reverse direction.

Proof Since F (™1 is absolutely continuous on [ao,bo], F (") exists almost everywhere. As F is n-convex,
by definition of n-convex functions, we have £ (™ (&) > 0 for all £ € [ag, bo]. Now by using £ >0 and (2.6)
n (2.1), we have (2.7). O

Now we state an important consequence.

Theorem 2.4 Suppose that all the assumptions from Theorem 2.1 hold. Additionally, let j €e N, 2 < j <n
and let € = (&1,...,&m) € [ao,bo]™, P = (p1,.-.,pm) € R™ satisfy (1.6) and (1.7) with n replaced with j. If

F is n-conver and n — j is even, then

ok
sz &) ;k'(bo—ao)< (k=1) ( (Zpl (& — bo) ) F*=1 (ag) (sz i )) (2.8)

Proof Let t € [ag, bo] be fixed. For j <n — 2, we get

dfj (5— )"t =(n-1)n-2)-(n-5)E-t)" 7 (2.9)

Therefore, (2.9) for ag <t < & < by yields

J

(t— a())dgj -1t >0, (2.10)
while for ag < € <t < by, we have
n—j dj n—1
(D)™ (t — bo)df] -t >o. (2.11)

It is clear that £ — %(f —t)n~LElaobol (¢ €) is continuous for j < n—2. Hence, if j <n—2 and n—j is even,

from (2.10) and (2.11), we can conclude that the function & — (£ — t)*~1kle0bol(¢ €) is j-convex. Moreover,
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the conclusion extends to the case j = n, 7. e. the mapping & — (€ — t)*~1kle0bol(¢ €) is n-convex, since the
mapping £ — %(5 — t)r—1gleobol (¢ €) is 2-convex.

Using Proposition 1.5 for j-convex function & +— (€ — )"~ 1kl@o-bol(¢ ¢) with assumptions (1.6) and (1.7)
where 7 is replaced with j, we get Y70, p;(& — )" klao-bol(¢,€) > 0. It means that (2.6) is satisfied and by
Theorem 2.3, inequality (2.7) holds. Moreover, due to assumption (1.6), Y." | p;P(&;) = 0 for every polynomial

P of degree < j — 1, so the first j — 2 terms in the inner sum in (2.4) vanish, i.e. we get inequality (2.8). O

When j = n in (2.8), the notation means that the inner sum is void, i.e. ZZ;TIL .-+ = 0. In particular,

inequality (2.8) with j = n is inequality (1.3).

Corollary 2.5 Let all the assumptions of Theorem 2.1 be satisfied and let the function F : [ag,bg] — R be
n-convex for an even n. Let m—tuples &€ = (§1,...,&m), P = (p1,--.,pm) € R™ salisfy the conditions stated
n (1.4). Then inequality (2.7) holds.

Furthermore, if F*~Y (ag) <0 and (—=1)FF =1 (bg) >0 for k€ {2,3,...,n — 1}, then

Zpl &) > 0. (2.12)

Proof Inequality (2.7) holds by Theorem 2.4 applied for j = 2. Moreover, the functions £ — (£ — ao)k and

€ (=1)F (€ = b)" are convex, so Proposition 1.4 yields

sz —ag)* >0 (2.13)
and
—1)* i pi (€ —bp)k > 0. (2.14)
=1

Therefore, if £*~1 (ag) < 0 and (—1)*F =D (by) > 0, then (2.13) and (2.14) together with (2.4) yield
inequality (2.12). O

Corollary 2.6 Suppose all the assumptions from Theorem 2.1 hold and let the function F : [ag,bo] — R be
n-convex. Additionally, let j € N, 2 < j<mn,let &€= (&,...,&m) € [ao,bo]™, P = (p1,...,pm) € R™ satisfy
(1.6) and (1.7) with n replaced with j and denote

Z Ll bo —a0) (f k=1 (o) (& — bo)" — F =Y (ag) (€ — ao)k> . (2.15)

If H is j-convex on [ag,bo] and n — j is even, then

> piF (&) >0
i=1
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Proof Applying Proposition 1.5, we conclude that Y7, p;H(&;) > 0, so the right hand side of inequality

(2.8) is nonnegative and we get the desired result. o

Remark 2.7 For example, since the functions & v (€ — ag)® and & — (—=1)*=7(& — bo)* are j-conver on
[ag,bo], the function H given by (2.15) is j-convex if F* D(ag) < 0 and (=1)*1=IFE=D(b) > 0 for
ked{j,...,n—1}.

As we already mentioned, the inequality in Theorem 2.4 and Corollary 2.6 with j = n is the same as inequality
(1.3) from Popoviciu’s Proposition 1.5. Of course, in the proof of Theorem 2.4, we used Proposition 1.5 to
prove that assumption (2.6) holds, so, due to circularity, we did not obtain another proof of Popoviciu’s result.
However, it is possible, as we will show in the next lemma, to prove directly that conditions (1.6) and (1.7)

imply (2.6), i.e. it is possible to prove Theorem 2.4 with j = n independently of Proposition 1.5 and thus

provide a new proof of Popoviciu’s result.

Lemma 2.8 Let n > 2 and let m— tuples £ € [ag,by]™ and p € R™ satisfy (1.6) and (1.7). Then (2.6) holds.

Proof Let ¢ € [ag,bo] be fixed. Notice that

Q[1ao,bo] (m, €, p,t) = Z pivt(&i),
=1

where ; is the function

(&) = (€ —t) T Elrobl (&) = (t —bo) (€ — )" + (b — a0)(§ — )}

As in the proof of Theorem 2.4 we conclude that (1.6) implies that Y..*, p;P(&) = 0 for every polynomial P
of degree < n — 1. In particular, for P(§) = (£ —t)"~ !, we have Y " p;(& — )"~ = 0. Therefore,

m

Zm«pt(&) = (bo — ao) Zpi(éi -t >0,
=1

i=1
where the last inequalities hold due to (1.7). Since the previous inequality holds for every t € [ag, bo], we

conclude that (2.6) holds. O

Lemma 2.8 together with Theorem 2.3 gives the “if” part of Popoviciu’s Proposition 1.5. On the other hand,
the “only if” part is straightforward: since the functions e;(§) = & are both n-convex and n-concave for
j€{0,1,...,n— 1}, inequality (1.3) yields that Y ;" p;ex(&;) is both >0 and <0, so (1.6) holds. Similarly,
the function & — (€ —#)7"" is n-convex and applying inequality (1.3) yields (1.7).

In the remainder of the section, we will state integral versions of the previous results, the proofs of which

are analogous to the discrete case.
Theorem 2.9 Let all the assumptions of Theorem 2.2 be satisfied and
Q" (a0, Bol, g p,t) > 0, for allt € [ag, bo] (2.16)

585



KHAN et al./Turk J Math

If F is n-convex, then we have
A5 ([ag, o], g, p, ) > 0. (2.17)
If opposite inequality holds in (2.16), then (2.17) holds in the reverse direction.

Proof The idea of the proof is the same as that of Theorem 2.3. O

Remark 2.10 A result analogous to Corollary 2.5 can be stated for integrals.

Theorem 2.11 Suppose all the assumptions from Theorem 2.2 hold. Additionally, let j € N, 2 < j <n and
let p: [ao, fo] = R and g : [ag, Bo] — [ao, bo] satisfy (1.9) with n replaced with j. If F is n-convex and n — j

is even, then

Bo
/ p () F (9(6)) de

o]

1 niln—k (k—1) Bo 2
2 | <b0>/% p(€) (9(€) — bo)*** de
n—1 n—k Bo
ST @) [ () 6) - an)* e
k=j g

Corollary 2.12 Let j,n, f,p, and g be as in Theorem 2.11 and let H be given by (2.15). If H is j-convez,

n —j is even, and F is n-convex, then

Bo
/ p()F (g(€)) de > 0.

0

3. Popoviciu-type identities and inequalities via the Fink identity and the Green function

In this section, we will obtain another identity and the corresponding linear inequality by using the Green

function and applying again the Fink identity.
The function G : [ag, bo] X [ag,bg] = R defined by

(5=bo)(t=ao) for an <t < s
— bo—a 0=0t=9
G(s,t) = {(t—zg)_(siao) for s < ¢ < by (3.1)
0—ao
is the Green function of the boundary value problem
2"(€) =0, z(ag) = 2(bo) = 0.
The function G is continuous, symmetric, and convex with respect to both variables s and t.
For any function F : [ag,bo] — R, F € C?[ag, by, the following integral identity holds
bo — - bo
F(§) = bo €F(ao)+ $ o F (bo) + G(&, s)F" (s)ds. (3.2)
0 — Qo bo — ag a0

We now state main results related to the Fink identity and the Green function.
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Theorem 3.1 Let n € N, n > 3, and F : [ag,bg] — R be such that F "~V is absolutely continuous. Let
&,vi € lao,bo], pi €R for i € {1,...,m} be such that > .~ p; =0 and Y i~ pi& = 0 and let klao:bol gnd G
be as defined in (1.2) and (3.1), respectively. Then

Sor -3 (fiay) [ (Zp’ 5“)

x (FUHD (bo) (s = b0)* = F&F (ag) (s = ao)") ds +

1
(Tl — 3)' (bo — a())

m

bo bg
x/ F ( > piG (&irs) (s — )" 77 klootel (t,s)ds> dt.
a0 =1

(3.3)

Proof Putting £ = & in (3.2), multiplying it with p;, adding all the identities and using the properties
Sripi=0and Y, pi& =0, we get

sz &) —/ (sz (&irs ) (S)ds' (3.4)

Applying the Fink identity with f — F” and n — n — 2, it is easy to see that

n-3 ) (k+1) b _b E - (k+1) B 3
£ (g) _ Z n - F ( O) (f O?)O _ ZO (ao) (5 CLO)
k=0
! " _ #\7=3 [ao,bo] (n)
= 3) (b —ao) /a0 (€—0)" "R (2, €) T (1) di, (3.5)

and by using (3.5) in (3.4), we have

Zpl 7—/ <Zm 517)

k2 ) o= ) = P ) s~

d
k! by — ag ’

k=0

bo
)l 1(bo—a0/ sz (&, 5) (/ <8—t)”“°’k[“0’b°](t,s)ﬂ")(t)dt> ds.

Now, by interchanging the integral and summation in the second term and by applying Fubini’s theorem in the

last term, we have (3.3). O

The following theorem is the integral version of Theorem 3.1.

Theorem 3.2 Let n € N, n > 3, let F : [ag,by] — R be such that F=Y s absolutely continuous on
[ao,bo], let p : (o, Bo] = R and g : [ap, Bo] — [ao,bo] be integrable functions such that ffg p(&)d¢ = 0 and
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po p(€)g(€)dé =0 and let kloo¥l and G be as defined in (1.2) and (3.1), respectively. Then

/B PRF o @)t = Zk, e /bo (Lf°p<§)g(g(g),3)d§>

(F(Hl) (bo) (s — bo)k — p D) (ao) (s — ao)k> ds +

(n — 3)' (bo — ao)

bo bo Bo
< [Trea ( / (/ p(ﬁ)G(g@),s)ds) (st)”‘?’k[“mb"](t,s)ds) dt.

(3.6)
Proof The proof is similar to the proof of the previous theorem, so we omit the details. O
We again introduce some notations here which will be used in the rest of the paper:
bg m
Qi (m,¢,p,t) = ST piG (Eis) (s — )" P Kl (1, 5) ds, (3.7)
a0 =1
[a0,bo] bo Po n=3 ;.[ao,bo]
Qo sl gupt) = [ [ ©G0©0)de ) (507 TR (1, 5)ds,
aop (e7))
(a0.bo] m n—3 m
A3070(ma§7p7F) = ZpZF(g’L)_ (k" b()_a() )/a sz 617
i=1 k=0 0 4=1
% (PO (bo) (5 bo) — £ (ag) (5 — ao)" ) ds (3.8)
(a0, bo] Bo
A4 ([aovﬂ()]vg,va) = p(ﬁ)F(g({))d'f
ap
n—3 b Bo
n—k—2 > / 0 /
- A p(€)G(g(8),s)d¢
kZ:O <k' (b() - ao) ag ( ag
x (PO 00) (5 = bo)* = £ *D (ag) (s — ao)* ) ds.
The following theorem is our second main result of this section:
Theorem 3.3 Let all the assumptions of Theorem 3.1 be satisfied and let
ol (m ¢, p,t) >0, for all t € [ag, bo). (3.9)
If F is n-convex, then we have
Aol ¢ pF) > 0. (3.10)

If opposite inequality holds in (3.9), then (3.10) holds in the reverse direction.
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Proof Since F (™1 is absolutely continuous on [ao,bo], F (") exists almost everywhere. Since f is n-convex,

we have £ (™) (¢) > 0 for all ¢ € [ag, bo]. Now, by using f (™ >0 and (3.9) in (3.3), we have (3.10). O

Corollary 3.4 Let all the assumptions of Theorem 3.1 be satisfied. In addition, let n be even and

sz & +2>0 for ke{l,...,m}.

If the function F : [ag,bg] = R is n-convezx, then inequality (3.10) is satisfied, i.e.

Zpl (&) > Zk, = sz )

a0 =1
X (F(Hl) (bo) (s — o)™ — F 5+ (ag) (s — ao)k> ds. (3.11)
Furthermore, if F*V (ag) <0 and (—1)FF *+Y (by) > 0 for k € {0,1,...,n— 3}, then >.1", piF (&) >0

Proof Since £ and p are real m-tuples that satisfy assumption (1.5) and the function £ — G (&, s) is convex,

applying inequality (1.3) yields
Z pl 57,7 - Y- (312)

It is easy to see that the assumptions of the corollary for even n imply
(s — )" 3klaobol(z s) >0

for all s,t € [ag, by]. Therefore,

/Zpl (&,5) (s — )" P Klaobol (¢ ) ds > 0 (3.13)

@0 j=1

and applying Theorem 3.3 when F is n-convex gives inequality (3.11).
Moreover, if F 51 (a) < 0 and (—1)FF D (by) > 0, then

F® (bo) (s — o)™ — F ™Y (ag) (s — ag)* > 0, (3.14)

so from inequalities (3.11), (3.12), and (3.14), we obtain > ., p;F (&) > 0. O

An integral version of our second main result states that:
Theorem 3.5 Let all the assumptions of Theorem 3.2 be satisfied and let
Qé[fo’bo]([ao,ﬁo],g,p, t) >0, forallté€ lag,bo) (3.15)
If F is n-convez, then we have
Al (ag, Bol, g, p,F) > 0. (3.16)

If opposite inequality holds in (3.15), then (3.16) holds in the reverse direction.
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Proof The idea of the proof is the same as that of the proof of Theorem 2.3. By using ™) > 0 and (3.15)
in (3.6), we have (3.16). O

Corollary 3.6 Let all the assumptions of Theorem 3.2 be satisfied. In addition, let n be even and
Bo o
| o6 01 g0, for every t € ao, ol
ag

If the function F : [ag,bp] = R is n-convex, then we have

Bo n—3 n—k— bo Bo
[ e@r o=y fe | ( p<5>c<g<«s>,s>df>

0 k=0
X (F(Hl) (bo) (s — bo)" — F 1) (ag) (s — ao)k) ds. (3.17)

Furthermore, if F*tY (ag) <0 and (—1)*F *+1 (bg) > 0 for k € {0,1,...,n— 3}, then the right-hand side of

(3.17) is nonnegative.

Proof The proof is analogous to the proof of Corollary 3.4 but instead of Theorem 3.3, we apply Theorem
3.5. O
4. Bounds for identities and integral remainders

In this section, we give several estimations related to the functionals AL”'] (o F), for & € {1,2,3,4}.
For the sake of brevity, in the present and the next sections, we use notations Ag(F) := AE"](, -+ F) and
Qi () == QEC] (-,-,-,t) for k € {1,2,3,4}. We use the well-known Hélder’s inequality and bound for the Cebysev
functional T'(F,h). This bound is given in the following proposition in which the pre-Griiss inequality is given
[4].

Proposition 4.1 Let [, h: [ag,by] — R be two integrable functions such that Fh is also integrable. If

Yy <h(&) ST for &€ lag,bol,

then
IT(F,h)| <

(T —=)VT(F,F), (4.1)

1 bo 1 b 1 bo
bo— a0 / FOME)dE - (boao / F(&)d&) <b0ao / 0 h(c‘)ds) (4.2)

Now by using the aforementioned result, we are going to obtain a formula for A and estimate the remainder

| =

where

T(F,h) =

which occurs in this formula.
Theorem 4.2 Let n € N and let | : [ag, bo] — R be such that =1 is an absolutely continuous function and

y<FM™(E) ST for €€ lag,bo)-
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(i) Let k€ {1,2} and let Y ;" p; =0 (for k=1) or ffg p(&)d¢ =0 (for k=2). Then

F=D(bg) — =1
(n — 1)'(()0 — a0)2

Ak(F) = [ aO)} /b Qk(t)df + REL(F;GJ(), bo), (43)

where the remainder RE(F;ag,bo) satisfies the estimation

| Ry (F 5 a0, bo)| < ﬁ(l“—v)\/m. (4.4)

(i3) Let k € {3,4} and n > 3. Let the assumptions stated in Theorem 5.1 for p and & (for k = 3) and in
Theorem 3.2 for p and g (for k =4) hold. Then (4.3) and (4.4) hold with (n — 3)! instead of (n—1)! in the
denominator of Ax(F) and in the bound of RE.

Proof Fix k € {1,2}. Using the definition of Ay and results from the second section, we have

bo

1 bo bo
(n) k(.
(n—1)!(by — ao)? /% F (t)dt/ao Qi (t)dt + Ry, (F 5 a0, bo)

(n—1) _ (n=1) a bo
_ IF (n—(bf))!(boF—ao)Q( o)]/ Q. (t)dt + RE(F 5 a0, bo),

where

1 bo . 1 bo . bo
RA(F 00, 00) = 57— (/ P00 ()t~ / I )(s)ds/ Qk(t)dt>.

0 ao

If we apply Proposition 4.1 for f — Qj, and h — F (") then we obtain

RAF 300, b0)| = | o T )] € sy (= )y T ),

The proof for k € {3,4} is done in a similar manner. O

Using the same method as we used in the previous theorem and other type of bounds for the Cebysev
functional, we are able to give another estimation for a remainder. The following theorem gives us some
Ostrowski-type inequalities. As usual, the symbol L, [ag,by] (1 < p < oo) denotes the space of p-power

integrable functions on the interval [ag, by] equipped with the norm

g :
11, = (/ |F<t>|”dt> <o
ag

and Lo [ag, by] denotes the space of essentially bounded functions on [ag, by] with the norm

IFllo =ess sup [F (2)].

t€(ao,bo]
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Theorem 4.3 Let F (™ € L, [ag, bo] for some n € N and let (¢,7) be a pair of conjugate exponents, that is,
1<q,r<o0, %—F%:l,

(i) Let k€ {1,2} andlet 37" pi=0 (for k=1) or ffgp(g)dg:() (for k =2). Then

[Ax(F)] < !HF(H)”q“Qk”r- (4.5)

1
(n—1)
The constant on the right hand side of (4.5) is sharp for 1 < q¢ < oo and the best possible for ¢ = 1.

(ii) Let k € {3,4} and n > 3. For k = 3, we assume that & and p satisfy the assumptions of Theorem 3.1
and for k = 4 we assume that p and g satisfy the assumptions of Theorem 3.2. Then inequality (4.5) holds
with (n —3)! instead of (n —1)! in the denominator of the bound for Ay.

Proof Fix k € {1,2}. From the definition of A and results from the second section together with the Holder

inequality, we get

<@ lgl Akl

0

bo
|Ak(F)] = ‘(7111)'/ F ™ () () dt

where we denoted ﬁﬁk by Ak.

1/r
The sharpness of the constant ( fj; Ak ()] ds) can be proved by considering the following function

[ for which the equality in (4.5) is obtained.
For 1 < g < co we take F to be such that

F"(s) = sgnAu(t) - ()@Y,

while for ¢ = co, we define F such that
F(t) = sgng(t).

The fact that (4.5) is the best possible for ¢ = 1 can be proved as in [2, Theorem 12].

Proof for k € {3,4} is similar to the previous case. O

5. Mean value results
In this section, we consider mean value theorems involving Aj. Throughout the section, we use the agreement
that if & € {1,2}, then n € N and if k£ € {3,4}, then n > 3. Furthermore, for k¥ = 1, we assume that

Yitipi =0, for k = 2 we assume that ffg p(6)d¢ = 0, for k = 3 we assume that £ and p satisfy the

assumptions of Theorem 3.1 and for k = 4 we assume that p and g satisfy the assumptions of Theorem 3.2.

Theorem 5.1 Let k € {1,2,3,4} and let us consider Ay as a functional on C™[ag,bo]. If the corresponding
conditions from the set {(2.6),(2.16),(3.9),(3.15)} related to the fized k hold, then there exists & € [ao, bo]
such that

AW(F) = F ™ (&) A(F o), (5.1)

n

where Fo(§) = £

n!

592



KHAN et al./Turk J Math

Proof Let us define the functions
Fi(§) = MFo§) — F ()

and

F5(8) = 1 (§) — LF o(8),

where L and M are the minimum and maximum of the image of f (") i.e.
F ™ ([a, bo]) = [L, M].
Then Fy and F; are n—convex. Hence, Ai(Fy) > 0 and Ag(Fz) >0 and
LAR(Fo) < Ar(F) < MAk(Fo).

If Ar(Fo) =0, then the statement obviously holds.

If Ai(Fo) # 0, then ::((Jfo)) € [L,M] = F ™ ([ag,bo]), so there exist &, € [ag,bo] such that if‘((/;o)) =

F (&). U

When we apply Theorem 5.1 to the function w = Ag(h)F — Agx(F )h, we get the following result.

Theorem 5.2 Let k € {1,2,3,4} and let us consider Ay as a functional on C™[ag,bo]. If the corresponding
conditions from the set {(2.6),(2.16),(3.9),(3.15)} related to the fized k hold, then there exists & € [ao, bo]
such that

Ae(F) _ F™ (&)

Ag(h)  h(&)

assuming that both of the denominators are non-zero.

Remark 5.3 If the inverse of Z((:)) exists, then from the above mean value theorems, we can give generalized

() ()

Remark 5.4 Using the same method as in [2], we can construct new families of exponentially convex functions

means

and Cauchy type means. Also, using the idea described in [2] we can obtain results for the n— convex functions

at a point.

References

[1] Fink AM. Bounds of the deviation of a function from its averages. Czechoslovak Math J 1992; 42: 289-310.

[2] Khan AR, Pecari¢ JE, Praljak M. Popoviciu-type inequalities for n-convex functions via extension of Montgomery
identity. An Stiint Univ “Ovidius” Constanta Ser Mat 2016; 24(3): 161-188.

[3] Khan AR, Pecari¢ JE, Praljak M, Varosanec S. General Linear Inequalities and Positivity / Higher order convexity.
Monographs in inequalities 12. Zagreb, Croatia: Element, 2017.

993



KHAN et al./Turk J Math

[4] Mati¢ M, Peéari¢ JE, Ujevié N. Some new Ostrowski-type bounds for the Cebysev functional and applications.
Computer Math Appl 2000; 39: 161-175.

[5] Pecari¢ JE. On Jessen’s inequality for convex functions, III. J Math Anal Appl 1991; 156: 231-239.

[6] Pecari¢ JE, Proschan F, Tong YL. Convex Functions, Partial Orderings and Statistical applications. New York,
NY, USA: Academic Press, 1992.

[7] Popoviciu T. Notes sur les fonctions convexes d’orde superieur III. Mathematica (Cluj) 1940; 16: 74-86 (in French).
[8] Popoviciu T. Notes sur les fonctions convexes d’orde superieur IV. Disqusitiones Math 1940; 1: 163-171 (in French).

[9] Popoviciu T. Les fonctions convexes. Herman and Cie, Editeurs, Paris 1944 (in French).

594



	Introduction
	Popoviciu-type identities and inequalities via Fink identity
	Popoviciu-type identities and inequalities via the Fink identity and the Green function
	Bounds for identities and integral remainders
	Mean value results

