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Abstract: In this paper, we consider fuzzy soft sets with a different approach where we generalize the idea initially
introduced by Šostak for fuzzy sets. Subsequently, we define the fuzzy set topology categories of fuzzy soft topological
spaces and give certain properties of them. Furthermore, we define the initial and the final fuzzy soft topological spaces.
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1. Introduction
Set theory, which was initiated by George Cantor in his seminal work, serves as a foundation to several branches
of mathematics. Cantor defined a set as a collection of objects stated with the same property. In his definition,
the sets are crisp and defined by their elements, and thus it is clear if an element belongs to a set or not. In
other words, according to Cantor, a set and its elements are precisely determined. However, if we aim to model
a concept in real life by using the mathematical properties of Cantor’s set theory, then we might run into various
difficulties due to vagueness that exists in problems related to economics, engineering, medicine, etc. In order
to incorporate the vagueness into set theory, many theories have been introduced. The most successful one for
these kinds of vague concepts is Zadeh’s fuzzy sets [16]. The key idea behind this theory is to have a membership
function for the elements of a set. The value of this function indicates up to which degree an element belongs to
the set (see Definition 2.1 for details). Fuzzy set theory and its applications developed rapidly and gained the
interest of many researchers. On the other hand, Molodtsov [9] defined soft set theory as a new approach for
vagueness, which can be seen as a generalization of fuzzy set theory. Roughly speaking, instead of having only
one membership function as originally introduced in fuzzy set theory, one can define the approximate elements
of a set by using the parametrized subsets in soft set theory. Aktas and Cagman [2] showed that every fuzzy set
is a soft set. Hence, it would not be wrong to say that fuzzy sets are a special class of soft sets. Furthermore,
soft set theory can also be applied successfully to many areas of mathematics.

As a further improvement, fuzzy soft sets were first introduced by Maji et al. [8] as a combination of fuzzy
and soft sets. This hybrid model gave rise to new scientific studies, papers, and applications. For instance,
Ahmad and Kharal [1] enhanced the concepts given in [8] and supported the propositions by examples and
counterexamples. Aktas and Cagman [2] defined soft groups. Feng et al. [5] defined soft semirings and gave
some properties. Ozturk and Bayramov developed the category of soft modules [10]. Aygunoglu and Aygun
[3] defined fuzzy soft groups. Kharal and Ahmad [6] also studied the mappings on fuzzy soft sets. Fuzzy soft
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topological spaces were first defined by Tanay and Kandemir [14]. Roy and Samanta [11] and Simsekler and
Yuksel [12] developed fuzzy soft topology. In these papers fuzzy soft topology is a crisp set containing fuzzy soft
sets. Kucuk and Ozturk defined the homology modules of fuzzy soft modules [7]. Aygunoglu et al. [4] observed
the category of fuzzy soft topological spaces (FSTOP) and fuzzificated the fuzzy soft topology by grading the
fuzzy soft open and fuzzy soft closed sets from 0 to 1. This idea was initially given by Šostak [13] for fuzzy
topologies. In this paper, we study the category of FST between fuzzy soft topological spaces and define the
fuzzy soft initial and fuzzy soft final topologies, respectively.
The paper is structured as follows. First, we define fuzzy soft inclusion, fuzzy soft equality, fuzzy soft union,
and fuzzy soft intersection. Then we introduce fuzzy soft topology by using a different approach; namely, we
generalize the idea of Šostak [13]. Accordingly, we define fuzzy soft continuous mappings and also the category
of FST. Finally, we give the initial and final fuzzy soft topological spaces.

2. Preliminaries
In this section, we give several preliminary results that are essential for our own approach. Before starting, it
is useful to fix the notations. Throughout the paper, U denotes the initial universe, E denotes the set of all
possible parameters for U , 2U denotes the power set of U , and IU denotes the set of all fuzzy subsets of U .
Additionally, (U,E) denotes the universal set U and the parameter set E and F (U,E) denotes the family of
fuzzy soft sets on (U,E) .

Definition 2.1 [16] A fuzzy set A in U is a set of ordered pairs

A = {(x, µA(x)) : x ∈ U},

where µA : U 7→ [0, 1] = I is a mapping and µA(x) (or A(x)) states the degree of belonging of x in A .

Definition 2.2 [9] Let A ⊆ E . A pair (F,A) is called a soft set over U where F is a mapping given by
F : A 7→ 2U .

Definition 2.3 [11] Let A ⊆ E . fA is defined to be a fuzzy soft set on U∼
E if f : A 7→ IU is a mapping defined

by f(e) = µef such that

fe =

{
µef = Ō if e ∈ E −A

µef ̸= Ō if e ∈ A,

where Ō(u) = 0 for each u ∈ U.

Definition 2.4 [11] The complement of a fuzzy soft set fA is a fuzzy soft set on U∼
E , which is denoted by f cA .

Furthermore, f c : A 7→ IU is defined as follows:

f c =

{
µefc = 1− µef if e ∈ A

µefA = 1̄ if e ∈ E\A,

where 1̄(u) = 1 for each u ∈ U .
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Definition 2.5 [11] The fuzzy soft set fΦ on U∼
E is defined as a null fuzzy soft set and is denoted by Φ .

Moreover, Φ(e) = Ō for every e ∈ E .

Definition 2.6 [11] The fuzzy soft set fA on U∼
E is defined to be an absolute fuzzy soft set and is denoted by

U∼
E . Further, U(e) = f(e) = 1̄ for every e ∈ E .

Definition 2.7 [11] The fuzzy soft set fA on U∼
E is defined to be an absolute fuzzy soft set and is denoted by

U∼
E . Further, U(e) = f(e) = 1̄ for every e ∈ E .

Definition 2.8 (Fuzzy soft inclusion) Let fA and gA be two fuzzy soft sets on U∼
E . The following relation

holds:
(fA ⊆∼ gA)

e = inf
U
(f cA ∨ gA)e(u) for all e ∈ A.

Remark 2.9 The real number (fA ⊆∼ gA)
e denotes the degree of the inclusion of the fuzzy soft set gA for

each parameter.

Definition 2.10 (Fuzzy soft equality) Consider two fuzzy soft sets fA and gA . Then we have the following
equation:

(fA =∼ gA)
e = (fA ⊆∼ gA)

e ∧ (gA ⊆∼ fA)
e for all e ∈ A.

A crisp family can be defined as crisp subsets of U by a function A : 2U 7→ 2 that indicates which subsets
belong to this family. The intersection of all subsets of A can be considered as a function ∧A : U 7→ 2 defined
as follows:

∧A(x) = 1 iff x ∈ A for all A ∈ A.

Šostak [13] formalized this idea for fuzzy sets and obtained the following:

∧A(x) = inf
A∈2U

[A(A)c ∨A(x)] .

Now we further generalize this formula for the fuzzy soft family of fuzzy soft subsets of (U,E) and we
get the following:

Definition 2.11 Let A : F (U,E) 7→ I be a mapping, which will be understood as a fuzzy soft family of fuzzy
soft subsets of (U,E). The intersection of this fuzzy soft family is a function ∧Ae : U 7→ I (where Ae denotes
the degree of elements of U with respect to the parameter e ∈ E ), defined by the equality

(∧A)e(x) = inf
fA∈U∼

E

[(A(feA))
c ∨ feA(x)] , for all e ∈ E.

Definition 2.12 Let A : F (U,E) 7→ I . The union of this family is a function ∨Ae : U 7→ I , which is defined
by the equality

(∨A)e(x) = sup
fA∈F (U,E)

[A(feA(x)) ∨ feA(x)] , for all e ∈ E.
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3. Fuzzy soft topological spaces and the related category FST

In this section, we proceed with the fuzzy soft topological spaces and their corresponding FST categories.
Throughout this work, (U,E) denotes the universe and the parameter set, respectively, and fA is considered
as a fuzzy soft set on (U,E) .

Definition 3.1 [4] Let τ : F (U,E) 7→ I be a function satisfying the following three axioms:

(i) If fA, gA ∈ F (U,E) , then τe(fA ∧ gA) ≥ τe(fA) ∧ τe(gA).

(ii) If fAi ∈ F (U,E),∀i ∈ I , then τe(∨i∈IfAi) ≥ ∧i∈Iτe(fAi).

(iii) τe(Φ) = τe(U∼
E ) = 1.

Then τe is called a fuzzy soft topology on U∼
E . The pair (U∼

E , τ
e) is called a fuzzy soft topological space over

U∼
E . The real number τe(fA) will be called the degree of openness of the fuzzy soft set fA.

Remark 3.2 Axiom (i) shows that the intersection of two fuzzy soft sets is not less open than the minimum
of openness of these sets. In addition, axiom (ii) states that the degree of openness of the union of any crisp
family of fuzzy soft sets is not less than the smallest degree of openness of these sets. As understood from the
last axiom, the null and absolute fuzzy soft sets are exactly open sets.

Definition 3.3 Let (U∼
E , τ

e) be a fuzzy soft topological space. We define the mapping δe : F (U,E) 7→ I by the
equality δe(fA) = τe(f cA) for every fA ∈ F (U,E) . The number δe(fA) will be called the degree of closedness of
a fuzzy soft set fA .

With the help of the previous definitions, we give the following proposition.

Proposition 3.4 The mapping δe : F (U,E) 7→ I satisfies the following axioms:

(i) If fA, gA ∈ F (U,E) , then δe(fA ∨ gA) ≥ δe(fA) ∧ δe(gA).

(ii) fAi ∈ F (U,E),∀i ∈ I , then δe(∧i∈IfAi) ≥ ∧i∈Iδe(fAi) .

(iii) δe(Φ) = δe(U∼
E ) = 1 .

Proof We utilize the mapping δe given by Definition 3.3.

(i) δe(fA ∨ gA) = τe((fA ∨ gA)c) = τe(f cA ∧ gcA) ≥ τe(f cA) ∧ τe(gcA) = δe(fA) ∧ δe(gA).

(ii) δe(∧i∈IfAi) = τe((∧i∈IfAi)c) = τe(∨i∈If cAi) ≥ ∧i∈Iτe(f cAi) = ∧i∈Iδe(fAi) .

2

Remark 3.5 A fuzzy soft topology can be defined by the family of mappings δe satisfying the above axioms (i),
(ii), and (iii). This topology is defined by the relation τe(fA) = δe(f cA).
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Definition 3.6 [15] Let F (U,E) and F (V, P ) be two families of fuzzy soft sets over U and V , respectively.
Let φ : U 7→ V and ψ : E 7→ P be two mappings. Then the pair (φ,ψ) is called a fuzzy soft mapping and is
denoted by

φψ = (φ,ψ) : U∼
E 7→ V ∼

P .

The image of fA under the fuzzy soft mapping φψ is a fuzzy soft set over V ∼
P and is given by

φψ(fA)
p(v) =

{
∨φ(u)=v ∨ψ(e)=p fe(u) if u ∈ φ−1(v),

Φ otherwise

for all p ∈ ψ(e) and for all v ∈ V .
The preimage of a fuzzy soft set gB over V ∼

P is then equal to

φ−1
ψ (gB)

e(u) = gψ(e)(φ(u)),

for all e ∈ ψ−1(p) and for all u ∈ U .

Definition 3.7 Let (U∼
E , τ

e
1 ) and (V ∼

P , τ
e
2 ) be fuzzy soft topological spaces and φψ : U∼

E 7→ V ∼
P be a mapping.

If τe1 (φ−1
ψ (gB)) ≥ τe2 (gB) for all gB over V ∼

P then the mapping φψ is called fuzzy soft continuous.

Proposition 3.8 φψ : (U∼
E , τ

e
1 ) 7→ (V ∼

P , τ
e
2 ) is fuzzy soft continuous if and only if δe1(φ−1

ψ (gB)) ≥ δe2(gB) for
all gB over V ∼

P .

Proof
⇒: δe1(φ

−1
ψ (gB)) = τe1 ((φ

−1
ψ (gB))

c) = τe1 (φ
−1
ψ (gcB)) ≥ τe2 (g

c
B) = δe2(gB).

⇐: τe1 (φ
−1
ψ (gcB) = τe1 ((φ

−1
ψ (gB))

c)) = δe1(φ
−1
ψ (gB)) ≥ δe2(gB) = τe2 ((gB)

c).

This shows that φψ is fuzzy soft continuous. 2

Theorem 3.9 Let (U∼
E , τ

e
1 ) and (V ∼

P , τ
e
2 ) and (W∼

R , τ
e
3 ) be fuzzy soft topological spaces and φ1ψ1

: U∼
E 7→ V ∼

P

and φ2ψ2
: V ∼

P 7→ W∼
R be fuzzy soft continuous mappings. Then the composition φ2ψ2

◦ φ1ψ1
is fuzzy soft

continuous.

Proof Let hC ∈ F (W,R). Since φ2ψ2
is fuzzy soft continuous, we have

τ2(φ
−1
2ψ2

(hC)) ≥ τe3 (hC).

Since φ1ψ1
is fuzzy soft continuous, the following inequality holds:

τe1 (φ
−1
1ψ1

(φ−1
2ψ2

(hC))) ≥ τe2 (φ
−1
2ψ2

(hC) ≥ τe3 (hC).

Hence, φ2ψ2
◦ φ1ψ1

is fuzzy soft continuous. 2

Theorem 3.10 Let φ : U 7→ U , ψ : E 7→ E be the identity mappings. Then i = φψ is called an identity fuzzy
soft function and this function is fuzzy soft continuous.
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Since the composition is associative and the identity fuzzy soft mapping i is fuzzy soft continuous with
respect to any fuzzy soft topology on F (U,E) , the following definition is justified:

Definition 3.11 The category in which the objects are fuzzy soft topological spaces and the morphisms are fuzzy
soft continuous mappings between fuzzy soft topological spaces is denoted by FST.

3.1. The initial fuzzy soft topology for a mapping

Let U be a universal and E be a parameter set, (V ∼
P , σ) be a fuzzy soft topological space, and φψ : U∼

E 7→ V ∼
P be

a fuzzy soft mapping. We mean the weakest fuzzy soft topology on U∼
E , which makes φψ fuzzy soft continuous

by the initial fuzzy soft topology. Now we construct this fuzzy soft topology.
Let F = {fA = φ−1

ψ (gB) : gB ∈ F (V, P )} be a family of fuzzy soft subsets of F (U,E) . For a fuzzy soft

set fA ∈ F , we define PfA = {gB : gB ∈ F (V, P ), fA = φ−1
ψ (gB)} and τe(fA) = sup{σ(gB) : gB ∈ Pf}. It can

be easily seen that

∪
{Pf : fA ∈ U∼

E } = V ∼
P and τef (φ

−1
ψ (gB)) ≥ σf (gB) for all gB ∈ V ∼

P .

Suppose that we take f1A , f2A ∈ F ; then we have fA = f1A ∧f2A ∈ F and PfA ⊃ {g1B , g2B : g1B ∈ Pf1A , g2B ∈

Pf2A }. Eventually, we obtain the following:

τe(fA) = sup{σ(gB) : gB ∈ PfA}

≥ sup{σ(g1B ∧ g2B ) : g1B ∈ Pf1A , g2B ∈ Pf2A}

≥ sup{σ(g1B ) : g1B ∈ Pf1A} ∧ sup{σ(g2B ) : g2B ∈ Pf2A }

= τe(f1A) ∧ τe(f2A).

Hence, τ(fA) ≥ τe(f1A) ∧ τe(f2A) for f1A , f2A ∈ F . Furthermore, for any subfamily fiA of F , we have

τe(fA)(
∨
i

fiA) ≥
∧
i

sup{σ(giB ) : giB ∈ PfiA} =
∧
i

τe(fiA).

Finally, one can easily see that

ΦE = φ−1
ψ (ΦP ) ∈ F , U∼

E = φ−1
ψ (V ∼

P ) ∈ F and τe(ϕE) = τe(U∼
E ) = 1.

As a result, τe is a fuzzy soft topology over U∼
E and moreover it is the weakest fuzzy soft topology, which

assures that the mapping φψ : (U∼
E , τ

e) 7→ (V ∼
P , σ

e) is fuzzy soft continuous.
In addition, we give the following theorem regarding the initial topology of the family of mappings.

Theorem 3.12 Let {(V ∼
Pa
, σa) : a ∈ A} be a family of fuzzy soft topological spaces and (φψ)a : U∼

E 7→ VPa be
a mapping for each a ∈ A. We define the initial fuzzy topology over U∼

E by the equality τe(fA) = infa τea(fA)
where fA ∈ F (U,E). Then τe is a fuzzy soft topology over U∼

E . Moreover, it is the initial fuzzy soft topology
for the family of the mappings {(φψ)a : U∼

E 7→ V ∼
Pa

: a ∈ A}.
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Proof We prove that τe(fA) = infa τea(fA) generates a topology over U∼
E .

τe(f1A ∧ f2A) = inf
a
τea(f1A ∧ f2A) ≥ inf

a
τea(f1A) ∧ τea(f2A)

≥ inf
a
τea(f1A) ∧ inf

a
τea(f2A) = τe(f1A) ∧ τe(f2A).

Furthermore, we get
τe(∨ifiA) = inf

a
τea(∨ifiA) ≥ inf

a
∧iτea(fiA)

= ∧i inf
a
τea(fiA) = ∧iτe(fiA).

The proof of the last axiom is trivial. This completes the proof. 2

Theorem 3.13 FST is a complete category. Moreover, FST contains products and inverse limits.

Proof It is obvious from the above theorem. 2

3.2. The final fuzzy soft topology for a mapping

Let (U∼
E , τ

e) be a fuzzy soft topological space and V ∼
P be a fuzzy soft set, and let φψ : U∼

E 7→ V ∼
P be a mapping

and gB ∈ V ∼
P . Assume that we construct a fuzzy soft topology on V ∼

P such that σe(gB) = τe(φ−1
ψ (gB)) .

Accordingly, σe is a fuzzy soft topology over V ∼
P . Moreover, it is the strongest fuzzy soft topology, which

makes the mapping φψ : (U∼
E , τ

e) 7→ (V ∼
P , σ

e) fuzzy soft continuous.
Let g1B , g2B ∈ V ∼

P . Then we have

σe(g1B ∧ g2B ) = τe(φ−1
ψ (g1B ∧ g2B ))

= τe(φ−1
ψ (g1B ) ∧ φ−1

ψ (g2B ))

≥ τe(φ−1
ψ (g1B )) ∧ τe(φ−1

ψ (g2B ))

= σe(g1B ) ∧ σe(g2B ).

Let ∨igiB be a family of fuzzy soft sets over V ∼
P . Then we have

σe(∨igiB ) = τe(φ−1
ψ (∨igiB )) = τe(∨iφ−1

ψ (giB )

≥ ∧iτe(φ−1
ψ (giB )) = ∧iσegB ((giB , P )).

It is clear that σe is a fuzzy soft topology over V ∼
P .

Finally, we give the following theorem concerning the final topology of a family of mappings.

Theorem 3.14 Let {(U∼
aE , τ

e
a∼ : a ∈ A)} be a family of fuzzy soft sets and V ∼

P be a fuzzy soft set (φψ)a :

U∼
aE 7→ V ∼

P be a mapping. Let σea denote the final fuzzy soft topology on V ∼
P for (φψ)a . We define σe : V ∼

P 7→ I

by the equality σe(gB) = infa σea(gB) . Then σe is a fuzzy soft topology over V ∼
P . Moreover it is the strongest

fuzzy soft topology, which ensures that all the mappings (φψ)a : U∼
aE 7→ V ∼

P are fuzzy soft continuous.

We omit the proof of this theorem, since it follows an approach similar to that given in Theorem 3.12. Using
this theorem, we also get the following result:

Theorem 3.15 The category FST is cocomplete. Moreover, it contains coproducts and direct limits.
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