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1. Introduction
The theory of compact matrix quantum groups introduced by Woronowicz [15] has very rich mathematical
and mathematical physics structures. These groups were considered as a noncommutative extension of the Lie
groups and thus provided a very powerful tool for investigating noncommutative geometry [6]. A space in which
the quantum group acts by linear transformations and its coordinates belong to a noncommutative associative
algebra [12] is called a quantum space. The pioneer work of Woronowicz [16] presented concrete examples of
noncommutative differential geometry, adding a consistent differential calculus on the noncommutative spaces
of quantum groups. Wess and Zumino [14] developed a covariant differential calculus on quantum spaces by
interpreting the dual space of quantum space as their differentials. The natural extension of their scheme to
superspace [13] was introduced in [11].

The quantum groups admit two distinct deformations. One of them is the well-known q -deformation
and the other is the so-called Jordanian (h -)deformation [8]. The quantum group GLq(n) has been obtained
by deforming the coordinates of a plane to be noncommutative objects [13]. In [1], the authors showed that
the h -deformed group can be obtained from the q -deformed Lie group through a singular limit q → 1 of a
linear transformation. This method is known as the contraction procedure [9]. In this paper, we investigate the

noncommutative geometry of the quantum symplectic (2 + 1) -superspace, denoted by SP2|1
h .

Throughout the paper, we will fix a base field K as the set of real numbers R or the set of complex
numbers C . We will denote by Greek letters the odd generators and by Latin letters the even generators.

2. Preliminaries: super structures

In this section, some basic information is presented from classical theory in order to ensure that the present
article presents integrity within it and the readers easily adapt to the subject.

∗Correspondence: sacelik@yildiz.edu.tr
2010 AMS Mathematics Subject Classification: 16W30, 17B37, 17B66, 81R60

This work is licensed under a Creative Commons Attribution 4.0 International License.
916

https://orcid.org/0000-0002-6590-1032
https://orcid.org/0000-0003-0408-3416


SALİH ÇELİK and İLKNUR TEMLİ/Turk J Math

2.1. Superalgebras

The theory of superalgebras starts with definition of the concept of supervector space, which is a vector space
that decomposes as a direct sum. In some cases, it would be more appropriate to refer to supervector spaces
(or superalgebras) as Z2 -graded vector spaces (or Z2 -graded superalgebras).

Definition 2.1 A Z2 -graded (or supervector) space V is a vector space over a field K together with two
subspaces V0 and V1 of V such that V = V0 ⊕ V1 .

The subspace V0 is called the even part of V , and its elements even. The subspace V1 is called the odd part
of V , and its elements odd. The degree (or grade) of an even or odd element v ∈ V is denoted by τ(v) and is
equal to 0 and 1, respectively. The even and odd elements of V are collectively said to be homogeneous.

Definition 2.2 Let f : V −→ W be a linear map of supervector spaces. Then f is called a supervector space
homomorphism if it satisfies

τ(f(v)) = τ(f) + τ(v) (mod 2)

for all v ∈ V .

Definition 2.3 An algebra A over K is called a superalgebra (or Z2 -graded algebra) if it is a supervector
space over K , with a bilinear map A×A −→ A such that Ai · Aj ⊂ Ai+j for i, j = 0, 1 .

The superalgebra A is called supercommutative if

ab = (−1)τ(a)τ(b)ba

for homogeneous elements a and b of A . Even elements commute with all elements, but odd elements
anticommute with one another and the square of an odd element is zero.

Definition 2.4 Let A be a supercommutative algebra and the map f : A −→ A be a supervector space
homomorphism. If it satisfies the super-Leibniz rule

f(ab) = f(a)b+ (−1)τ(a)τ(f)af(b)

for all a, b ∈ A , then f is called a superderivation.

Definition 2.5 Let A and B be superalgebras and f : A −→ B be a map of definite degree. If it is a supervector
space homomorphism and

f(ab) = (−1)τ(a)τ(f)f(a)f(b)

for all a, b ∈ A , then f is called a superalgebra homomorphism.

Note that a superderivation is a vector space homomorphism, but not a superalgebra homomorphism.
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2.2. Modules of superalgebras

Since a general algebra not need have invertible elements, modules do not always have bases. In the super case,
there is an extra requirement of compatible degree.

Definition 2.6 Let A be a supercommutative algebra and M be a supervector space. If there exists a mapping

A×M −→ M, (a,m) 7→ am

such that
τ(am) = τ(a) + τ(m) and a(bm) = (ab)m

for all a, b ∈ A and all m ∈ M , then M is called a left super A -module.

A left super A -module M over a supercommutative algebra A is called free of rank k|n if there exists a
homogeneous basis {e1, . . . , ek, ek+1, . . . , ek+n} for M , where e1, . . . , ek are elements of M0 and ek+1, . . . , ek+n

are elements of M1 . Every element m ∈ M can uniquely be expressed as

m =

k+n∑
i

aiei, ai ∈ A.

For a supercommutative algebra A , there exist differences between left and right A -modules. A left
module can also be given the structure of a right module by defining the map

V ×A −→ V, (v, a) 7→ (−1)τ(v)τ(a)av.

The set of superderivations of A is an important example of a super A -module.

2.3. Supermatrices

If A is a superalgebra, supermatrices with entries in A define even homomorphisms of free super A -modules
in terms of particular bases.

Definition 2.7 An (m|n)× (r|s) supermatrix over a superalgebra A is an (m+ n)× (r + s) matrix T whose
entries are elements of A and which has the block form

T =

(
T00 T01

T10 T11

)
,

where T00 is an m× r -matrix, T01 an m× s-matrix, T10 an n× r -matrix, and T11 an n× s-matrix.

The addition and multiplication of supermatrices are defined in a manner similar to that for conventional
matrices, with matching of superorder being required. The resulting matrices are supermatrices.

The set M(m|n,A) of supermatrices over A is closed under multiplication, and the subset GL(m|n,A)

of invertible matrices is a group with identity element of the matrix with the unit element of A along the
leading diagonal and zeros elsewhere. When A is of suitable form, GL(m|n,A) becomes a Lie supergroup.
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2.4. Super-Hopf algebras

The Z2 -graded tensor product of two superalgebras A and B may be regarded as a superalgebra A⊗ B with
a product rule determined by the following:

Definition 2.8 If A and B are two superalgebras, then the product rule in the superalgebra A⊗ B is defined
by

(a1 ⊗ b1)(a2 ⊗ b2) = (−1)τ(b1)τ(a2)a1a2 ⊗ b1b2,

where ai s and bi s are homogeneous elements in the superalgebras A and B , respectively.

Definition 2.9 A super-Hopf algebra is a supervector space A over K with two superalgebra homomorphisms
∆ (the coproduct), ϵ (the counit), and a superalgebra antihomomorphism S (the coinverse) such that

(∆⊗ id) ◦∆ = (id ⊗∆) ◦∆,

m ◦ (ϵ⊗ id) ◦∆ = id = m ◦ (id ⊗ ϵ) ◦∆,

m ◦ (S ⊗ id) ◦∆ = η ◦ ϵ = m ◦ (id ⊗ S) ◦∆,

together with ∆(1) = 1 ⊗ 1 , ϵ(1) = 1 , S(1) = 1 , and for any a, b ∈ A , where m : A⊗A −→ A is the product
map, id : A −→ A is the identity map and η : K −→ A .

3. Quantum symplectic superspaces SP2|1
h and SP1|2

h

In this section, we introduce an h -deformation of the superspaces SP2|1 and SP1|2 from the corresponding
q -deformed parts via a contraction. Here we will denote q -deformed objects by primed quantities and denote
transformed coordinates by unprimed quantities. In the first subsection, we will give brief information about
(2+1)- and (1+2)-superspaces.

3.1. The superspaces SP2|1 and SP1|2

The elements of the symplectic (2+1)-superspace are supervectors generated by two even components and
one odd component. We define the symplectic superspace SP2|1 of column vectors with a decomposition
SP2|1 = U0 ⊕ U1 . A vector is an element of U0 (resp. U1 ) and is of degree 0 (resp. 1) if it has the form

x
0
y

 , (resp.

0
θ
0

).

The elements of the symplectic (1+2)-superspace are supervectors generated by one even and two odd compo-
nents. We define the symplectic superspace SP 1|2 of column vectors with a decomposition SP1|2 = V0 ⊕ V1

where an element of V0 (resp. V1 ) has the form

0
z
0

 , (resp.

ξ
0
η

).
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3.2. The algebra of functions on the quantum superspace SP2|1
q

The superalgebra O(SP2|1
q ) is the q -deformed algebra of functions on the quantum superspace SP2|1

q generated
by x′ , θ′ , and y′ with the quadratic relations [3, 4]

x′θ′ = qθ′x′, θ′y′ = qy′θ′, x′y′ = q2y′x′, θ′2 = q1/2(q − 1)y′x′, (3.1)

where q ∈ C − {0} . Obviously, in the limit q → 1 this algebra becomes the superalgebra of functions on the
superspace SP2|1 .

Example 3.1 There exist some representations that satisfy (3.1).

Proof For instance, the representation ρ : O(SP2|1
q ) → M(3,C) , acting on the generators x′ , θ′ , and y′ ,

defined by matrices∗

ρ(x′) =

q 0 0
0 q2 0
0 0 1

 , ρ(θ′) =

 0 q − 1 0
0 0 0

q1/2 0 0

 , ρ(y′) =

0 0 0
0 0 0
0 1 0

 , (3.2)

satisfies the relations (3.1). 2

Remark 3.2 The last two relations in (3.1) can also be written as a single relation. In this case, we say that
O(SP2|1

q ) is the superalgebra with generators x′
± and θ′ satisfying the relations [5]

x′
±θ

′ = q±1θ′x′
±, x′

+x
′
− = x′

−x
′
+ + q−1/2(q + 1)θ′2. (3.3)

Of course, the representation ρ in (3.2) preserves the relations (3.3) where ρ(x′
+) = ρ(x′) and ρ(x′

−) = ρ(y′) .
Using the relations (3.3), it is easily shown that the element [5]

rq = q1/2x′
−x

′
+ + θ′2 − q−1/2x′

+x
′
− (3.4)

is a central element of the algebra O(SP2|1
q ) .

3.3. The algebra of functions on the quantum superspace SP1|2
q

The quantum symplectic superalgebra O(SP1|2
q ) is defined as follows: The superalgebra O(SP1|2

q ) is the q -

deformed algebra of functions on the quantum superspace SP1|2
q generated by ξ′ , z′ , and η′ with the quadratic

relations [3]

ξ′z′ = q−1z′ξ′, z′η′ = q−1η′z′, η′ξ′ = −q2ξ′η′ + q1/2(1− q)z′2, ξ′2 = 0 = η′2, (3.5)

where q ∈ C− {0} .

∗arXiv.org e-Print archive (2018). Hopf algebra structure on symplectic superspace SP
2|1
q [online]. Website

http://arxiv.org/abs/1811.06381 [14 November 2018].
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Example 3.3 There exist some representations that satisfy (3.5).

Proof For instance, the representation ρ : O(SP1|2
q ) → M(3,C) , acting on the generators ξ′ , z′ , and η′ ,

defined by matrices [4]

ρ(ξ′) =

 0 0 0
0 0 0

q1/2 0 0

 , ρ(z′) =

q 0 0
0 0 0
0 0 1

 , ρ(η′) =

0 0 1− q
0 0 0
0 0 0

 , (3.6)

satisfies the relations (3.5). 2

3.4. The superalgebras O(SP2|1
h ) and O(SP1|2

h ) via a contraction

We introduce new coordinates x , θ , and y with the change of basis in the coordinates of the superspace SP2|1
q

as follows:

X ′ =

x′

θ′

y′

 =

 1 0 0
0 1 0
h

2(q−1) 0 1

x
θ
y

 = g X. (3.7)

Here h is a new deformation parameter and it will replace q in the limit q → 1 . The factor 1
2 appearing in the

matrix g has been taken in order to prevent the factor 2 from appearing in many places in the future. There
is no other feature.

If we now use the relations (3.1), then we have the relations

xθ = qθx, xy = q2yx+ (1 + q) h
2 x2, θy = qyθ + (1 + q) h

2 θx, θ2 = q1/2(q − 1)yx+ q1/2 h
2 x2. (3.8)

Example 3.4 There exist some representations that satisfy (3.8).

Proof The representation ρ , acting on the generators x , θ , and y , defined by matrices

ρ(x) =

q 0 0
0 q2 0
0 0 1

 , ρ(θ) =

 0 q − 1 0
0 0 0

q1/2 0 0

 , ρ(y) =

−qh′ 0 0
0 −q2h′ 0
0 1 −h′

 , (3.9)

satisfies the relations (3.8), where h′ = h
2(q−1) . 2

In the limit q → 1 of the relations (3.8) we get the following quadratic relations. The resulting relations

define superalgebra O(SP2|1
h ) of functions on the symplectic h -superspace SP2|1

h :

Definition 3.5 Let K{x, θ, y} be a free associative algebra generated by x , θ , y and Ih is a two-sided ideal

generated by xθ − θx , xy − yx − hx2 , θy − yθ − hxθ , θ2 − h
2 x2 . The quantum superspace SP2|1

h with the
function algebra

O(SP2|1
h ) = K{x, θ, y}/Ih

is called a quantum symplectic superspace.
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According to Definition 3.5, we have

xθ = θx, xy = yx+ hx2, θy = yθ + hxθ, θ2 = h
2 x2. (3.10)

If we use the relations (3.3), we obtain the relations

x+θ = θx+, θx− = x−θ + hx+θ, x+x− = x−x+ + 2θ2. (3.11)

We see that the central element of the algebra O(SP2|1
h ) is

rh = h
2 x2

+ − θ2, (3.12)

which can be obtained from (3.4).

Definition 3.6 Let Λ(SP2|1
h ) := O(SP1|2

h ) be the algebra with the generators ξ , z , and η satisfying the
relations

ξz = zξ, zη = ηz − hξz, ξη = −ηξ, ξ2 = 0, η2 = h ( 12 z
2 + ξη), (3.13)

where τ(ξ) = 1 = τ(η) and τ(z) = 0 . We call Λ(SP2|1
h ) the quantum exterior algebra of the quantum superspace

SP2|1
h .

Remark 3.7 Obviously, in the limit h → 0 the algebra O(SP2|1
h ) is the Z2 -graded polynomial algebra in three

supercommuting indeterminates and the algebra Λ(SP2|1) is the exterior algebra of SP2|1 .

4. The quantum symplectic supergroup SPh(2|1)

In this section, we will consider the (2+1)×(2+1) -supermatrices acting on the quantum symplectic superspaces

SP
2|1
h and SP

1|2
h .

4.1. The super-Hopf algebra O(SPh(2|1))

Let a, b, c, d, e, γ, α, δ, β be elements of a supercommutative algebra A where Latin letters are of degree 0 and
Greek letters are of degree 1. Let O(SP(2|1))) be defined as the polynomial algebra K[a, b, c, d, e, α, β, γ, δ] . It
is convenient and more illustrative to write a point (a, b, c, d, e, α, β, γ, δ) of O(SP(2|1)) in the matrix form

T =

a α b
γ e β
c δ d

 = (tij). (4.1)

Using the orthosymplectic conditions

T stChT = DCh, TC−1
h T st = DC−1

h (4.2)

where T st denotes the super transposition of T and

Ch = lim
q→1

[
gstCqg

]
=

h
2 0 −1
0 1 0
1 0 0

 , Cq =

 0 0 −q−1/2

0 1 0
q1/2 0 0

 ,
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we get the quantum superdeterminant as

Dh = ad− bc− αδ + h
2 bd = da− cb+ δα− h

2 db.

Remark 4.1 In the classical case, it is well known that the matrix T given in (4.1) defines the linear
transformation T : SP2|1 −→ SP2|1 . In the quantum case, the matrix T also defines the linear transformation

T : SP2|1
h −→ SP2|1

h . As a result of this we have TX = X̃ ∈ SP2|1
h , where X = (x, θ, y)t . Therefore, we will

use such transforms while obtaining h-deformed commutation relations between the matrix elements of T .

We now assume that the generators of O(SP(2|1)) supercommute with the generators of the algebras

O(SP2|1
h ) and O(SP1|2

h ) and define the couples (x̃, θ̃, ỹ) and (ξ̃, z̃, η̃) by the following matrix equalities:

x̃

θ̃
ỹ

 =

a α b
γ e β
c δ d

x
θ
y

 and

ξ̃
z̃
η̃

 =

a α b
γ e β
c δ d

ξ
z
η

 . (4.3)

Then we can give the following theorem, which we can prove by making straightforward calculations. Some
relations in the theorem below are arranged using the orthosymplectic conditions.

Theorem 4.2 If the couples (x̃, θ̃, ỹ) and (ξ̃, z̃, η̃) in (4.3) satisfy the relations (3.10) and (3.13), respectively,
then the generators of O(OSPh(2|1)) satisfy the following relations:

ab = ba− hb2, ac = ca+ h(a2 − 1), ad = da+ h(ba− db− hb2),

bc = cb+ h(ab+ db+ hb2), bd = db+ hb2, cd = dc+ h(1 − d2), aα = αa− hαb,

aδ = δa+ hα(a− d), bα = αb, bδ = δb+ hαb, cα = αc− h(αa+ δb),

cδ = δc− hδd, dα = αd− hαb, dδ = δd,

α2 = −h
2 b2, δ2 = h

2 (1 − d2), (4.4)

ae = ea+ hαβ, be = eb, ce = ec+ h(αγ + δβ), de = ed+ hαβ,

aβ = βa− hβb, aγ = γa, bβ = βb, bγ = γb+ hβb, cβ = βc− h(βd+ γb),

cγ = γc− hγa, dβ = βd− hβb, dγ = γd+ hβ(d− a), eα = αe− hβb,

eβ = βe− hαb, eγ = γe− h(αa+ βe− hαb), eδ = δe− h(αe+ βd− hβb),

αβ = −βα, αγ = −γα− hbe, αδ = −δα+ h(α2 − db), βγ = −γβ + h(β2 + ab),

βδ = −δβ + hbe, γδ = −δγ + h(ae− de), β2 = h
2 b2, γ2 = h

2 (a2 − 1).

Remark 4.3 The element Dh is a central element of the algebra O(SPh(2|1)) ; that is, it commutes with all
generators of O(SPh(2|1)) . For this reason, we use Dh = 1 when writing some relations in (4.4).

Remark 4.4 In [10], similar relations to the relations (4.4) have been obtained via a matrix Rh using the
standard FRT construction [8] (RTT-relations) and the h-orthosymplectic condition.
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It can be shown that the super algebra O(OSPh(2|1)) is a super-Hopf algebra. For this, the requests of
Definition 2.9 must be satisfied. The operations are quite long, but can be obtained by direct calculations.

Theorem 4.5 There exists a unique super-Hopf algebra structure on the superalgebra O(OSPh(2|1)) with co-
maps ∆ , ϵ , and S such that

∆(tij) =

3∑
k=1

tik ⊗ tkj , ϵ(tij) = δij , S(T ) = T−1,

where

T−1 =

 d+ h
2 b β −b

−(δ + h
2 α) e α

−c+ h
2 (d− a+ h

2 b) −γ + h
2 β a− h

2 b

 .

Definition 4.6 The super-Hopf algebra O(OSPh(2|1)) is called the coordinate algebra of the quantum super-
group OSPh(2|1) .

4.2. Coactions on the quantum symplectic superspaces
Let H be a super-Hopf algebra and X a supervector space. Then a left coaction of H on X is a linear map
δL : X −→ H ⊗X obeying the identities

(id ⊗ δL) ◦ δL = (∆⊗ id) ◦ δL and (ϵ⊗ id) ◦ δL = id.

The supervector space X with a left coaction δL of H is called an H -comodule.

Definition 4.7 If X is a superalgebra and the coaction δL : X −→ H ⊗X satisfies, for all x, y ∈ X ,

δL(xy) = δL(x)δL(y) and δL(1) = 1 ⊗ 1,

then X is called a left quantum superspace for H or a left H -comodule superalgebra.

Theorem 4.8 (i) The superalgebras O(SP2|1
h ) and O(SP1|2

h ) are both left comodule algebras of the Hopf
superalgebra O(OSPh(2|1)) with left coactions

δL : O(SP2|1
h ) −→ O(OSPh(2|1))⊗O(SP2|1

h ), δL(Xi) =

3∑
k=1

tik ⊗Xk (4.5)

and

δ̃L : O(SP1|2
h ) −→ O(OSPh(2|1))⊗O(SP1|2

h ), δ̃L(X̂i) =

3∑
k=1

tik ⊗ X̂k. (4.6)

(ii) For the element rh of the superalgebra O(SP2|1
h ) , we have δL(rh) = 1 ⊗ rh .

Proof (i): These assertions can be obtained from the relations in (3.11) with (4.3).
(ii): To see that δL(rh) = 1 ⊗ rh we use the definition of δL in (4.5) and the relations (3.11) with Dh = 1 . 2
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5. The quantum de Rham complex on SP2|1
h

The de Rham complex of a smooth manifold X is the cochain complex that in degree n ∈ N has the vector
space Ωn(X ) of n -degree differential forms on X . Under the wedge product, the de Rham complex becomes
a differential graded algebra. In this section, we set up a quantum de Rham complex, a Z2 -graded differential

calculus, on the symplectic superspace SP2|1
h .

Definition 5.1 A first-order Z2 -graded differential calculus over a superalgebra A is a pair (Ω, d) , where Ω

is an A-bimodule and d : A −→ Ω is a linear map obeying the Z2 -graded Leibniz rule

d(a · b) = (da) · b+ (−1)τ(a)a · (db), ∀a, b ∈ A

such that Ω = span{a · db · c : a, b, c ∈ A} . The elements of (Ω, d) are said to be 1-forms.

Definition 5.2 Let H be a super-Hopf algebra and X a left H -comodule superalgebra. A first-order Z2 -graded
differential calculus over X is called left covariant if Ω is a left H -comodule with left coaction δL : Ω −→ H⊗Ω

such that
δL(x dy) = δL(x)(τ

′ ⊗ d)δL(y),

where τ ′ : Ω −→ Ω , τ ′(u) = (−1)τ(u) u .

It is possible to construct noncommutative analogues of the de Rham complex of a C∞ -manifold with
the property of covariance, going beyond first-order calculus. To construct a quantum de Rham complex on the

quantum superspace SP2|1
h we choose the cotangent space or differential 1-forms. Since we want to multiply

forms by functions from the left and right, we demand that this must be an Ω -bimodule.
A Z2 -graded differential algebra over A is a Z2 -graded algebra Ω =

⊕
n≥0 Ω

n , with the linear map d
of degree 1 such that d ◦ d := d2 = 0 and the Z2 -graded Leibniz rule holds. Here we assume that Ω0 := A and
Ω<0 = 0 .

5.1. The relations of coordinates with differentials

To set up a Z2 -graded differential calculus on O(SP2|1
h ) , we first introduce the first-order differentials of the

generators of O(SP2|1
h ) as dx = ξ , dθ = z and dy = η . Then the differential d is uniquely defined by the

conditions in Definition 5.1, and the h -deformed commutation relations between the differentials have the form

dx ∧ dx = 0, dx ∧ dθ = dθ ∧ dx, dx ∧ dy = −dy ∧ dx,

dθ ∧ dy = dy ∧ dθ − h dx ∧ dθ, dy ∧ dy = h (dx ∧ dy + 1
2 dθ ∧ dθ). (5.1)

Theorem 5.3 There exists unique Z2 -graded differential calculus Ω(SP2|1
h ) on O(SP2|1

h ) , which is left covari-

ant with respect to the super-Hopf algebra O(SPh(2|1)) such that {dx, dθ, dy} is a free right O(SP2|1
h )-module

basis of Ω(SP2|1
h ) . The corresponding formulas describing Ω(SP2|1

h ) are:

x dx = dxx, x dθ = dθ x, x dy = dy x+ h dxx, θ dx = −dx θ,

θ dθ = dθ θ − h dxx, θ dy = −dy θ − h dθ x, y dx = dx y − h dxx, (5.2)

y dθ = dθ y − h dx θ, y dy = dy y + h (h2 dxx− dx y + dθ θ + dy x).
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Proof To find the desired commutation relations, let us begin by writing the expressions x dx , x dθ , etc. in
terms of dxx , dθ x , etc. in a compact form:

X ⊗ dX = B (dX ⊗X), X = (x, θ, y)t, (5.3)

where B = (Bkl
ij ) is a 9 × 9 -matrix with constant entries. Here, there seem to be 81 indeterminate constants

(B11
11 , B

12
11 , etc.) when the sum is explicitly written, but in fact we have 41 indeterminate constants due to

consistency and we can determine them in four steps.
(1) If we apply the differential d from the left to the relations (3.10) and use the corresponding cross-

commutation relations (5.3), then we see that 18 of the constants are eliminated. For example,

B12
21 = −1−B12

12 , B11
22 = −h

2 (1 +B11
11), B11

31 = B11
13 − h (1 +B11

11).

(2) If we apply the differential d from the left to relations (5.3) and compare them with the relations
(5.1), then 10 of those coefficients are eliminated. For instance,

B22
11 = h

2 B33
11 , B21

12 = 1 +B12
12 + hB32

12 , B21
23 = B12

23 + hB32
23 .

(3) We first note that compatibility with the left coaction of O(SPh(2|1)) means that (4.5) defines a

graded differential algebra homomorphism Ω(SP2|1
h ) −→ O(SPh(2|1)) ⊗ Ω(SP2|1

h ) . We now use compatibility
with the left coaction of O(SPh(2|1)) . This leaves one free parameter and the relations (5.3) are in the following
form:

x dx = B11
11 dxx,

x dθ = 1
2 (B

11
11 − 1) dx θ + 1

2 (B
11
11 + 1) dθ x,

x dy = h
2 (B11

11 + 1) dxx+ 1
2 (B

11
11 − 1) dx y + 1

2 (B
11
11 + 1) dy x,

θ dx = − 1
2 (B

11
11 + 1) dx θ + 1

2 (1−B11
11) dθ x,

θ dθ = −h
2 (B11

11 + 1) dxx+ dθ θ, (5.4)

θ dy = −h
2 (B11

11 + 1) dθ x+ 1
2 (1−B11

11) dθ y − 1
2 (B

11
11 + 1) dy θ,

y dx = −h
2 (B11

11 + 1) dxx+ 1
2 (B

11
11 + 1) dx y + 1

2 (B
11
11 − 1) dy x,

y dθ = −h
2 (B11

11 + 1) dx θ + 1
2 (B

11
11 + 1) dθ y + 1

2 (B
11
11 − 1) dy θ,

y dy = h2

4 (B11
11 + 1) dxx+ [ 12 (B

11
11 − 1)− hB11

11 ] dx y + h
2 (B11

11 + 1) dθ θ + 1
2 (B

11
11 − 1 + 2h) dy x+B11

11 dy y.

(4) The parameter B11
11 is fixed by checking the associativity of the cubics. For instance, if we use that

(x dθ) ∧ dy is equal to x (dθ ∧ dy) , we find that the parameter B11
11 should be equal to 1 .

Now the relations (5.4) with B11
11 = 1 are equivalent to the relations (5.2). 2

The quantum de Rham complex of the quantum superspace SP2|1
h is the differential graded algebra

Ω(SP2|1
h ) where the superalgebras O(SP2|1

h ) and Λ(SP2|1
h ) are parts of Ω(SP2|1

h ) . The complete definition is
given below.
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Definition 5.4 The quantum de Rham complex Ω(SP2|1
h ) is a Z2 -graded differential algebra generated by the

elements of the set {x, θ, y, dx, dθ, dy} and the relations (3.10), (5.1), and (5.2).

Note 3. The relations in (5.2) and (5.1) with the matrix R̂ can be written in the forms

(−1)τ(xi) xi dxj =
∑
k,l

R̂kl
ij dxk xl, (−1)τ(xi) dxi ∧ dxj =

∑
k,l

(−1)τ(dxk) R̂kl
ij dxk ∧ dxl,

where

R̂ =



1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
h 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0
h 0 0 0 −1 0 0 0 0
0 0 0 h 0 0 0 1 0
−h 0 1 0 0 0 0 0 0
0 −h 0 0 0 1 0 0 0
h2

2 0 −h 0 h 0 h 0 1


= (R̂kl

ij ).

The matrix R = PR̂ coincides with transposition of the matrix B in [2] (or [10] with h = p , therein) where P

is the superpermutation matrix.

5.2. The relations with partial derivatives

Let A be any associative unital algebra and we denote the ring of 3× 3 -matrices with entries in A by M3(A) .
Let Ω be an A -bimodule with free module structure. Since the ring of all endomorphisms Ω −→ Ω of rank 3
is isomorphic to the ring M3(A) , there exists an algebra homomorphism µ : A −→ M3(A) .

From Theorem 5.3 it is obvious that a free right O(SP2|1
h ) -module basis of O(SP2|1

h ) -bimodule Ω(SP2|1
h )

is the set {dx, dθ, dy} and the relations (5.2) hold. We now consider the left module structure of O(SP2|1
h ) -

bimodule Ω(SP2|1
h ) and interpret the left product u · dv as an endomorphism of the right module Ω(SP2|1

h ) .

Then we can define an algebra homomorphism µ : O(SP2|1
h ) → M3(O(SP2|1

h )) such that

u · dxi =

3∑
j=1

dxj · µ(u)ij (x1 = x, x2 = θ, x3 = y) (5.5)

for all u ∈ O(SP2|1
h ) . Relations (5.5) are equivalent to the relations (5.2), where

µ(x) =

 x 0 0
0 x 0
hx 0 x

 , µ(θ) =

 −θ 0 0
−hx θ 0
0 −hx −θ

 , µ(y) =

 y − hx 0 0
−hθ y 0

h(h2 x− y) hθ y + hx

 . (5.6)

Remark 5.5 It is easy to see that the relations (3.10) are preserved under the action of the map µ .

To obtain the commutation relations of the generators of O(SP2|1
h ) with derivatives, we first introduce

the partial derivatives of the generators of the algebra.
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Definition 5.6 A family of quantum vector fields ∂x, ∂θ, ∂y : O(SP2|1
h ) → O(SP2|1

h ) dual to {dx, dθ, dy} is
defined by

df = dx ∂x(f) + dθ ∂θ(f) + dy ∂y(f), f ∈ O(SP2|1
h ), (5.7)

where τ(∂θ) = 1 , for consistency. These vector fields are called the partial derivatives of the calculus (Ω, d) .

Clearly, the partial derivatives are left linear and satisfy the property ∂i(xj) = δij .

The next theorem gives the relations between the elements of O(SP2|1
h ) and their partial derivatives.

Theorem 5.7 The commutation relations of the partial derivatives with the generators of O(SP2|1
h ) are

∂xx = 1 + x∂x + hx∂y, ∂xθ = θ∂x + hx∂θ, ∂xy = (y − hx) ∂x − h θ∂θ + h(h2 x− y) ∂y,

∂θx = x∂θ, ∂θθ = 1− θ∂θ + hx∂y, ∂θy = y∂θ + h θ∂y, (5.8)

∂yx = x∂y, ∂yθ = θ∂y, ∂yy = 1 + (y + hx) ∂y.

Proof Let us denote the partial derivatives ∂x , ∂θ , and ∂y by ∂i for i = 1, 2, 3 , respectively. Then it can be
shown that the derivatives ∂i and the homomorphism µ are related by

∂j(f · g) = ∂j(f) · g + (−1)τ(f)
3∑

i=1

µ(f)ij · ∂i(g) (5.9)

for all f, g ∈ O(SP
1|2
h ) . Now the required relations follow from (5.9) with (5.6). 2

Theorem 5.8 The partial derivatives satisfy the following commutation relations:

∂x∂θ = ∂θ∂x + h∂θ∂y, ∂θ∂θ = h
2 ∂y∂y, ∂θ∂y = ∂y∂θ,

∂x∂y = ∂y∂x + h∂y∂y. (5.10)

Proof From (5.7) we see that

0 = d2f = −dx ∧ (dx ∂x + dθ ∂θ + dy ∂y)∂xf + dθ ∧ (dx ∂x + dθ ∂θ + dy ∂y)∂θf

+ dy ∧ (dx ∂x + dθ ∂θ + dy ∂y)∂yf

for f ∈ O(SP
1|2
h ) . Now the desired relations are obtained by use of the relations (5.1). 2
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