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Abstract: In this manuscript, we study nonself-adjoint second-order differential operators with two constant delays.
We investigate the properties of the spectral characteristics and the inverse problem of recovering operators from their
spectra. An inverse spectral problem is studied of recovering the potential from spectra of two boundary value problems

with one common boundary condition. The uniqueness theorem is proved for this inverse problem.

Key words: Sturm-Liouville problems, inverse problems, constant delay, asymptotic form of solution

1. Introduction

The method of separation of variables for solving PDEs with two constant delays naturally led to ODEs with
two constant delays inside of the interval, which often appear in mathematics, physics, mechanics, geophysics,
electronics, meteorology, etc. The inverse spectral problem consists of recovering operators from their spectral
characteristics. The inverse spectral Sturm—Liouville problem can be regarded as three aspects: existence,
uniqueness, and reconstruction of the coefficients of given specific properties of eigenvalues and eigenfunctions
(see [2, 6, 9, 11, 17] and the references therein).

The interest in differential equations with delay started intensively growing in the twentieth century,
stimulated by the appearance of various applications in natural sciences and engineering, including the theory
of automatic control, the theory of self-oscillating systems, long-term forecasting in the economy, biophysics,
etc. For general background on functional differential equations, we refer to the monographs [8, 12, 16] and the
references therein.

There exist a number of results revealing spectral properties of differential operators with delay (see, e.g.,
[13] and the references therein). At the same time, concerning the inverse spectral theory, its classical methods
do not work for such operators as well as for other classes of nonlocal operators, and therefore there are only
a few separate results in this direction, which do not form a comprehensive scheme. However, some aspects of
inverse problems for differential operators with a constant delay were studied in [3, 7, 10, 14, 15, 18, 19].

Recently, Freiling and Yurko in [7] proved that if the spectra of the problems L;(g), j = 0,1, coincide
with the spectra of L;(0), j =0, 1, respectively, then g(x) =0 a.e. on (0, 7). Pikula et al. in [15] and Vladicic
and Pikula in [18] studied the reconstruction of the potential function g(z) and the delay point a from the two

spectra if a € (w/2, 7). Buterin and Yurko in [4] and Buterin et al. in [3] studied the inverse Sturm-Liuoville

*Correspondence: shahriari@maragheh.ac.ir
2010 AMS Mathematics Subject Classification: 34B24, 34B27

965


https://orcid.org/0000-0002-8982-2451

SHAHRIARI/Turk J Math

differential operator with constant delay. Also, the necessary and sufficient conditions for the solvability of the
inverse problem in terms of asymptotics have been proved. More recently, Shahriari et al.* studied the inverse
delay Sturm—Liouville problems with transmission conditions inside the interval.

In the present paper, we study an inverse problem of Sturm-Liouville differential operators. In inverse
spectral problems, the task is to find a coefficient in the equation using the spectral data. In this note, we discuss
the uniqueness of the spectral problem by developing the result of [7] for the inverse Sturm-Liouville problem
with two delay constants inside the interval. For this purpose, we study the asymptotic form of solutions,
eigenvalues, and eigenfunctions of the problems. We investigate the inverse spectral problem of recovering
operators from their two spectra in the Dirichlet—Dirichlet and Dirichlet—-Neumann boundary conditions with

two constant delays inside the interval.

2. Asymptotic form of solutions and eigenvalues

We consider the boundary value problem L; := L;(¢1(z); g2(2); a1; a2), j = 0,1, of the form
ty:=—y"(2) + q(2)y(z — a1) + @2(x)y(z — az) = My(), z € (0,m), (2.1)
with the boundary conditions
y(0) =y (m) =0, (2.2)

where ¢1(z) € L(a1,7), q2(z) € L(az,m), ¢1(x) =0 for x < a1, and ¢z(x) =0 for x < ag are complex-valued
functions. The coefficients aj, as € [0,7) are real and assumed to be known a priori and fixed and ay < as.
Let ¢(z,A) be the solution of Eq. (2.1) with a1 N < 7 < a1(N 4+ 1) and aoM < 7 < az(M + 1) under the
initial conditions ¢(0,\) =0, ¢'(0,\) = 1. For each fixed x, and j = 0,1, the functions ¢’ (z,\) are entire in

A of order 1/2. The function ¢(x, ) is the unique solution of the integral equation

o) = 22 [PIPEZD ) - 01,0 + (o)t - an ) (2.

with p? = X\ and p = o + i7. Solving (2.3) by the method of successive approximations, we get

oz, A) = po(z, A) + pr1(x, A) + - + pn(z, A). (2.4)
Thus, we have
sin pz
pola, \) = 2L, (2.5)
P
0, r < kaq,

Jiras W(Jl(t)gok,l(t —ay, \)dt, ka; < x < kas,

pr(z,A) = (2.6)

Jia WCB (t)pr—1(t — a1, A\)dt
+ kaag WQQ@)ka—l@ —ag, N)dt, x> kas,

*Shahriari M, Nemati Saray B, Manafian J. Reconstruction of the Sturm—Liouville differential operators with discontinuity
conditions and a constant delay, unpublished.
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Oa T < kala
e, €08 p(z —t)q1(t)pr—1(t — a1, N)dt, ka; <z < kas,

Pz, A) = (2.7)

kaal cos p(z — t)q1(t)pr—1(t — a1, \)dt
+ fkwarz cos p(x — t)q2(t)pr_1(t — az, \)dt, x> kas,

, M and

0, r < kay,

S e g (o (t - ar, Ndt, @ > kay,

@k(]}v/\) = {

0 z < kay
/ _ ’ > ’
g@k(l‘, )\) - { fl:cal cos p(m — t)(h (t><Pk71(t —ay, )\)dt7 T Z k'al, (29)

for k=M+1,M +2,...,N. Then for k > 1, by using the formulas (2.5)—(2.7), we calculate

and

¥1

901(x’)‘)

(,A)

0,
1
2

1
2p

O, x S a,
oot ) (1)t — ax, N)dt, a1 S T < az,

ai P

I w 1(H)po(t — ax, A)dt

ai

+fr qmp(z t) @ (t)po(t —az, \dt, x> as,

0, x < ay,

z sin p(z—t) sin p(t—a1)
fal ) q1 (t) ) dta ay S X S ag,

T sinp(x t) sin p(t—a1)
I, qu(t) =t

+f:r smp(:x: t) (t) sinp([t)fag)dt’ T > as,

07 x < ai,
# (— cosp(x —ar) [, qi(t)dt + [ cosp(2t —x — al)ql(t)dt> . ap <x<ag,

ﬁ (— cos p(x —ay) f:l q1(t)dt — cos p(x — as f q2(t)dt
+ f:’; cos p(2t —x — ay)qi (t)dt + faz cos p(2t —x — ag)qg(t)dt> , x> asg,

(2.10)

x§a1,

; (sinp(x —aq) axl q1(t)dt + farl sin p(2t — x — al)ql(t)dt> , a; <z < ag,

(2.11)
(Sin ple —a1) [ q(t)dt +sinp(x — az) [ ga(t)dt

+ f:l sin p(2t — xz — a1)q (t)dt + f;z sin p(2t —z — (lg)(]g(t)dt) , T > as.

967



SHAHRIARI/Turk J Math

For k =2 from (2.7)—(2.11), we get

0,
Jo, 220 gy (£)p1 (¢ — @, At
902(‘rv )‘) = R .
J2a %‘h(ﬂ@l(t —ay, A)dt
+ f;ag %ﬁqQ(t)wl(t — asg, A)dta
and

0,
f;al Cos p(ﬂ? - t)Q1 (t)@l (t —as, A)dta

o, cos p(z = )qr ()1 (t — ar, N)dt

z < 2aq,
2a17 < x < 2as,

+ fo, €08 p(x — 1) ga(t)pr (t — ag, \)dt, x> 2as.

From Egs. (2.10)—(2.13) with a simple calculation, we obtain

Dipay=d 0
Py (2, A) = { O(p? 3 exp(|7|(z — 2a1))),

r < 2aq,
x > 2aq,

where 7 = Imp. Using Eqgs.(2.5)-(2.11) by induction, it is easy to show that

(j) B 0’ ‘ T S kah
@i (w,A) = { O(pPFLexp(|t|(x — ka1))), = > kay,

T > 2as9,
(2.12)
r < 2aq,
2017 < x < 2as,
(2.13)
|p| = oo, (2.14)
lp| — 0. (2.15)

Denote A;(\) := ¢ (m,\), j =0,1. The functions A;(\) are entire functions in A of order 1 and the

2

zeros of A;(A) coincide with the eigenvalues A,; of L;(g). Thus, the function A;(\) is called the characteristic
function for L;(g). From Eqs. (2.4)—(2.5), (2.10)-(2.11), and (2.13), we obtain the following asymptotic formula

for |p| — oo:

AO()‘) :50(7(’ )‘)

sin pr

(2.16)

= —[—cosp(w—al)wl — cos p(m — az)ws

p 2p

+ / cos p(2t — m — a1)qi(t)dt + /

1 az

o (Sl —e))

PE

T
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and

A1) =¢/(m, ) (2.17)

=cos pm + % [sin p(m — ay)w; + sin p(m — ag)wsy
p
™

+ /Tf sin p(2t — 7 — a1)q1 (t)dt + / sinp(2t — 7 — ag)qQ(t)dt}

ai a2z

o (ool e

02
where wy = [ qi(t)dt and wy := [ ga(t)dt. Using (2.16) and (2.17), by the well-known method used in [6],
we get the asymptotic formula for the eigenvalues A,; = p%j as n — 0o:

1 1
Pno =N + —— [wy cosnay + wy cosnas] + o () , (2.18)
2mn n

B 1+ 1 1 L 1 n 1
Pnl =" 5 T3 w1 cos [ n 5 a1 +wscos [ n 7 as o) -

Lemma 2.1 The specification of the spectrum {An;}, n > 1 and j = 0,1, uniquely determines the characteristic
function A;(X) by the formulas

Ano — A
n2

Anl — A

L (n—35)%

2

AO(}\) =T ﬁ and Al()\) = (219)

|

n

Proof By Hadamard’s factorization theorem [5, p. 289], Ag()) is uniquely determined up to a multiplicative

constant by its zeros:
- A
Ag(N) = 1—— 2.2
o =cTl (1~ ) (220)

(the case when Ay(0) = 0 requires minor modifications). Consider the function

then

A 2
lim 20 _ i (142070 g
A——o0 AO()\) A——o0 n? — A\
and hence
- )\nO
c=r]]7%
n=1
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Substituting this into (2.20), we arrive at (2.19). The proof of A;()\) is the same as that of Ag()). O

Denote
L(p) := A1(N) +ipAg(N).

The function L(p) is entire in p, and L(p) is the characteristic function for the Regge-type boundary value
problem (2.1) with the boundary conditions y(0) = ¢'(7) + ipy(7) = 0. It follows from (2.4) that

L(p) = Lo(p) + L1(p) + La(p) +-- -+ Ln(p), (2.21)

where Li(p) = ¢} (7, X) + ippr(m, X). In particular, Lo(p) = exp(ipm). Using (2.6) and (2.7), we get

S, exp(ip(m — ) g1 ()pr—1(t — ax, N)dt
Li(p) = + Jra, P(ip(m = 1))g2(t)pr—1(t — ag, N)dt,  for k=1,2,..., M, (2.22)
f,;l exp(ip(m —t))q1 (t)pp—1(t — a1, \)dt, fork=M+1,M+2,...,N.

Moreover, it follows from (2.10) and (2.11) that

£y — SRlipm —an)) | expliplr —a)

2.2
2ip 2ip (2.23)
_ W/ exp(—2ipt)qu (t)dt — w/ exp(—2ipt)ga(t)dt.
22p a1 2Zp az
Taking (2.15) and (2.22) into account, we get
expip(m+ (k-1 T )
L1(p) —0< el p;f ) l / exp(—ip(2t — a1))qu (t)dt
ka1
+ / exp(—ip(2t — ag))qg(t)dtl ) , (2.24)
k?a2

for Tmp > 0, |p| = o0, and k> 1.

3. The uniqueness theorem
Let {S\nj}nZIa j = 0,1, be the eigenvalues of the boundary value problems Ej = L;(G1;G2; a1;a2) with
Gi(z) = 0 and ¢(x) = 0. Then Ay = n? and A\, = p3? = (n— %)2 Denote by L(p) the characteristic

function of L := L(qy; Go; ar; az). Clearly, £(p) = exp(ipr).

Theorem 3.1 (Main theorem) If \,; = \,; for alln>1 and j = 0,1, then ¢, (x) =0 a.e. on (a1, 7) and
g2(xz) =0 a.e. on (ag,n].

Proof (1) By virtue of Lemma 2.1, one has

Ap(N) = Smp””, As()) = cos pr

and consequently L(p) = exp(ipm). Using (2.21), we get

L1(p) = L7 (p), (3.1)
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where
N
LT (p) = Zﬁk(p), for k > 2 and L1 (p) =0, fork=1.
k=2

It follows from (2.18) that w; cos na; +wy cosnag = 0. The functions cosna; and cosnas, (a1 > as) are linear
independent. We get wy = 0 and wy = 0. Together with (2.23) this yields

£1lp) == BT [ exp(ipat — anas(o)i (3.2

B epr(z'Zm) /aj exp(—ip(2t — az))gs(t)dt.

(2) Let N =1,1ie. a; € (5,7), and then L¥(p) = 0. From (3.1), we see that £1(p) = 0. Using (3.2),

we get

s [ exp(ip(2t — o) (e + [ exp—in(2t - ca))an(t] =0,

By rewriting Eq. (3.2) and with the assumption of ¢a2(x), we obtain

exp(ipr) [/ *exp (~2ipt) explipar)as ()t +

2Zp al al

™

exp (~2ipt) explipas)a(t)ir| =0
or

/Tr exp (—2ipt) (exp(ipai)q1(t) + exp(ipaz)ge(t)) dt = 0.

ai

From the completeness of exp (—2ipt) on (ay,7), we obtain

exp(ipai)qi(t) + exp(ip(az))g2(t) =0 a.e. on (aj,m).

The functions exp(ipa;) and exp(ipas) are linear independent in p, so we get ¢1(x) =0 and ¢2(x) =0 a.e. on
(a1, m). Thus, Theorem 3.1 is proved for N =1. O

Below, we will assume that N > 2.
Lemma 3.2 If ¢;(x) =0 and gz2(x) =0 a.e. on (2a1,7), then ¢1(x) =0 and ¢2(x) =0 a.e. on (a1, 7).
Proof For the proof, we consider two cases:

e 2a; < ay. The proof is similar to [7, Lemma 2].

e 2aj > ay. By virtue of (2.24), for ¢;(x) =0 and ¢2(z) =0 a.e. on (2a;,7), we get Li(p) =0 for k > 2
and hence £7(p) = 0. From Eq. (3.1), we get £1(p) = 0; consequently, ¢(z) =0 and g2(z) =0 a.e. on
(ala 7T) .

O
(3) For definiteness, we assume that N = 25+ 1, S > 1, ie. N is odd. (The case when N is even

requires minor technical modifications.)
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Lemma 3.3 Fiz v =0,25—-1. If 1(z)+g2(z) =0 a.e. on the interval (m—va1/2, 7), then g1(z)+gz(x) =0

a.e. on the interval (m — (v + 1)a1/2, 7).

Proof Since m —vay/2 > 2ay, from (2.24) we have

@) e’(p(i”;*al)) 27(:”&1/2 exp(—ip(2t — al))ql(t)dt> , T —vay/2 < 2ag;
Ly(p) =14 O exp(ipf(;iﬁal)) { 27;?/&1/2 exp(—ip(2t — ay))q: (t)dt (3.3)

(
4 fﬂ-—ual/Q eXp(—ip(Qt _ ag))Q2(t)dt:|) , = 1/(11/2 > 2as.

2(12

In the integrals 2¢ — 7 — 2a1 € (2a; — 7, 7 — (v + 2)a1), where m — (v +2)a; > 7 — Nay > 0. This yields
1 .
£2(p) = O (g oxpl—ipr — v+ D)), Tup>0, |pl = o, (3.4

For k > 2, the functions L (p) have less growth than the right-hand side in (3.4). This means that

LT (p) =0 (;712 exp(—ip(m — (v + 2)a1))> ) Imp >0, |p| = oo. (3.5)

It follows from (3.1), (3.2), and (3.5) that

. T—vay/2
e + .
Lilp) = — ST [T e iptyan (o)

1

. T—vay/2
- W / exp(—2ipt)qa(t)dt

2

1
~0 (L exp(-ip(r— (v +21)) . Twp = 0. ol -+ .
It follows from the above equation that

T—vay/2
exp(ip(2m — (v + 1)ay)) / exp(—2ipt) exp(ipar )q: (t)dt

al

T—vay/2
+explip(r— (4 Dan) [ exp(=2ipt) explipaa)aa(t

az

1
O<p>, Imp >0, |p| = oc.

We have
T—vai/2 T—vai/2
/ exp(—2ipt) exp(ipay)qy (t)dt —|—/ exp(—2ipt) exp(ipas)qs(t)dt
al az
= O (exp(ip(—27 + (v + D)aq))), Imp >0, |p| = co. (3.6)
Let us define the function
T—vay /2
F(p) :=exp(ip(2m — (v + 2)aq)) / exp(—2ipt) [ exp(ipar)q:(t) + exp(ipasz)qz(t)] dt. (3.7)
m—(v+1)ai/2
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The function F(p) is entire in p. Clearly, F(p) = O(1) for Imp < 0. From (3.6) and (3.7), we obtain
F(p) = O(1) for Imp > 0. Using Liouville’s theorem (see [5, p. 77]), F(p) = C-const. Since F(p) = o(1) for
real p, |p| = c0. We get F(p) =0. From (3.7), we obtain

T—vay/2

/ exp(~2ipt) [ exp(ipar)ar (1) + exp(ipaz)ga(t)) dt = 0.
w—(v+1)a1/2

The completeness of exp(—2ipt) in the interval (7 — (v + 1)a; /2, 7™ — va;/2) concludes that exp(ipa;)qi(z) +

exp(ipaz)gz(x) = 0 a.e. on the interval. Thus, we get ¢1(z) = 0 and ¢2(z) =0 a.e. in (7 — (v + 1)a1 /2,7 — va1/2).
O

(4) Applying Lemma 3.3 successively for v =0,1,...,25 — 1, we obtain ¢;(z) = 0 and ¢2(z) = 0 a.e. on the
interval (m — Saj, 7). We note that it is not possible to use Lemma 3.3 for v = 25, and we need the following

lemma for this fact.

Lemma 3.4 If ¢;(x) =0 and g2(x) =0 a.e. on the interval (x — Say, ), then ¢1(x) =0 and g2(x) =0 a.e.
on the interval ((S+ 2)a1/2,).

Proof For k=542, we have m — Sa; — ka; <7 — (N + 1)a; <0. Consequently, Li(p) =0 for k> S +2.
According to (2.24), for k =2,5+ 1, we get

. o o a w—Say .
£1(p) =0 (e"pw(” o )V exp(—ip(2t — an))as (6

+ /k ﬂ exp(—ip(2t — a2>)q2<t)dtD , (3.8)
and we note that 2t — 7 — ka; < 0. It follows that
£ulp) = O (S expliptn ~ k) ) Tmp > 0, | -5 o0 k= ZFF L. (3.9)
and hence
L1 (p) =0 ({)12 exp(ip(m — (S + l)al))> , Imp >0, |p| = oc. (3.10)

Applying (3.1), (3.2), and (3.10), we have

™

T—Sa;
/ exp(—ip(2t — a1))qi (t)dt + / exp(—ip(2t — az))qa(t)dt
k

aq k)az

explip(m + ar)

1
=0 (p exp(ip(m — (S + 1)a1))> , Imp >0, |p| = .
Rewrite the equation as follows:

T—Sa;
exp(ip((S + 1)a1) / exp(—2ipt) [ exp(ipa1)qi (t) + exp(ipaz)ga(t)]dt

ai

1
=0 (p) , Imp>0, |p| = . (3.11)
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We thus get the equation

T—Sa;
[ exv(-2ipt) [explipa)ar(t) + explipa)as(t)]dt

1

—0 (eXp(”’(,(OS + 1>‘“)> . Imp >0, |p| = oo. (3.12)
Denote
T—Sa;
Fy(p) i= explip((S + 1)ar) /( L esp(2ion) [explipmn)as 1)+ explipas) s 0]t
S+2)ay/2

The function Fi(p) is entire in p, and Fi(p) = O(1) for Imp < 0. By referring to and reviewing (3.11) and
(3.12), we get Fi(p) = O(1) for Imp > 0. Therefore, Fi(p) = C'. Since Fi(p) = o(1) for real p, as |p| = oo,
it follows that Fi(p) =0, i.e.

TI'—SCLl
/ exp(—2ipt)(exp(ipa1)qi(t) + exp(ipaz)qa(t))dt = 0.
(S+2)ay/2

From the completeness of exp(—2ipt) on ((S + 2)a1/2,m — Say), we get exp(ipa)q(t) + exp(ipaz)gz(t) = 0
a.e. on the interval. Then ¢;(x) =0 and ¢2(x) =0 a.e. on (a1, 7).

(5) If S=1 or S =2, then from Lemmas 3.3 and 3.4, we have proved that ¢;(x) = 0 and ¢z(z) = 0 a.e. on
(a1, m) a.e. on (2a1,7). According to Lemma 3.2, we conclude that ¢;(z) = 0 and ¢2(z) =0 a.e. on (ay, 7).
Thus, Theorem 3.1 is proved for S=1 and S = 2.

Let S>3. Fix v=5,5+2. Denote u :=[(v+1)/2]. Clearly, u < v.

Lemma 3.5 If ¢i1(z) = 0 and g2(x) = 0 a.e. on (ay,m) on the interval (vay/2,w), then ¢(x) = 0 and

q2(z) =0 a.e. on (ay,m) on the interval (uay/2,).

Proof Since v/2 —k <v/2—u <0 for k > u, it follows that Li(p) =0 for k > u. From Eq. (2.24) and

assumption of this lemma,

vai/2
Ly (p) =0 <1k / exp(—ip(2t — 7 — (k — 1)a1))[ exp(ipar)q(t) + exp(ipaz)w(t)]dt) ;
p ka1
Imp >0, |p| = oc.

Since 2t — m — ka; < 0, we get

1 _
Li(p)=0 <pk exp(ip(m — kal))) , Imp >0, |p| = o0, k=2,u—1,

and hence

LY (p) =0 (plz exp(ip(m — (u — l)al))> , Imp >0, |p| = oo. (3.13)
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From Egs. (3.1), (3.2), and (3.13), we obtain

vay/2
explip(u— ar) [ expl(~2ipt) explipar)ar (1) + explipas)aa(0)i

ai

1
=0 (p) , Imp >0, |p| = occ. (3.14)
Moreover,

ua /2
exp(ip(u — 1)a1)/ exp(—2ipt)(exp(ipa1)q1(t) + exp(ipas)qa(t))dt

ay

= O (exp(—ipuai)) Imp >0, |p| — cc. (3.15)

If wa1/2 < ag, then ¢1(t) + ¢2(t) = q1(t). Denote

vay/2

Fy(p) := exp(ip(u — 1)a1) / o exp(—2ipt)(exp(ipa1)qi(t) + exp(ipaz)qa(t))dt.

The function Fs(p) is entire in p, and Fa(p) = O(1) for Imp < 0. By referring to and reviewing (3.14)
and (3.15), we get Fa(p) = O(1) for Imp > 0. Therefore, Fi(p) = C. Since Fz(p) = o(1) for real p, as
|p| = o0, it follows that Fu(p) = 0, i.e. consequently exp(ipai)qi(t) + exp(ipaz)gz(t) = 0 a.e. on the interval
(uay/2,va;/2). Thus, we get ¢1(x) =0 and g2(z) = 0 a.e. on the interval. O
Applying Lemma 3.5 several times successively starting from v = S + 2, we obtain the relation ¢;(z) = 0 and

g2(z) =0 a.e. on (2ay,7). Then, by virtue of Lemma 3.2, ¢;(x) = 0 and ¢2(z) = 0 a.e. on the interval (aq, ).
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