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Abstract: This study aims to contribute to the theoretical studies on near soft sets and near soft topological spaces.
In addition, it presents basic concepts and constructs that will form the basis for a near theoretical set-up of near soft
sets. These concepts and structures include near soft point, near soft interior, near soft closure, near soft neighborhood,

near soft continuity, and near soft open (closed) function.
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1. Introduction
The rough sets were presented by Pawlak in order to solve the problem of uncertainty in 1982. In this set, the
universal set is presented by the lower and upper approaches. This theory aimed to introduce some approaches
into the sets. The theory of near sets was presented by Peters [6, 7]. While Peters defines the nearness of
objects, he is dependent on the nature of the objects, so he classifies the universal set according to the available
information of the objects. Moreover, through entrenching the notions of rough sets, numerous applications of
the near set theory have been enlarged and varied. Near sets and rough sets are like two sides of a coin; the only
difference is the fact that what is focused on for rough sets is the approach of sets with nonempty boundaries.

The soft sets were presented by Molodtsov [5] as a mathematical tool for modeling uncertainty problems
and examined by many scientists, and they presented a new approach to uncertainty [1, 2, 4, 9]. Later, Feng et
al. [3] conducted research on the problem of joining soft sets with rough sets and presented the concept of rough
soft sets. Tasbozan et al. [10] introduced the definition of the near soft set by obtaining the lower and upper
approximations of a soft set in nearness approximation space (NAS). Moreover, they examined some properties
of the near soft set.

The aim of this study is to complement the theoretical studies of near soft sets and near soft topological
spaces. In addition, it is intended to provide basic concepts and constructs that will form the basis for a near

theoretical set-up of near soft sets.

2. Preliminaries

In this section, we recollect some descriptions and results presented discussed in [10]. Moreover, we present

the concepts of near soft sets, their fundamental properties, and operations such as near soft union, near soft
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intersection, near soft point, near soft interior, near soft closure, near soft neighborhood, near soft continuity,

and near soft open (closed) function.

Henceforth, let O be an initial universe set and F be a set of parameters with respect to O unless
otherwise specified. Let N,.(B)(X) be a family of neighborhoods of a set X and X C O.

Definition 2.1 [10] Let NAS = (O, F, B, N, Vn,.) be a nearness approzimation space and o = Fg be a soft
set over O. The lower and upper near approzimation of o = Fp with respect to the NAS are denoted by

N,+(0) = Fp« and N} (o) = F};, which are soft sets over with the set-valued mappings given by

F*((b) = Np» (F(¢)) = Uqeo {aBT - F(¢)}7
F*(¢) = N (F(¢)) = Uaco {aB, N F(¢) # 0},

where all ¢ € B. For two operators Ny~ and N} on a soft set, we say that these are the lower and upper near

approximation operators, respectively. If BNy, (py(X) >0, then the soft set o is said to be a near soft set.

Example 2.2 Let X = {a1,a2,a3} C O = {a1,a2,0a3,a4,a5}, B ={p1,02,¢03} C F = {d1,¢2,¢3,¢4} denote
a set of perceptual objects and a set of functions, respectively. Sample values of the ¢;, i = 1,2,3,4 functions
are shown in Table 1.

Table 1.

a a2 as Qa4 as
¢ |0 1 0 1 1

P2 | 2 2 3 2 3

¢3 | 0,01 | 0,03 | 0,02 | 0,03 | 0,02
¢q | 1 1 0 1 0

Let 0 = Fg, B = {¢1,02, 93} be a soft set defined by

Fp = {(¢17 {(7,270,3}), (¢27 {ala as, a4})a (¢3a {alv az,as, a4})} .
Then for r = 1;

a1y, = {a1,a3}, g4, = {a2,a4,0a5},

a1y, = {01,02,04} , G34, = {a3,as},

a1y, = {a1}, G2g, = {az,a4},a34, = {as,as}.

Ni(o) ={(¢1,0), (¢2,0), (d3,{a1, a2, a4})} and

N*(o) = {(¢1,0), (¢2,0), (¢3,0}. BNn(co) >0, and then o is a near soft set.
Now for r = 2,

Tigy,0, = {01}, B29,.9, = {a2,04}, T34, 9, = {as}, T5g, 6, = {as},
Wgy6s = {01}, G266, = {02,04}, @By, = {03}, Tag, ¢, = {05},
Wy p5 = 101}, 24,6, = 102,04}, T34, .4, = 103,05} -

Ni(o) = {(¢1,{as}), (¢2.{a1,as}), (¢3,{a1, a2, a3,a4})} and

N*(0) = {(¢1.{az,as,a4}), (¢2,0), (¢3, 0} .

BNn (o) >0, and then o is a near soft set.
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Finally, for r =3,
gy do.6a = {01} s T2gy,60,.00 = 102,04}, T3, 90,0, = {as},
U541 ,02.60 = {05} -
Ni(o) = {(¢1,{as}), (¢2,{a1,a3}), (¢3, {a1, a2, a3,a4})} and

N*(0) = {(#1,{a2,a3,a4}), (92, {a1, a2, a3,a4}), (¢3,{a1,a2,a3,a4}} .
BNn (o) >0, and then o is a near soft set.

We consider only near soft sets Fg over a universe O in which all the parameter sets B are the same.
The set of all near soft sets over O is denoted by NSS(Op).

Definition 2.3 Let O be an initial universe set and F be a universe set of parameters. Let Fy and Gp be
near soft sets over a common universe set O and A, B C F.
1. The extended intersection of Fa and Gp over O is the near soft set Ho, where C = AU B, and
Vo € C,
F(¢) ifope A—B
H(¢) =4 G(¢) ifpeB-A
F(p)NG(¢) if o € ANB.
We write FAaNGg = He.
2. The restricted intersection of Fa and Gp is the near soft set Ho, where C = AN B, and
H(¢) = F(¢)NG(¢) for all ¢ € C. We write FANGp = He.
8. The extended union of Fa and Gp is the near soft set Hgo, where C = AU B, and V¢ € C,

F(¢) ifocA-B
H(¢) =4 G(9) ifpeB—-A
F(¢)UG(¢) ifp € ANB.
We write Fq UG = He.
4. The restricted union of Fa and Gp is the near soft set He, where C = ANB, and H($) = F(¢)UG(9)
for all ¢ € C. We write F4UGp = He.

Definition 2.4 [10] Let Fg € NSS(Op). Then Fp is called:
1. a null near soft set if F(¢) =10, for all ¢ € B.
2. a whole near soft set if F(¢) = O, for all ¢ € B.

Definition 2.5 [10] Let Fg € NSS(Og). Then F§ is said to be the relative complement of Fp, where
Fe(¢) = O — F(¢) for all ¢ € B.

Definition 2.6 [10] Let Fg, Gp € NSS(Op). Then Fp is a near soft subset of Gp, denoted by Fp C Gp,
if Nu(Fs) € N.(Gp) for all 6 € B, i.e. N.(F(6),B)C N.(G(6),B) for all 6 € B
Fy is called a near soft superset of Gp, denoted by Fa O Gp, if Gg is a near soft subset of Fa.

Definition 2.7 Let Fg, Gg € NSS(Op). If Fg and Gp near soft sets are subsets of each other, then they
are called equal, denoted by Fg = Gp.
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Theorem 2.8 [10] Let Fp, G € NSS(Og). Then:
1. (1?5 LJ(;B)C ::1?§ F](?%.
2. (173 F]C?B)C 211?§ LJ(;%.

We can prove that the following De Morgan laws hold in near soft set theory for the extended union and

the intersection.

Theorem 2.9 Let I be an index set and F,p € NSS(Op), Vi € I. Then:

1. {URB} = NF% and
i€l " i€l

. F = U F%.
2 Lﬂ ’B} i B

Proof 1. Let {UIquB} = HE. We have H¢ (¢) = O — H(¢) = O — ‘UIFi((,b) = OI(O — Fi(¢)) for all ¢ € B.
S 1€ 1€

In other words, vQIFiCB = Kp. We have K(¢) = NF°(¢) = N (O —Fi(¢)) for all ¢ € B. The proof is

el i€l
completed.

2. Let {QIFI.B} = H§. We have H® (¢) =0 —H(¢) =0 — ‘QIFi(gb) = ,gI(O*Fi(fﬁ)) for all ¢ € B. In

other words, UF'% = Kp. We have K (¢) = _LGJIFiC((/ﬁ) = _LEJI (O = F;(¢)) for all ¢ € B. The proof is completed.
O

Definition 2.10 [10] Let ¢ = Fp be a near soft set over Op, T be the collection of near soft subsets of o,
and B C F be the nonempty set of parameters; then 7 is called a near soft topology on Op if T satisfies the
following axioms:

1. O, Op € 7 where §(¢) =0 and F(¢) = F, for all ¢ € B.

2. Finite intersections of near soft sets in T belong to .

8. Arbitrary unions of near soft sets in T belong to T.

The pair (O,T) is called a near soft topological space.

We write nsts instead of near soft topological space.

Example 2.11 Let O = {a1,a2,a3,a4,a5}, B = {¢1, 2,93} C F = {¢1, p2, 3, pa} where o, F},...,Fp are

near soft sets over Op, defined as follows. Then:
o = Fp = {(¢1,{a2,a3}), (¢2,{a1, a3, as}), (¢3,{a1, az, a3, as})},
Fg = {(¢1,{az2}), (62, {a1}), (¢3, {a:1 )},

F§ ={(¢1,{as}), (¢2,{as}), (43, {a1, a2})},

Fj = {(¢1,{az, as}). (92, {a1, a3}), (¢3, {a1, a2})},

Fj = {(¢1,0), (62,0), (63, {a1})}-

T defines a near soft topology on Op and thus (O,T) is a nsts over Op.

Definition 2.12 Letting (O,7) be a nsts over Op, then the members of T are said to be near soft open sets

Op.
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Definition 2.13 Let (O, 1) be a nsts over Op. A near soft set Fg over Op is called a near soft closed set in

OB, if its relative complement Fg belongs to T.

Theorem 2.14 [10] Let (O, B,T) be a nsts on Op. Then:
1. 0%, O% are near soft closed sets over Op.
2. Arbitrary intersections of the near soft closed sets are near soft closeds over Op.

3. Finite unions of the near soft closed sets are near soft closed sets over Op.

Now, for any near soft set in a nsts, we present the following sets.

Definition 2.15 Let (O, B,7) be a nsts and Fg € NSS(Op). Then:

1. The set N{Gp 2 Fp : Gp is a near soft closed set of O} is called the near soft closure of Fg in
Op, denoted by cl,(Fp).

2. The set U{Cp C Fp : Cp is a near soft open set of Op} is called the near soft interior of Fp in Op,
denoted by int,(Fg).

Example 2.16 Let us consider the near soft topology T that is given in Example 2.11. Then:
Fp ={(¢1,{a2,a3}), (¢2,{a1, a3, as}), (¢3,{a1, a2, a3,a4})},
int,(Fg) = FpUFLUF3UF3 UFE
= {(¢1,{az,as}), (¢2,{a1, as, as}), (3, {a1, a2, a3, a4})}, and
for near soft set Fo = {(¢1,{a1,a2,as4}), (42, {az, a4, a5}), (¢s,{as,as}),
cn(Fo) = (Fg)° N (Fg)® = (F5)° = {(¢1,0),(¢2,0), (63, {az, a3, a4, as})}-

Proposition 2.17 Let (O, B,7) be a nsts and Fg, Gg € NSS(Op). Then the following hold:
1. int,(int,(Fp)) = int,(Fp).

If Fg C Gp, then int,(Fp) C int,(Gp).

int,(Fp) Nint,(Gg) = int,(Fp N Gp).

int,(Fp)Uint,(Gg) Cint,(Fs N GR).

cln(cln(FB)) = cln(FB).

If Fg C Gp, then cl,(FB) C cl,(GB).

cn(Fg)Nely,(Gg) C ey (FgNGp).

cln(Fp)Udln(Gp) C el (FpNGp).

S S R

The relation between the near soft closure and near soft interior is given by the following theorem.

Theorem 2.18 Let (O, B,T) be a nsts and Fgp € NSS(Op). Then the following hold:
1. cn(Fg) = O —int,(Fp).
2. int,(F§) =0 —cl,(Fp).

Proof 1. Let near soft open set Gp C Fp and near soft closed set Cp 2 F5. Then:
int,(Fg) = U{C$% : Cp is a near soft closed set and Cg O F§}
=0 —N{Cp : Cp is a near soft closed set and Cp D F§}
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= O — cl,(F§). Therefore, cl,(F§) =0 — int,(Fp).
2. Let G be near soft open set. Then for a near soft closed set Gg O Fp, Gp C F§.
cln(Fp) = N{G% : Gp is a near soft open set and Gg C Fg}
=0 —U{Gp : Gp is a near soft open set and Gp C F§}
= O —int,(F§). Therefore, int,(Fg) = O — cl,(Fp). O

Corollary 2.19 Let (O, B,T) be a nsts and Fp, Ggp € NSS(Op). Then the following hold:
1. Fp is near soft closed iff Fp = cl,,(Fp).
2. Gp is near soft open iff Gp = int,(Gp).

Proof 1. Suppose Fp = cl,(Fp)= N{Cp: Cp is a near soft closed set and Cg 2 Fp}, which implies
Fp € N{Cp is a near soft closed set and Cg O Fp}, which implies that Fz is a near soft closed set.
Conversely, Fp is a near soft closed set in Opg. We take Fg C Fp and Fp is a near soft closed set. That
is why Fg € N{Cp : Cp is a near soft closed set and Cp 2 Fg}. Fg C Cp implies Fig = N{Cp : Cp is a near
soft closed set and Cg D Fg} = cl,(Fp). Fg = cl,(FB).
2. We apply near soft interiors. O

In the following, we give the definition of a near soft point.

Definition 2.20 Let Fp € NSS(Op). If for the element ¢ € B, F(¢) # & and F(¢') = @ for all
¢ € B —{¢}, then Fg is called a near soft point in Op, denoted by ¢

Definition 2.21 Let (O, B,7) be a nsts and G € NSS(Op). The near soft point ¢&¥ € Op is called a near

soft interior point of a near soft set Gp if there exists a near soft open set Hg such that ¢¥ € Hg C Gp.

Proposition 2.22 Let ¢X € Op for all ¢ € B and Gp be a near soft open set in a nsts (O, B, 7). Then every

near soft point ¢ € Gp is a near soft interior point.

Proof This is clearly seen from Definition 2.21. O

Definition 2.23 Let Fg, Gg € NSS(Op). The near soft point ¢JI¥ is said to be in the near soft set Gpg,
denoted by ¢ € Gp, if for the element ¢ € B and F(¢) C G(¢).

Proposition 2.24 Let ¢¥ € Op and Gg C Op. If ¢¥ € Gp, then ¢¥ ¢ GS.

Proof If ¢ € Gp, then for ¢ € B and F(¢) C G(¢). This implies F(¢) € O — G(¢) = G¢(¢). Therefore,
we have ¢ ¢ GS. O

Remark 2.25 As shown in the next example, the converse of the above proposition is not true in general.

Example 2.26 According to Example 2.2, Gg is a near soft set and is defined as follows:
Gp = {(¢1.{az2}), (¢2,{a1,a3}), (¢35, {az, as})}. Then for a near soft point,

3 ={(¢2,{a1,a2,a4})}, 03 ¢ Gp and also
d)é\; ¢ Gg = (¢17{a13a33a43a5})3 (¢23{a27a47a5})7 <¢37{a17a37a5})}'
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Definition 2.27 Let (O,B,7) be a nsts and Gg € NSS(Op). If there exists a near soft open set Hg such
that d)g € Hg C G, then Gpg is called a near soft neighborhood (written near soft nbd) of the near soft point
o¥ € Op.

The near soft nbd system of near soft point ¢& , which is denoted by N,(¢¥), is the set of all its near
soft nbd.

Definition 2.28 Let (O, B,7) be a nsts and Gg € NSS(Op). If there exists a near soft open set Hg such
that Fg C Hg C Gpg, then Gg is called a near soft nbd of the near soft set Fp.

The important properties of near soft nbd are given by the following theorem.

Theorem 2.29 Let (O, B,7) be a nsts and G, Hg € NSS(Op). The neighborhood system N,(¢N) at ¢¥
in (O, B,T) has the following properties:

1. If Gg € N.(¢¥), then ¢¥ € Gp;

2. If Gg € N.(¢¥) and Gg C Hp, then Hp € N, (¢¥);

3. If Gp, Hp € N, (6Y), then G N Hp € N, (6N);

4. If Gg € N, (¢¥), then there is Mp € N, (¢) such that Gg € N,(¢), for each ¢y € Mp.

Proof 1.1If Gp € N.(¢¥), then there is Hg € 7 such that ¢ € Hg C Gp. Therefore, we have ¢¥ € Gp.

2. Let Ggp € N,(¢¥) and Ggp C Hpg. Since G € N, (¢N), then there is Mp € 7 such that
¢ € Mp C Gp. Therefore, we have ¢ € Mp C G C Hp and so Hp € N, (¢N).

3. If Gp, Hp € N, (¢¥), then there exist Mp, Sp € 7 such that ¢&¥ € Mp C Gp and ¢¥ € Sp C Hp.
Hence, qﬁg € MpNSg CGgNHg. Since MgN Sp €1, we have Gg N Hp € NT(gbg).

4. If Gg € N.(¢¥), then there is Sp € 7 such that ¢¥ € Sp C Gp. Put M = Sp. Then for every
¢y € Mp, ¢y € Mp C Sp C Gp. This implies G € N, (¢y). )

Theorem 2.30 Let (O, B,7) be a nsts and Fg, Gg € NSS(Og). A near soft set Gg is near soft open if and
only if for each near soft set Fp contained in G, Gp is a near soft nbd of Fp.

Proof Suppose Gp is a near soft open set in Og. Then Fg C Hg C GG implies that Gg is a near soft nbd
of each Fg.

Conversely, since Gg C Gp, there is a near soft open set Hp such that Gg C Hp C Gp. Hence,
Hp = Gp and Gp is a near soft open set. O

3. Near soft continuous functions

In this section, we explore the fundamental features of family NSS(Op) and give many properties of near soft
continuous functions. Throughout the paper, the spaces O and V stand for near soft topological spaces with
the assumed ((O, A, 7) and (V, B, 7*)) unless otherwise stated and a near soft mapping f : O — V stands for a
mapping, where f: (O, A,7) = (V,B,7*), u: O =V, and p: A — B are assumed mappings unless otherwise
stated and A, B C F.
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Proposition 3.1 Let Fp,Gg,Hp,Sg € NSS(Opg). Then the following hold:
1. Fgng =0g.

FsNOpg = Fpg.
FBU(Z)B:FB.
FBUOB:OB.

Fg CGp iff FeNGp = Fp, for all ¢ € B.

Fg CGp iff FeUGp =Gg, forall ¢ € B.

If FsNGp =0g, then Fg C GS.

FpUFS = Op.

If Fg C G and Gg C Hp, then Fg C Hp.

10. If Fg CGp and Hg C Sp, then FgNHg C G N Sp.
11. Fg C Gp iff GS C F&.

© X RS G oo

Proof We just show 5, 6, 7, and 11. The other proofs follow similar lines.

5. Assume that Fg C Gp. Then N,(F(¢)) C N.(G(¢)) for all ¢ € B. Let Fp N Gp = Hp. Since
H(¢) = F(¢) NG(p) = F(¢) for all ¢ € B, by definition Hg = Fp.

Suppose that FpNGp = F. Let FgNGp = Hp. Since H(¢) = F(¢p)NG(¢) = F(¢) for all ¢ € B, we
know that N,(F(¢)) € N.(G(¢)) for all ¢ € B. Thus, Fp C Gp.

6. It is similar to the proof of 5.

7. Suppose that FgNGp = Op. Then F(¢)NG(¢) = @ and so N.(F(¢)) C N.(O—G(d)) = N.(G(¢))
for all ¢ € B. We have Fp C G%.

11. Tt follows from the following: Fp C Gp iff N.(F(¢)) C N.(G(¢)) forall ¢ € B iff G(¢)° C F(¢)°
for all ¢ € B iff G°(¢) C Fe(¢) for all ¢ € B iff G5 C F&. 0

Next, we will set up several properties of near soft sets induced by mappings.

Definition 3.2 Let NSS(O4) and NSS(Vg) be the families of all near soft sets over O and V', respectively.

The mapping f is called a near soft mapping from O to V, denoted by f : NSS(O4) — NSS(Vg), where
uw:0 —V and p: A — B are two mappings.

1. Let Fa be a near soft set in NSS(O4). Then for all w € B the image of Fa under f, written as
f(Fa) = (f(F),p(A)), is a near soft set in NSS(Vp) defined as follows:

U uw(F(¢)), p Hw)NA#@
sy = [ ooy o E @) P04
a, otherwise.
2. Let G be a near soft set in NSS(Vg). Then for all ¢ € A the near soft inverse image of Gg under
[, written as f~1(Gp) = (f~Y(G),p~1(B)), is a near soft set in NSS(Oa) defined as follows:

f_l(G)(¢) _ { u_l(G(p(¢)))7 p(¢) €B

- &, otherwise.

Definition 3.3 Let (O, A,7) be a nsts and Fa, Gy € NSS(0O4) and let f: O — V be a mapping. Then for

w € B, the near soft union and intersection of near soft images of Fa, G4 are defined as:
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F(Fa)w U f(Ga)w,

1. w
2. (f(Fa)Nf(Ga))w wN f(Ga)w.

I
=
S

Definition 3.4 Let (V,B,7*) be a nsts and Fg, Gg € NSS(Vg) and let f : O =V be a mapping. Then for
¢ € A, near soft union and intersection of near inverse soft images of Fg, Gp are defined as:

1L (f*(F)UfNGRB))¢=f 1 (Fp)oU fH(GB)o,

2. (fFY(Fe)Nf~HGp)) ¢ = f" (Fr)opN f~HGB)o.

Definition 3.5 Let (O, A,7) and (V,B,7*) be two nstss. Let u be a mapping from O to V and p be a
mapping from A to B. Let f be a mapping from NSS(O4) to NSS(Vp) and ¢¥ € Oa. Then:

1. f is near soft continuous at ¢ € O, if for each Gp € No«(f ((bg)), there exists a Ha € Ny (¢N)
such that f(Ha) C Gp.

2. f is near soft continuous on Oa if f is near soft continuous at each near soft point in O4.

Theorem 3.6 Let (O, A,7) and (V,B,7*) be two nstss and f: O — V. [ is near soft continuous on Oz if

and only if the inverse image of a near soft open set in Vg is a near soft open set in O4.

Proof Let f: O — V be near soft continuous on O4. Let Gp € 7*. To prove that f~1(Gg) € 7, let
¢ € f~1(Gp). Then, by assumption, f is near soft continuous at ¢ . Thus, there exists a near soft open set
G4 in Oy such that f(Ga) C Gp, but then ¢¥ € G4 C f~1(Gp) will imply ¢ is a near soft interior point
of f71(Gp). As any ¢X € f~1(Gp) is its near soft interior point it is a near soft open set in O4.

Conversely, to prove that f is near soft continuous on Oy, fix up any ¢X € Oa. Select any near soft
open set Gp in Vi containing f(¢X). By assumption, f~(Gp) is a near soft open set in O4. f(¢pN) € Gp =
o € f~1(Gp). Define G4 = f~1(Gp). Then we get ¢ € G4 and f(Ga) = f[f 1 (Gp)] C Gp. Therefore,
f is near soft continuous at ¢N. As f is near soft continuous at each ¢X € Oa, we get that f is near soft

continuous on Oy . O

Theorem 3.7 Let (O, A,7) and (V,B,7*) be two nstss and f: O — V. [ is near soft continuous on Oz if

and only if the inverse image of a near soft closed set in Vg is a near soft closed set in O 4.

Proof Let f: O — V be near soft continuous and let Hg be near soft closed set in Vz. Then Vg — Hp is a
near soft open set in V. Hence, by Theorem 3.6, f~1(Vp — Hp) is near soft open in Oy, ie. Ox — f~1(Hp)
is near soft open in O4. Thus, f~*(Hp) is near soft closed in O4.

Conversely, to prove that f is near soft continuous on Oy4, let Mp be any near soft open set in Vp.
Then Vg — Mp is a near closed set in V. Thus, ffl(VB — Mpg) is a near soft closed set in O 4, by assumption.
Hence, O4 — f~1(Mp) is a near soft closed set in O4. Thus, f~!(Mp) is a near soft open set in O4. Thus,
the inverse image of a near soft open set in Vg is a near soft open set in O4. Hence, by Theorem 3.6, f is near

soft continuous on O4. O

Example 3.8 Let O = {a1,az,a3}, V = {b1,b2,b3}, A= {¢1,¢2,43},
K ={a1,a9,a3}, and (O, B, 1), (V,K,7*), nsts, where B, K C F. Let us take the following information
table.
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Table 2.

b1 by | bs
ap |1 1 1
az | 0,1 |1 0,1
as |1 2 1

Let p=Fg, K ={a1,az,a3} be a soft set defined by

Fre = {(a1,{b1,b2}), (a2, {b2,b3}), (3, {b1,b3})} .

Then for r =1,

b1y, = {b1,b2, b3},

b1, = {b1,b3}, bag, = {b2},

b1a, = {b1,b3}, ban, = {ba}.

N.(p) # 0, and thus BNx(c) >0, so u is a near soft set.

Let uw be a mapping from O to V and p be a mapping from B to K.
u(ar) = {b1}, u(az) = {bs}, ulas) = {b2},

p(¢1) = {az}, p(¢2) ={ar}, p(¢s) = {as}.

Take the near soft topology T on Op that is given in Example 2.11, i.e.

7={(0p, Fp,F§,F},F3, F3}, and let 7* = {0k, Fx}.
f:(0,B,7) = (V,K,7*) is a near soft mapping. Then Fy is a near soft open set in Vix and

FH(Fk) = {(¢1,{az, a3}), (#2, {a1,a3}), (43, {a1,a2})} is a near soft open set in Op .
Thus, [ is a near soft continuous function.

Theorem 3.9 Let (O,A,7) and (V,B,7*) be two nstss and ¢¥ € Oa. For a function f : NSS(O4) —
NSS(Vg), the following are equivalent:

1. f is near soft continuous at ¢¥ ;
2. YVGp € N.-(f (qﬁg)), and there exists a Ha € N, (¢ ) such that Ha C f~Y(Gp);
3. For each Gp € No«(f (%)), f'Gp € N-(¢¥).

Proof It is open from Definition 3.5. O

Theorem 3.10 Let (0, A,7) and (V,B,7*) be two nstss. For a function f : NSS(O4x) — NSS(Vg), the
following are equivalent:

1. f is near soft continuous;

2. YF4 € NSS(04), and the inverse image of every near soft nbd of f(Fa) is a near soft nbd of Fa;

3. VF4 € NSS(04) and for each near soft nbd Hp of f(Fa), there is a near soft nbd G4 of Fa such
that f(Ga) C Hp.

Proof 1.=2. We have that f is near soft continuous. If Hp is a near soft nbd of f(F4), then Hp contains
a near soft open nbd Gp of f(Fa). Since f(Fa) C Gp C Hp, f~1(f(Fa)) C f~(Gp) C f~(Hp). However,
Fy C f7Y(f(Fa)) and f~1(Gp) is a near soft open set. Consequently, f~1(Hp) is a near soft nbd of Fj.
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2.=1. We will use Theorem 3.6 and 3.7. Let Gp € 7*. Then f~!(Gp) is a near soft subset of O4. Let
F4 be any near soft subset of f~1(Gpg). Then Gp is a near soft open nbd of f(Fa), and by 2, f~1(Gp) is a
near soft near soft nbd of F4. By Theorem 2.30, f~(Gg) is a near soft open set.

2.=3. Let Fa4 € 7 and let Hp be any near soft nbd of f(Fa). By 2, f~'(Hp) is a near soft nbd of F4.
Then there is a G4 € 7 such that F4 C G4 C f~'(Hp). Hence, we have a near soft open nbd G4 of Fa such
that f(Fa) C f(Ga) € Hp.

3.=2. Let Hp be a near soft nbd of f(F4). Then there is a near soft nbd G4 of F4 such that
f(Ga) C Hp. Hence, f~1(f(Ga)) C f~1(Hp). Furthermore, since G4 C f~1(f(Ga)), f~1(Hp) is a near soft
nbd of Fu. O

Theorem 3.11 Let (O, A, 1) and (V,B,7*) be two nstss and f: O — V. f is near soft continuous if and only
if Fleln(G0)] € A4 (F(GA)] for any Ga C O,

(cln(Ga) =mnear soft closure of Ga in (O,A,7) and clf[f(Ga)] =near soft closure of f(Ga) in
(V.B,7%).)

Proof Let f: O — V be near soft continuous and let G4 C O4. We know that G4 C f~1[f(G4)]. Hence,
Ga C fYUF(GA)] C e (f(GA))] (since f(Ga) C clf(f(Ga)) always). As cli(f(Ga)) is a near soft closed
set in Vp and f is near soft continuous function on Oa, f=t[cl}(f(G4))] is a near soft closed set in O4 (see
Theorem 3.7). Hence, cl,(Ga) C fclk(f(GA))], ie. fleln(Ga)] C cli[f(Ga)l.

Conversely, to prove that is near soft continuous on O4, let Hp be any near soft closed set in V. Define
Ga = f~1(Hp). Then by assumption flcl,(f~1(Hg))] C c[(f(f~*(Hg))], but f(f~*(Hp)) C Hp always.
Thus, cl}[f[f~*(Hp)]] C cl}(Hg) = Hp. Therefore, we get flcl,(f~'(Hg))] € Hp. Hence, cl,,(f~*(Hg)) C
fY(Hp). As f~Y(Hp) C cl,(f~1(Hp)) always, we get cl,,(f~1(Hg)) = f~'(Hp). Thus, f~'(Hp) is a near

soft closed set in O 4. Thus, by Theorem 3.7, is a near soft continuous function. a

Theorem 3.12 Let (O, A,7) and (V,B,7*) be two nstss and f: O — V. f is near soft continuous if and only
if f~int:(Gg)] C int,[f~1(GB)] for any G C Va.

(int} (Gg) =near soft interior of Gg in (V,B,7*) and int,[f 1 (Gp)] =near soft interior of f~1(Gp)
in (0,A,7).)

Proof Let f: O — V be near soft continuous and let Gg C Vp. Then int’(Gpg) is a near soft set in Vp.
Hence, by Theorem 3.6 f~'[int}(Gp)] is near open set in O 4. As int’(Gg) C Gg, fint:(Gg)] C f~1(GBp).
Thus, f~ [int}(Gg)] C int,[f~H(GB)]

Conversely, to prove that f: O — V is near soft continuous on O4, let G be any near soft open set in
Vp. Then int;(Gp) = Gp. By assumption, f~1[int}(Gp)] C int,[f~1(Gp)], i.e. f7H(Gp) Cint,[f~H(Gp)],
but always int,[f~1(Gp)] C f~1(Gp). Thus, int,[f~1(Gp)] = f~1(Gp). This implies that f~!(Gp) is a near
soft open set in O 4. Therefore, by Theorem 3.6, it is a near soft continuous function on Oy. O

4. Near soft open and near soft closed functions

Definition 4.1 Let (O, A,7) and (V, B,7*) be two nstss and f: O — V. f be a near soft mapping on Oa. If

the image of each near soft open (resp. near soft closed) set in O4 is a near soft open (resp. near soft closed)
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set in Vg, then f is called a near soft open (resp. near soft closed) function.

Theorem 4.2 A near soft mapping f: O — V is near soft closed if f for each ¢% € Oa and each near soft
open set G4 in Oy there exists a near soft set Gp in Vi such that Gg C f(Ga).

Proof Follows directly from Definition 4.1. O

Theorem 4.3 Let f: O — V be near soft continuous and Fy € 7. Then f is a near soft open function.

Proof We have Fy = int,(Fa), for Fy € 7. Therefore, f(Fa) = f(int,(Fa)) = int,(f(Fa)) = f(Fa) isa

near soft open set. Thus, f is a near soft open function. O

Theorem 4.4 A near soft mapping f: O — V is near soft closed if and only if cl(f(Ga)) C f(cln(G4)) for

each near soft set Gain O4.

Proof Let cl’(f(Ga))Cf(cln(Ga)). By Definition 2.15, we have f(Ga) = f(cl,(G4)) and so f(cl,(GA)) is
a near soft closed set and f is a near soft closed mapping.

Conversely, if f is near soft closed then f(cl,,(G4)) is a near soft closed set containing f(G4) and thus

cp(f(Ga)) C f(cl(Ga)). O

Corollary 4.5 Let f : O — V be near soft continuous. [ is near soft closed if and only if f(cl,(Ga)) =
c*(f(Ga)) for all Ga C Oa.

Proof Since f is near soft continuous, f(Ga) C f(cln(Ga)) C cli(f(Ga)). Since f is near soft closed,
f(cln(G4)) is near soft closed and thus these two inclusions imply ¢l (f(Ga)) = f(cln(G4)).

Conversely, since f(cl,(Ga)) C cli(f(Ga)) for all G4 C O4, f is near soft continuous. If G4 is near
soft closed, then G4 = cl,,(G4) so that f(G4) = f(cln(Ga)) = ¢l (f(Ga)) is also near soft closed. This means
that f is near soft closed. O

Theorem 4.6 A near soft function f: O — V is near soft open if and only if f(int}(Ga)) C int,(f(Ga)) for

every near soft set G4 in O4.

Proof If f is near soft open, then f(int:(Ga)) = int,f(int:(Ga)) C int,(f(G4)).
Conversely, take a near soft open set G4 in O4. Then, by hypothesis, f(Ga) = f(int:(Ga)) C
int,(f(Ga)) = f(Ga) is near soft open in Vp. O

Corollary 4.7 Let f: 0 — V be a near soft continuous. f is near soft open if and only if f~ (int:(Gpg)) =
int,(f~Y(Gg)) for all Gg C Vp.

Proof Since f is near soft continuous, then f~'(int},(Gp)) C int,(f~*(Gp)). The other inclusion, f~' (int;,(Gp)) D
int,(f~Y(Gp)), equivalent to f(int,(f 1(Gp)) C int,(Gg), follows because f(int,(f~*(Gg)) is near soft open
and contained in f((f~*(Gg)) C Gp.
Conversely, the inclusion f~!(int}(Gg)) C int,(f~*(Gp)), valid for all Gg C Vg, tells us that f is near
soft continuous. Since int,(Ga) C f~1(int;f(Ga)), we have f(int(Ga)) C int,(f(Ga)) forall G4 C O4. In
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particular, f(Ga) = f(int}(Ga)) C f(G4) ie. f(Ga) = int,(f(Ga)) when G4 is near soft open. Therefore,

f is near soft open. O

Theorem 4.8 Let f: O — V be a near soft open (resp. near soft closed) mapping. If Gg is a near soft set
in Vg and G is a near soft closed (resp. near soft open) set in Oa, containing f~1(Gg), then there exists a

near soft closed (resp. near soft open) set Hg in Vg, such that Gg C Hg and f~'(Hp) C Gp.

Proof Let Hp = (f(Ga)9)¢. Since f~1(Gp) C Ga, we have f(G4) C G%. Since f is near soft
open (resp. near soft closed), then Hp is a near soft closed set (resp. near soft open set) if f~1(Hp) =
(f7Hf(GY))°C(G4) = G4 and hence G C Hp and f~'(Hp) C Ga. O

5. Conclusions

This paper introduces the concepts of near soft union, near soft intersection, near soft point, near soft interior,
near soft closure, near soft neighborhood, near soft continuity, and near soft open (closed) function of a near soft
set in near soft topological spaces and some of their features. The aim of these findings is to provide a theoretical
foundation for further implementations of topology of near sets and also to contribute to the improvement of

information system and various fields in engineering.
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