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Abstract: In this paper, we aim to introduce a quantum linear stochastic Volterra integral equation of convolution type
with operator-valued kernels in a nuclear topological algebra. We first establish the existence and uniqueness of the
solutions and give the explicit expression of the solutions. Then we prove the continuity, continuous dependence on free

terms and other properties of the solution.
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1. Introduction

Integral equations of Volterra type are used in the areas of physical and biological sciences [1, 2, 6, 7, 17].
In mathematics, the Volterra integral equations are a special type of integral equations. In fact, the Volterra
equations are not only simple special cases of the Fredholm equations but represent a class of equations with
their own specific problems. In the past three decades, much attention has been paid to the theory of Volterra
equations; there has been a big development particularly in the fractional ones. The increasing interest in these
equations comes from their application to problems in physics and other subjects. This paper is devoted to
studying the existence and some kind of regularity of solutions to stochastic Volterra equations in a nuclear
topological algebra of discrete-time normal martingales.

Hida’s white noise analysis is essentially a theory of infinite dimensional calculus on generalized functionals
of Brownian motion, which linked up the applications to the study of random processes and stochastic differential
equations. And considering the space of slowly growing Schwartz distributions as the space of trajectories of
white noise, Hida constructed a new theory of white noise functionals [10, 11, 14], which proved to be useful in
the study of stochastic equations. In [4, 13] the authors studied the following integral equation of Volterra type

with Hida distribution-valued kernels
t
o) =0+ [ a9 op(s)ds. 0=l (1)
0

where ¢ stands for Wick product, {n(t,s)|0 <t,s <1} and {po(t)|0 <t <[} are given Hida distribution-valued

processes. It was shown in [13] that many interesting stochastic differential equations can look as the special
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cases of equation (1.1). In this paper, we will generalize equation (1.1) to the level of discrete-time normal
martingale operators.

Discrete-time normal martingales [15], which also play an important role in many theoretical and applied
fields, have attracted much attention in recent years. For example, the classical random walk is just such a
discrete-time normal martingale [12, 16]. Let M = (M, )nen be a discrete-time normal martingale satisfying
some mild conditions. In [18], the authors constructed the testing functional space S(M) and generalized
functional space S*(M) of M by using a specific orthonormal basis for square integrable functionals of M. In
[21], we introduced a transform, called 2D-Fock transform, for operators from S(M) to S*(M), characterized
the continuous linear operators from S(M) to S*(M), applied the 2D-Fock transform, and introduced a new
product, called convolution for operators from S(M) to S*(M). Let £ be the set of all continuous linear
operators from S(M) to S*(M), we verified that (£, *) forms a commutative algebra with an involution and
a unit.

Motivated by what is mentioned above, we investigate the following quantum integral equation of Volterra

type with operator-valued kernels
t
T(t) = J(t) Jr/ K(t,s)«T(s)ds, 0<t<lI, (1.2)
0

where [ > 0, * stands for the convolution of L-valued function. {K(¢,s)|0<t,s <I} C L and {J(t)]0<t<
I} C L is a given L-valued quantum stochastic process.

As we know, in the mathematical description of quantum physics, many observables and quantities are
not bona fide operators in the Hilbert space but can only be considered as operators on a certain framework
of white noise analysis. The equation (1.2) can be interpreted as a quantum stochastic differential equation for
quantum stochastic processes to describe the evolution of a quantum system at a level of operators. We study
the existence and some kind of regularity of solutions to equation (1.2) and give the explicit expression of the
solutions. Moreover, we also prove the continuity, the continuous dependence on initial values as well as other
properties of the solution.

The paper is organized as follows. In Section 2, we briefly recall the construction and characterization
of continuous linear operators in £. In Section 3, we establish the existence and uniqueness of solution to
equation (1.2) and give the explicit expression of the solutions. In Sections 4 and 5, we prove the continuity,
the continuous dependence on initial values as well as other properties of the solution.

Notation and conventions: Throughout the paper, N designates the set of all nonnegative integers,

I' denotes the finite power set of N, namely
I'={o|oCNand #(0) < > }, (1.3)

where #(c) means the cardinality of o as a set. In addition, we always assume that (2, F, P) is a given
probability space with E denoting the expectation with respect to P. We denote by L2(Q2, F, P) the usual
Hilbert space of square integrable complex-valued functions on (2, F, P) and use (-,-) and || - || to mean its
inner product and norm, respectively. By convention, (-,-) is conjugate-linear in its first argument and linear

in its second argument.
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2. Generalized functionals of discrete-time normal martingales

Definition 2.1 A sequence M = (M, )nen of random variables on (2, F, P) is called a discrete-time normal

martingale if it is square integrable and satisfies:

(1) E[My|F_1] =0 and E[M,|Fn_1] = My_1 for n>1;

(2) E[ME|F_1] =1 and E[M2|F,_1] = M2_;+1 forn>1,

where F_1 ={0,Q}, F, = o(My;0 < k <n) for n € N and E[-|F] means the conditional expectation.

Let M = (Mp)nen be a discrete-time normal martingale on (€2, F, P). Then one can construct from M

a process Z = (Zp)nen as
Zo= Mo, Zpn=Mp—M, 1, n>1

It can be verified that Z admits the following properties:
E[Z,|Fn_1] =0 and E[Z2|F, 1]=1, neN.

Thus, it can be viewed as a discrete-time noise, we called the discrete-time normal noise associated with M .
It is known [15] that Z has the chaotic representation property. Then the system {Z, | 0 € '} defined
by Zy =1 and

Zg:HZi, oel, 040 (2.1)

i€0
is actually an orthonormal basis for L?(Q, Fuo, P), where Fo, = o(M,;n € N), the o-field over Q generated
by M, which is a closed subspace of L?(€, F, P) as is known.

And, for brevity, we use L?(M) = L?(2, Fu, P), which shares the same inner product and norm with
LZ(Qafa P)a namely <7> and || ! H .

Lemma 2.1 [20] Let 0 — A, be the N-valued function on T' given by

 Theo(k+1), 0#0,0€T;
A"_{ 1,ke oc=0,0€l. (22)

Then, for p > 1, the positive term series Y . A;P converges; moreover,

> AP <exp [i k—f’} < oo0. (2.3)

oel k=1

Using the N-valued function defined by (2.2), we can construct a chain of Hilbert spaces consisting of

functionals of M as follows. For p > 0, we define a norm | - ||, on L*(M) through
€5 = D AP Zo, )P, € € LA(M) (2.4)
ocll
and put )
Sp(M) = {€ € L*(M) ] [[¢]l, < oo} (2.5)

It is not hard to check that || - ||, is a Hilbert norm and S,(M) becomes a Hilbert space with | - ||,.
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It is easy to see that A\, > 1 for all 0 € I'. This implies that |||, < |- ||; and Sg(M) C S,(M) whenever
0 < p < q. Thus we actually get a chain of Hilbert spaces of functionals of M :

e C Sy (M) CSp(M) C--- C 81 (M) C So(M) = L*(M). (2.6)
We now put
S(M) = () 8,(0) (2.7)
p=0

and endow it with the topology generated by the norm sequence {|| - ||,}p>0. Note that, for each p > 0, S, (M)
is just the completion of S(M) with respect to || - ||,. Thus, S(M) is a countably Hilbert space [8].

For p > 0, we denote by S;(M) the dual of S,(M) and | - ||, the norm of S;(M). Then S;(M) C
S;(M) and || -|[-p > || - [[-q whenever 0 < p < g. The lemma below is then an immediate consequence of the

general theory of countably Hilbert spaces (see [8]).

Lemma 2.2 [18] Let §*(M) be the dual of S(M) and endow it with the strong topology. Then
S (M) = | 8;(M). (2.8)
p=0

Moreover, the inductive limit topology on S*(M) given by space sequence {S;(M)}p>o coincides with the strong

topology.
We mention that, by identifying L?(M) with its dual, one comes to a Gel’fand triple
S(M) c L*(M) c 8*(M), (2.9)

which we refer to as the Gel’fand triple associated with M .
Throughout this paper, we denote by L the set of all continuous linear operators from S(M) to S*(M),
that is £ = L[S(M),S*(M)].

Definition 2.2 [21] For an operator T € L, its 2D-Fock transform is the function T on T xT given by

T(o,7)={(T(Zs),Z:)), (o,7)€lxT, (2.10)
where ((-,-)) is the canonical bilinear form on S*(M) x S(M).

For two operators T3, To € L, their usual product 7175 may not make sense. However, one can introduce
a product of other type for them.

Definition 2.3 Let Ty, 15 € L, then their convolution Ty x Ty is defined as

—_~—

T, « Ty(o,7) = Ti(0,7)Ts(0,7), (0,7) €T x T, (2.11)

It can be verified that (£, *) forms a commutative algebra with an involution and a unit.
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Lemma 2.3 [3] Let (T},)n>1 C £ be such

(1) To(o,7) = T(o,7) for all o,7 €T;

(2) there exist constants C >0 and p > 0 such that

sup [T, (0, 7)) < CAEN2, (o,7) €T xT.

g’
n>1
Then there exists a unique T € L such that sequence (T,,)n>1 converges strongly to T .

Lemma 2.4 [8] Let (E,E,v) be a measure space and T(-) : E — L satisfies

(1) for any o,7 € T', the function T(-)(o,7) : E — C is measurable;

(2) there exist p > 0 and a nonnegative function C(w) € L'(E,v), such that for v-a.e., w € E it holds that

—~—

IT(w)(o,7)] < C(w)AEXE  o,7 €T. (2.12)
Then the strongly Bochner integrable [, T(w)dv(w) exist and
/ T(w)dv(w) (o, 7) = / T(w)(o,7)dv(w), o7 €T. (2.13)
E E

In particular, [, T(w)dv(w) e L.

Lemma 2.5 [3]/ Let 0 <1 < +oo, T(:):[0,I] = L is a L-valued function, then T(-) is continuous if and only
if:

(1) T()(o,7):[0,1] = C is continuous for any o,7 € T';

(2) there exist p >0 and C' >0 such that

T()(o,7)] < CAZA
for each o,7 €T and t € [0,1].

3. Existence and uniqueness of solution

In this section, we will establish the existence and uniqueness of solutions to equation (1.2) and also give an

explicit express of the solution. Throughout this section, [ > 0 is given.

Theorem 3.1 Let the kernel {K(t,s)|0 <t,s <1} and the free term {J(t)|0 <t <1} of equation (1.2) satisfies
(1) for any o,7 € ', the function

—_~—

K('a')(JaT) : [07” X [Oal] —C
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s continuous, and
m(U,T) 110, = C
is measurable;

(2) there exist constants p >0, M > 1, and a positive function c(t) € L'[0,1] such that

1T (&) (0, 7)] < c()A2AZ,  te[0,1],

oAl

for any o, €T and

—~

IK(t,s)(o,7)| <M, 0<s<t<l.

Then there exists a unique generalized L-valued solution T : [0,1] — L to equation (1.2). Moreover, the solution

T is given by
() = J(t) + /t[i Kt s)]  J(s)ds, 0<t<l, (3.1)
0 pn=1

where K, is defined by
Ki(t,s) = K(t,s),

K,1(t,s) = / K(t,u) « K, (u,s)du, n>1.

o0
where the series Y. K,(t,s) converges in L strongly.
n=1

Proof (Existence) According to Lemma 2.4, for all n > 1 and 0 < s < ¢t < [, the Bochner integral
f; K(t,u) * K, (u, s)du exists and belongs to L.

Furthermore, by induction we can prove that

Kt s)(or) < L=

< WM". (3.3)

forany o,7 €T, 0<s<t<land n>1.

In fact, (3.3) is obviously true for n = 1. If the inequality (3.3) is proven for some n > 1. Then

Ko y1(t,8)(0,7)]

.y / K w)(o,7) Ko (0 5) (0, 7)dul

t _ \n—1
S/ M%M”du
s (n—1)!

t— SMn—i-l.

n!

o0
Now we consider the series Y K,(t,s). By (3.3), it is easy to see that for 0 < s <t <, we have

n=1

i > — 3 n—1
Z |Kn(t7 5)(07 T)| < Z (t(n_)l)'M” < Me(tfs)M.
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and for any n > 0, the function

is continuous. Then the sequence

118

satisfies the conditions of Lemma 2.3, so it converges to some A(s,t) € L. We denoted A(s,t) = K,(t,s).

3
Il
-

Obviously, for any n > 1, 0 <t <[, the Bochner integral

/O D" Kilt, )] J(s)ds
=1

exists and belongs to £. And

e~

A(s,0)(0,7) = 3 Kot 5)(0,7)

n=1
for any o,7 € I', 0 < s <t <, which implies
A, (0.7 < 37 | Kult, s)(0,7) |< Met=9M.
n=1

P

On the other hand, by the uniform convergence of Y K,(¢,s)(c, ), the function

n=1
—_

(t,s) :—= An(t, s)(o,7)

is continuous. Which means that the Bochner integral fg A(t, s) = J(s)ds also exists and belongs to L.
Now let

() = J(t) + / Al s) % J(s)ds, 0<t<l

and

For any o,7 € I' and 0 <t <[, by the dominated convergence theorem, we have
T.(t)(o,7) = T(s)(o, 7).
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On the other hand, for 0 <t <[, we have

4 /0 "Rt )+ T (s)ds
/Kts (J(s)+ /[Z (s, 0)] + J(u)du}ds

/Kts )x J(s ds—i—/ / K(t,s) Ki(s,u)]*J(u)duds

n

_ g [ Kt s« I(s )ds+/ {/ K(t,s) %[> Kils, w)ds} +J(u)du

0

i=1
t n+1l
= /Kts*J()ds+/ ZKSU}*J()d
0 =2
t n+1
+ / 57 Ki(t,8)] + J(s)ds
0 =1
= Tha1(t).
Therefore
Tpir(2) /Kts ) T (s)ds.
Thus,
Tht1(t)(o,7) = (o,7) / K(t,s)(o,7) Ty ( )(o, T)ds.
By taking limit, we have
T(t)(a T)= (o,7) / K(t,s)(o,7)T(s )(U,T)ds,

which implies that

This means that 7' is a solution of equation (1.2).

(Uniqueness) Let S : [0,1] — £ be another solution of (1.2). Then for any 0,7 € ', we have

IT(t)(0,7) — S(t)(0,7)]
|/ K, 9) (0, )T #) (0, 7) — S0 (o, 7)]ds|
<M /0 IT()(0,7) — S{E) (0, 7)|ds
by Gronwall lemma
which implies that T'=S.

1054



CHEN and TANG/Turk J Math

4. Regularity of solution

In this section, we prove regularity solution of equation (1.2), we first study the continuity of solutions.

Theorem 4.1 Let the kernel {K(¢,5)|0 <t,s <I} and the free term {J(t)|t € [0,]} of (1.2) be such that
(1) for any o,7 € T, the function

K(-,)(o,7):10,]] x [0,]] = C

and

J()(o,7):[0,]] = C
are continuous;

(2) there exist constants p >0, M > 1, and a positive function c(t) € L*[0,1] such that

1T(t)(0,7)| < c()IEXE,  te 0,1,

oAl ol

for any o,7 €T and

—_~—

IK(t,s)(o,7)| <M, 0<s<t<l.

Then, the solution T is continuous as a map from [0,1] to L.

Proof Let p>0,M >1,¢>0, for any 0,7 € I', we have

—_~—

[K(t,8)(0,7)| < M,

and
1T(t)(0,7)| < eXPXP, £ 0,1],

oM

then for any o,7 € I', we have

T(t)(o,7)]

< [J(t)(o,7)| +/0 K (t,5)(0,7)] - [T(5) (0, 7)|ds
§c>\f;)\£+M/O |T(t)(0,7)|ds

0 <t <, by Gronwall inequality we get

IT(t)(o,7)| < ce™ NP, te0,L).

oM

On the other hand, for any o,7 € I', by (3.1) we get

T(t)(0,7) = J(t)(0,7) + / 3" Kult.s)(o,7)] - J(s) (0, 7)ds,

0 <t <. By induction on n > 1 we see that the function

—_—~—

(t,s) == Kp(t,s)(o,7), 0<s<t<lI
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—_—~

o0
are continuous. Since the series > K,(t, s)(o,7) is uniformly convergent on the set 0 < s <t <[, it follows
n=1

that the function

— Z K/—(\t_/s)(a T

is continuous. Noting that the function j(v~)(cf, 7) : [0,1] — C is also continuous, by Lemma 2.5, we come to the

conclusion. O

The next theorem tells us under what conditions the solutions would take values in L[S(M),S(M)].

Theorem 4.2 Let {T(t)|0 <t <1} be a solution of (1.2). Suppose that the kernel {K(t,s)|0 < t,s <} and

the free term {J(t)|t € [0,{]} of (1.2) satisfy the conditions: for any p > 0, there exist ¢ >0 and M >0 such
that

e~

| K(t,5)(0,7) [< M

and

| J(t)(o,7) |< p(t)AETIA
for any o,7 € T,0 <t <I. Then the solution {T(t)|0 <t <1} lies in LIS(M),S(M)].

Proof The conditions imply that

IT0E) (0, 7)| =| T{t)(0,7) / K, ) (0,7) - T(s)(0, 7)ds|
< 1J(t)(o,7) |+/ K (t,5)(0,7)| - |T(s) (0, )]s
<O 4 M / () (0, 7)lds

0

for any o,7 € I',0 <t <. By Gronwall inequality, we get

IT(t)(0,7)| < ce™NeTIN=P  t 0,l].

Hence, by a charcterization theorem for operators in L[S(M),S(M)], we come to the conclusion. O

5. Continuous dependence of solutions on free terms

In this section, we prove that the solution T' of equation (1.2) depends continuously on the free term J.
Let
C([0,1],£) ={S|S : [0,l] = L is continuous}.

For o,7 € I', define a seminorm || - ||, on C([0,!], L) as follows:

[+ llor = sup [S()(o,7)[, S €C(0,1],L).
0<t<l
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We equip C([0,1], £) with the topology generated by seminorms {|| - ||».-| 0,7 € I'}. Then C([0,1], L) becomes
a Hausdorff topological vector space. For p > 0, let C,([0,1], £) = {S|S € C([0,1], £), and there exists «, such
that

sup |S(t)(o,7)| < aXPXE, Vo,T €T.
0<t<l

Then, Cp([0,1], £) is a subspace of C([0,],L).
In the sequel, we assume that p > 0, and the kernel K(¢,s) of (1.2) satisfies that:

—_~

(1) K(-,-)(o,7) : [0,1] x [0,]] = C is continuous for all o,7 €T

(2) sup |K(t,s)(o,7)] < M, for all o,7 €T.
0<t<l

Theorem 5.1 Let T € C,([0,1],L). Define
¢
S(t) = / K(t,s)«T(s)ds, 0<t<I.
0
Then S € Cy([0,1], L).

Proof For t € [0,1], the integral fot K(t,s) * T(s)ds exists. Hence, S(t) is well defined. Obviously, for all

o,7 € T', the function S(-)(c,7) is continuous. Let o > 0 be such

sup |T(t)(o,7)] < aX2AP) o7 €T.
0<t<l

Then for all o,7 € I', we have
— t —_— —_—
1500) (0. 7)] = | / Kt 5)(0,7)T () (0, 7)ds|
< MM,

Therefore, S € C,([0,1], £). O

Theorem 5.2 For each J € Cp([0,1], L), let Ty be the unique solution of equation (1.2) corresponding to J,
then Ty € Co([0,1], L).

Proof Let J € Cy([0,!], £).Then by Theorem 3.1 and Theorem 4.1, we know that (1.2) has a unique solution
Ty € C(]0,1],£). Now let ¢ > 0 be such that

sup [J(t)(0,7)| < NIA?, Vo7 €T
0<t<l

Then

IT(t) (0, 7)|

< 1700, +| / K(t,5)(0,7)T(5)(0,7)ds]

t —_—
< AP 4+ M/ |T(s)(o,7)|ds
0
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By Gronwall inequality,
IT(t)(0,7)| < aXeAP, Yo, reD,0<t <.

oM

where a = ceM! hence T € C,([0,1],L). O
Theorem 5.3 For each J € C,([0,1],L£), Let Ty € Cu([0,1],£) be the unique solution of equation (1.2)
corresponding to J. Define a map © : Cp([0,1], L) — Cp([0,1], L) as,

o(J)=T;, JeC,(0,1],L).
Then © is a topological homeomorphism, that is, © is a linear bijection, and both © and ©~' are continuous.

Proof The uniqueness of the solution to equation (1.2) implies that © is linear.
In fact, V o,7 € ' and J € C,([0,1], £), we have

1T, (t)(0,7)| < |T(®)(0, 7)| + / K (t,5)(0,7)] [Ty (s)(0,7)]ds

t —_—~—
< llor + M / 175 (t) (0, 7)Ids
0

0 <t <. Hence,
1750, 7)] < (1) 0™,
which implies that
1Tl o.ry < T s

i.e.

10N,y < ™ [T (D)0,

Therefore, © is a continuous injection.

Now we prove that © is a surjective. For any T € C,([0,1], £), according to Theorem 5.2, we can find a
S e Cp([0,1], L) such that

t
S(t):/ K(t,s)«T(s)ds, 0<t<I.
0
Put J=T -5, then J € C,([0,1], £) and
t
T(t):J(t)—l—/ K(t,s)«T(s)ds, 0<t<lI.
0

which means that T = ©(J). Therefore, © is surjective.

So far, we have shown that © is a continuous linear bijection; thus, ©~! exists. It remains to prove that
©~! is continuous.
In fact, for V o,7 € T and T € C,([0,1],£), let J =O~(T), then

J(t) = T(t) — /Ot K(t,s)* T(s)ds, 0<t<lL.
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Hence,

7)o 7)
< [T)(o,7)] +/0' K(t5)(0,7)| - |T(0) (0, 7)lds

< ||

or HIM|T o,

0 <t <, which implies that

[Tl < (1 4+ MD||T 0,7

Therefore, ©~! is continuous. O

Remark If we define a map A : Cp([0,1], L) — Cp([0,1], £) by

(AT)(t) = /Ot K(t,s)«T(s)ds, 0<t<lL.

T € Co([0,1], L), then we have (I — A)~' =©. Thus, A is a continuous linear map from Cy([0,1], L) to itself.

1t is interesting to compare the map A with the classical Volterra integral operator.
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