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Abstract: In this paper we introduce the theory of multiplication alteration by two-cocycles for bialgebras with weak
antipode. Moreover, by the connection between two-cocycles and invertible skew pairings, we show that a special case

of the double cross product of these bialgebras can be obtained as a deformation of a bialgebra with weak antipode.
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1. Introduction

Let R be a commutative ring with a unit and denote the tensor product over R by ®. In [17], we can
find one of the first interesting examples of multiplication alteration by a 2-cocycle for R-algebras. In this
case, Sweedler proved that if U is an associative unitary R-algebra with a commutative subalgebra A and
c=>0,0b;0¢; € A® A® A is an Amistur 2-cocycle, then U admits a new associative an unitary product
defined by u-v =" a; ub; ve; for all w,v € U. Moreover, if U is central separable, U with the new product is
still central separable and is isomorphic to the Rosenberg—Zelinsky central separable algebra obtained from the
2-cocycle o~ (see [15]). Later, in [3], Doi discovered a new construction to modify the algebra structure of a
bialgebra A over a field F using an invertible 2-cocycle ¢ in A. In this case, if 0 : A® A — F is the 2-cocycle,
the new product on A is defined by

axb= Za(al (24 b1)0262071(03 X bg)

for a,b € A. With this new algebra structure and the original coalgebra structure, A is a new bialgebra denoted

by A?, and if A is a Hopf algebra with antipode A4, so is A? whit antipode given by

Aao(a) = ZU(CH @ Aalaz))Aalaz)o ™ (Aa(as) ® as)

for a € A.

A particular case of alterations of products by 2-cocycles are provided by invertible skew pairings on
bialgebras. If A and H are bialgebras and 7 : A® H — F is an invertible skew pairing, in [4], Doi and
Takeuchi defined a new biagebra A <, H in the following way: The morphism w : AQ HR AR H — F
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defined by w((a ® g) ® (b ® h)) = cala)en(h)T(b® g), for a,b € A and g,h € H, is a 2-cocycle in A ® H
and At H=(A® H)“. The construction of A, H is an example of Majid’s double crossproduct A <1 H
([11], [12]) where the left H-module structure of A, denoted by ¢4, and the right A-module structure of H,
denoted by ¢p , are defined by

valh®a)= ZT(al ® hi)azt a3 @ hy), ¢u(h®a) = ZT(CLl ® h1)hom Y (ay ® h3)

for a € A and h € H.
The main motivation of this paper is to introduce a theory of alteration multiplication, in the sense of

[3], for bialgebras with weak antipode in monoidal categories. This kind of bialgebra was introduced by Li in
[8] in order to construct some singular solutions of the quantum Yang-Baxter equation (see also [10]). It is
necessary to highlight that the name chosen by Li was weak Hopf algebra, but there is another notion with
the same name which is well established in the literature (see [2]), and in order to avoid confusion (they are
different notions and none is contained in the other), we will use the name of bialgebra with weak antipode to
refer to our structure. Anyway, we are convinced that the construction can be carried out for classical weak
Hopf algebras, which will be the goal of a future work.

Throughout this paper, C denotes a strict symmetric monoidal category with tensor product ®, unit
object K, and natural isomorphism of symmetry c. For each object M in C, we denote the identity morphism
by idy; : M — M and, for simplicity of notation, given objects M, N, and P in C and a morphism f: M — N
we write P® f for idp® f and f® P for f®idp. There is no loss of generality in assuming the strict character
for C because it is well known that we can construct a strict monoidal category C** which is tensor equivalent to
C (see [7] for the details). As a consequence, the results proved in this paper hold for every nonstrict symmetric
monoidal category.

An outline of the paper is as follows. After this introduction, in Section 2, we consider the notion of
2-cocycle and prove some properties related with bialgebras with weak antipode. The main result recovers
Doi’s construction on Hopf algebras [3] by showing that the deformation of a bialgebra with weak antipode
by a 2-cocycle is also a bialgebra with weak antipode (Theorem 2.6). In Section 3, we introduce the notion
of skew pairing for bialgebras with weak antipode (inspired in the definition of weak Hopf pair given by Li in
[9]) and we prove that, as in the Hopf algebra setting, if there exists a skew pairing for two bialgebras with
anti-comultiplicative weak antipode A and H, we can define a new bialgebra with anti-comultiplicative weak
antipode A <, H such that A, H = (A® H)* for some 2-cocycle w induced by 7 (Proposition 3.7). Finally,
we explain the reasons why, unlike what happens for Hopf algebras, our construction is not applicable in order

to give a description of the Drinfeld’s double (Remark 3.8).

2. Product alterations by two-cocycles for bialgebras with weak antipode

In this section, we prove that, as in the Hopf algebra case (see [4]), 2-cocycles provide a way of altering the
product of a bialgebra with weak antipode to produce another bialgebra with weak antipode, but firstly, and
for completeness and consistency, we will remind some useful concepts.

An algebra in C is a triple A = (A, 74, 14) where A is an object in C and 14 : K — A (unit), pa: A®
A — A (product) are morphisms in C such that p0(A®n4) = idg = pao(Na®A), pao(ARua) = pao(pa®A).
If A, B are algebras in C, sois A® B, where nagp =14 ®np and pagp = (4a @ up) o (A®cp.a @ B).
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A coalgebra in C is a triple D = (D,ep,dp) where D is an object in C and ep : D — K (counit),
0p : D - D ® D (coproduct) are morphisms in C such that (ep ® D) odp = idp = (D ® €p) o dp,
(bp® D)odép = (D®dp)odp. If D, E are coalgebras in C, so is D ® E, where epgr = ¢p ® eg and
dpee =(D®cpr®FE)o(dp ®0E).

If A is an algebra, B is a coalgebraand f: B — A, g: B — A are morphisms, we define the convolution
product by f*g = pao (f ® g) odp. We will say that f : B — A is convolution invertible if there exists
f':B—=Asuchthat fxf l=epg@na=f"tx*f.

A Dbialgebra H is an algebra (H,nm,up) and a coalgebra (H,eq,dp) such that ng and pg are
morphisms of coalgebras (equivalently, ey and dy are morphisms of algebras), i.e., g o ng = ng o ny and
0o = ppen © (g ® di). Moreover, if there exists a morphism Ty : H — H (called weak antipode) such

that
idH*T*idH:’idH, (1)

Txidy«T =T, (2)

we will say that H is a bialgebra with weak antipode. The morphism 7T is not unique, and using (1), it is easy
to see that T ony = ny and ey oT = ep. Moreover, T is antimultiplicative if T o uyg = pgocg o (T QT),
and anti-comultiplicative if dy oT = (T ® T) o ¢y g o 6y . Finally, we will define the morphisms target and

source as 11 =idy * T and & = T x idy , respectively.

Examples 2.1 The most natural examples of bialgebras with weak antipode coming by considering S a finite
Clifford monoid. Then the semigroup algebra kS is a finite dimensional bialgebra with antimultiplicative and
anti-comultiplicative weak antipode, and so is (kS)* (see [8]). Moreover the tensor product kS @ (kS)* is also
a finite dimensional bialgebra with antimultiplicative and anti-comultiplicative weak antipode. Note that none of
these bialgebras are Hopf algebras unless S is a group. Other more sophisticated examples are the weak quantized
enveloping algebras of semisimple Lie algebras, generalized Kac—Moody algebras and superalgebras (see [1] and
[6] for details).

Two more concrete examples can be given from those obtained in [1]. In this article, the authors consider
the example of finite dimensional Hopf algebra given by Sweedler in [16] and, modifying slightly the relations
between the generators, they obtain two new bialgebras with weak antipode that are not Hopf algebras. It can be
proven that the weak antipode of these bialgebras is antimultiplicative, which makes their dual bialgebras with

anti-comultiplicative weak antipode.

Now we recall the notion of 2-cocycle.

Definition 2.2 Let H be a bialgebra, and let ¢ : H ® H — K be a convolution invertible morphism. We say
that o is a 2-cocycle if the equality

0 (o) x *(0) = 0*(0) * 0*(0) (3)

holds, where 0'(0) =eg®0, 0%(0) =co(ug @ H), 03(0c) = 0o (H®pug) and 0*(0) = 0 ® e . Equivalently,
a convolution invertible morphism ¢ : H ® H — K is a 2-cocycle if

e (H® (((T@,LLH) 05H®H)) =0go (((O’@,MH) O(sH@H) ®H) (4)
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The 2-cocycle o is called normal if further
co(np@H)=eg=00(HQny). (5)

It is not difficult to show that, if o is a 2-cocycle, then x = (071 o (ny ®ng)) ® o is a normal 2-cocycle

'= (0o (nu ®@nm) @o .

2-cocycles are normal. Moreover, if o is normal so is ¢!, and the following equalities hold:

with convolution inverse x~ As a consequence, in the following, we assume all

O*(0) x9*(0™") = 0! (07 1) % 0*(0), (6)

0*(0) x (o) = 0 o) x 0 (0), (7)

i.e.

(U@Uﬁl)o(H®NH®H®H)O(H@CH’H(X)CH’H@H)O(($H®(5H®5H) = (0@071)0(H®(CH’HO5H)®H), (8)

(00 (un ® H)) ® (0" o (H ® jr))) 0 Ssrran = (07 ®0) o (H ® by ® H). (9)

Proposition 2.3 Let H be a bialgebra with anti-comultiplicative weak antipode T and let o : H @ H — K be

a convolution invertible morphism with inverse o~. Then, for i = L, R:
(i) The following conditions are equivalent:

co(Illlyy @ H)=cy @ep. (10)

o to(ly @ H) =cy @ep. (11)
(ii) The following conditions are equivalent:

co(HoUy)=cy @ep. (12)

oo (HIly) =cy @cp. (13)

Proof We begin by showing the if part of (i). The only if part is similar and we leave the details to the reader.
First of all, note that

Sgollly = (g @) o (H @ cyp)o (0g @T) 0 dy. (14)

Indeed,

0f © HIIEI = UHgH © ((SH & ((SH OT)) o (SH(H bialgebra)
= UH®H © ((51—[ & ((T & T) OCH,H © 5H)) o 5]-] (T anti—comultiplicative)

= (,LLH ® H%I) o (H X CH,H) o (5H ®T) 0 0 (naturality of c).

Then, if we assume that o o (Hﬁ, ®H)=¢cygQeq,
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egReg = (0'71 * O') o (H% (24 H) (0’ convolution invcrtiblc)
= (07" ®a)o(H®cuu ®H)o ((pg @) o (H®cum)o (6u ©T)o08u) @ 8u) (by (14))

=0 'o (Il ® H) by (10)).
On the other hand, by using
Sp o Ij; = (I} ® ppg) o (g @ H) o (T ® 6p7) 0 0, (15)

we get the corresponding equality involving 1% .

The proof for (ii) follows a similar pattern.

Proposition 2.4 Let H be a bialgebra with anti-comultiplicative weak antipode T and let o : H @ H — K be
a 2-cocycle. Define f: H— K as f=c0(H®T)ody. If the equalities

co(lly@H)=eyg®eg = 0o (HIY),
i= L, R hold, then f is convolution invertible with inverse f=' =o 1o (T ® H) o ég .

Proof
Indeed,

frft
=(c®@c o (H®(cygodyoT)®H)o(dyg ®H)ody (T anti-comultiplicative)
= (0o )% 0*0)) o ((H®T)odg)® H)odg (by naturality of ¢ and counit properties)
= (0%(0)x0*(c™")) o (H®T) 0 0) @ H) 0 0n (by (6))

= (0@ ) o(HRpueun@H)o(H®cyny@cyn@H)o(n@(T®T)och nodn)®dy)o (g ®H)ody

(T anti-comultiplicative)
= ((U o (H ® HR;I)) X (U_l ¢} (HII_’I (9 H))) e} 6H®H o (SH (naturality of ¢ and coassociativity)

=(egReg ey ®ey)odgem 00y (by (11) and (12))
= €y (counit properties).
On the other hand,
[ f
=(0*(07) %0 (0)) o (T®H®T) o (0g ® H)odp (by coassociativity, naturality of ¢ and counit properties)
= (0%(0)x0*(c™1)) o (T®H@T) 0 (0 @ H) 0y (vy (1)

=(c®o Vo(ug @cug@pu)o(HRcyy@cuu®H)
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O(((T X T) OCH,H © 5H) (24 5H X ((T X T) OCH H © JH)) o ((51—1 & H) o 61—1 (T anti-comultiplicative)

= (((0’ [} (Hg ®T)) [ (0'_1 ¢} (T® HIP‘I))) o (H ®CH,H X H) o ((CH,H o 5H) &® (CH,H O(SH)) o 6H (coassociativity

and naturality of ¢)
= (EH Reg Rem ®<€H) o (H Qcgg® H) o ((CH,H o 6H) & (CH,H o 6H)) odg (by (13) and (10))
= €q (counit properties),

and the proof is complete.

O
Proposition 2.5 Let H be a bialgebra and let o be a 2-cocycle. Define the product pge as
pre = (0@ puy @0 ) o(H®H®Sgen) © SusH-
Then H° = (H,npe = Ny, pige e = €x, 0 = 0py) is a bialgebra.
Proof [3], Theorem 1.6. O

The following theorem is the main result of this section. We will show that, under suitable conditions,

H? is also a bialgebra with weak antipode.

Theorem 2.6 Let H be a bialgebra with anti-comultiplicative weak antipode T and let o be a 2-cocycle such
that (10) and (12) hold, i = L, R. Then H? is a bialgebra with anti-comultiplicative weak antipode

Tho = (f@T@ ') o (H®dp) o bu,
and the corresponding equalities of Proposition 2.3 hold for H7 .
Proof By Proposition 2.5, H? is a bialgebra. Now we compute the target and source morphisms:
%,
= pupgo o (H®Tye)ody
=pgoo(HRo®@H)o(6g @ (cumodgoT)® f1)o(H ®8y)ody (T anti-comultiplicative)

= (U@MH) o (§H®H ® (O’il * O')) o (§H®H ® fﬁl) o (H RT® H) o (5[{ ® H) ody (coassociativity and naturality
of ¢)

= (O'(g),uH) o (6H®H ®f_1) o (H@T@H) o (5]-] ®H) 06]-] (o convolution invertible)
=(0c@puu)o(uenp®c 1) o(H® (cgugodgoT)®@H)o(dy ® H)ody (T anti-comultiplicative)

= (0o ™) *0* o)) @ H)o (H®H® (cmo(ug @ H)))o Onen @ H)o(HRT® H)o (0y ® H)ody

(coassociativity and naturality of c)

=((8%(0)x9*(c7))@H)o (H®H @ (cumo(ug @ H)))o Onen ® H)o(HRT® H)o (0y ® H)ody
(by (6))

=(((c®@c ') o(H® pugn @ H) o (H® cuu ®cuy @ H)

1223



ALONSO ALVAREZ et al./Turk J Math

o(0g @(T®T)ocyguody)®oy)) ®H)o(H®H® (cgpo(pg®@H)))o(H®cgyg®T ® H)
o0y @ (cypody)@H)o(dy ® H)ody (T anti-comultiplicative)
=((((co(H@UR)@c o (H®cuu®@H)o(H®py®6u))@H)o (g T cu,u)
oH® (cupo(ll ® H)ody)® H) o (5 ® H) 08y (coassociativity and naturality of c)
= (o '®IL) o (uy ®cup)o (H® (capgo(H®T)ody)® H)o (g ®H)ody (by (12).
Now, using (10), we have that
co(ll, ® H) = (00 (I ® H)ody) @ey =ep @em,

and by (11), oo (H® 1k, ) =cy ®ep.

In a similar way,
5, = (I} ®0) o (cpp @ pm) o (H® (cppo(T® H)ody)® H) o (H® ) ooy,

and oo (&, @ H) =ey ®@ey =00 (H®UE).
Now we get that The is a weak antipode for H?. First of all, using the equalities (14), (15), (10), and
(12), it is not difficult to see that the following equalities hold:

pie o (I @ H) = (0 @ pg) o Suen o (11 ® H). (16)
pie o (H®@10) = (0 @ pg) o Suen o (H @ 11f). (17)
pige o (I @ H) = (ug ® 0~ ) 0 dggw o (I @ H). (18)
pre o (HRMOE) = (ug @ 07) o dpen o (H @ IIE). (19)

Then
ZdH * THa * idH
= H%U *id g

= (07" @ (upe o (Mg @ H))) o (H® cpg © H) o (ng © H) o (H @ cpym) o (6n @ T) 0 6) @ dpr) 0 6nr

(coassociativity and computations for 1% )

= ('@ (0@ pu) odugn o (I @ H)))o (H® cyu® H)
o((ug @ H) o (H® car) 0 (0g @T) 0 b6m) @ 6m) 0 dm (by (16))

=o' *0)@um)oduem o (Il @ H) o by by (14))

= H}% *x1dyg (o convolution invertible)
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=idg (by (1)).
On the other hand,
THa * ’LdH * THa

= pipro o (ppe @ Tyo)o (H® o ' ®@dg)o(cupoduoT)@T®T)o(f®@dég @ H)o (g @ H)ody (T

anti-comultiplicative)

= pige o (pg ® o' @The)o((0x0™ 1) @0pen @ H) o (H®@cyuy @dp)o ((dpoT)® H® H)
o(f®dg @ H)o(dyg @ H)ody (coassociativity)

= pigo o (g ® 0t @Tge) o (Spen @ H) o (f@T ®6g) o (65 @ H) 0 8g (o convolution invertible)

= preo(pg @0 ' @Tha)o(H@cgn@H@H)o(f@(T®T)ocumodn)®dn®H)o(0n ®dm)odn

(T anti-comultiplicative)
= UH" O(H%@H)O(H@O’il®THU)O(f®(CHVHO(T®H)O(SH)@(SH)O((;H@H)05]—[ (naturality of c)

=(pp®@oc Nodpgguo(ME@H)o(HRo '@ Tys)o (f@ (cyuo(T®H)ody)®dy)o(6y ®H)ody
(by (18))

=(pp®@c Vodugno(ME®@e1®oc@H)o(fR(H@T)ocynody)@Ip@T @ (T® f1)odu))
o(dg @ H® ) o (H ® )0y (coassociativity)

= (hr®o~")odngno(Ilf@ (04 (c~")x0" (0)@(T® f~1)odn))o(H@T)ocn,nodn)® H@(T®H)odn))
o(((f®H)odp)®0m)0dn (definition of & morphisms)

= (pr®0 ") odneno(IIF®(0*(0)xd* (0~ )@ ((T® f~1)odn))o(HRT)och,nodm) 9 HR (T® H)odx))
o((f®H)ody)®6m)odn (by (7)

=g ®@oc Y odyguo (NI @ (c®@o 1) o(ug @cup @puu)o(HRcyn @cun@H))® H)
oHR(0poT)®déyg®@ (T®@T)ocyuoduy)@T)o(f@(cupmody) @y @ (H® f1)odn))
o(0g ® 6p) 0 Oy (definition of & morphisms, T anti-comultiplicative)

=(pg®oc ) odpggno(HRo@H)o(HRuy® (6 to(HoUL)®@T® H)
(HH@cpp®HRH®H)o(H®dy®H®5g @ H)
o(f@(camo(TOUE)0dy) @5y @ (T® f 1) odn)) oy @dy)ody (naturality of c)

=g ®o ) oduguo(H® (0o (ug @ H))® H) o (f® (camo (T ®IE)ody)
QH@(T®T)ody)® f~) o0y ®@H®g)o(H®)ody (by (13))

=(pg®o ) odpyguo(HRo@ H)o (f® (IE @ uy)o(cuuy®@H)o(T®6k)0dy)
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@(cupodgoT)® 1) o (dy ®dm)ody (T anti-comultiplicative)
= (g @0 ) odugro(H@o®@H)o(f@ (0uollf) @ (camodnoT)® f1) o (0 ®dm)odu (by (15)
=(pr @ (0 *x0))odugro (fRUERT ® f~1) o (0 ®Jy) o0y (naturality of c)
=pgo(IIE®@T)odgo(fOH®f ') o(H®dy)ody (o convolution invertible)
=(Txidg*T)o (fOH® f1)o(H®y)ody
=THo (by (2))
Finally, Ty- is anti-comultiplicative because so is T" and by Proposition 2.4. Indeed,
O oTye
=cgno(T®T)odgo(fRH®f ') o(H®dy)odn
=cgpo(T(f 7 xf)@T)o(f@in®H® f™)0(0n ®dn)odn
=cg,mg o (Tye ® Tyo) o0,

and the proof is complete.

O

Remark 2.7 Note that, by Proposition 2.4, T = Tgo o (f ' @ H® f) o (H ® ) 0 . As a consequence, it

is easy to see that T is bijective if and only if so is Tyo .

3. Two-cocycles, skew pairings, and double crossproducts

It is a well known fact that a class of 2-cocycles is provided by invertible skew pairings on bialgebras. In this
section, we will show that when we consider bialgebras with weak antipode the bialgebra built with this method
is also a bialgebra with weak antipode.

First of all, we introduce our notion of skew pairing for bialgebras with weak antipode. The definition is
inspired in the one given by Li in [9] by the name of weak Hopf pair. Although it may seem that we have removed
the conditions involving the unit morphisms, we will show that they can be obtained under the hypothesis of
considering convolution invertible skew pairings, and this assumption will be essential to obtain the results of
this section.

Definition 3.1 Let A and H be bialgebras with weak antipodes T4 and Ty, respectively. A pairing between
A and H over K is a morphism 7: A® H — K such that the equalities

(al) To(pa®H)=(r1®71)0(A®@can ®H)o(A® A®dn),
(a2) To(AQuu)=(TQ@T1)o (A®can®@H)o(0a®H®H),

hold.
A skew pairing between A and H is a pairing between A°°P and H,i. e. a morphism 7: AQ H - K

satisfying (al) and
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(a2") To(A@ua)=(TQT7)o(A®can@H)o((cano0da)®HRH).

Proposition 3.2 Let A and H be bialgebras with weak antipodes Ty and Ty , respectively. Let 7: AQH — K

be a skew pairing. Then the following assertions are equivalent:
(i) T is convolution invertible.
(ii) To(Iy @ H) =ea®ep, i=L,K.
Moreover, in this case 7= =70 (T4 ® H) is the convolution inverse of T.

Proof

(i) = (ii). Assume that 7 is convolution invertible with inverse 771. Then, by (1) for A and (al),
T=70((ida* Ty *ida) @ H) = (ro (II§ ® H)) * 1.

Then

eaQeg =77 L =(to(MIf@H))*1mx7 =70 (11§ @ H),
and in a similar way, but using that ida * Ta *ids = id g * Hﬁ, we get that 7o (Hﬁ Q@ H)=ca®eg. Now
consider the morphism 77! =70 (T4 ® H). Then, by (al),

7 =70l ® H)=c4 ®ey,

T_l*T:To(H§®H):£A®EH,

I is the convolution inverse of .

(ii) = (i). Define 77! =70 (T4 ® H). By (al), 7! is the convolution inverse of 7.

and 7~

O

Proposition 3.3 Let A and H be bialgebras with anti-comultiplicative weak antipodes Ta and Ty , respectively.
Let 7: A® H — K be a convolution invertible skew pairing. Then, for i = L, K,

To(A@HjLI)ZEA(X)EH. (20)
As a consequence, T=To (Ta @ Ty) =710 (A®@Ty) and 71 o (A®lly) =cs®epy, i =L, K.

Proof
By Proposition 3.2, 771 =70 (T4 ® H). Then

T—l
=70 (Ta @ (idg * Ty *idg)) (by (1))
=(7@7)0(A@canm @H)o((canodsoTa)® (Il @ H)odx)) (by (a2)
=(17@7)0(A@cany @ H)o((Ta®Ta)0d4) @ (Il @ H) 08y)) (T anti-comultiplicative)

= ((T71 o (A & H%{)) * 7'71) (by Proposition 3.2).
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Then,

T o (A@ly) = (T o (AQIE)) x 7 kT =7 ' v T =ca®ep.
Now, using (14),
EAQ®EH
=(rx7 o (A L)
=(r@7 o (AQcan ®H)o(0a® (pg @Uf) o (H®cym)o (6u @T)o0dy))
=710 (A®IL).
In a similar way we get that 77! o (A® [I%) = ¢4 ® ey, and using (15), we obtain that e4 ® ey =

7o (A®IE).
On the other hand,

T % (10 (Ta ®Tx))
=(T®7)o(A®can@H)o ((Ta®Ta)oda)@((H®TH) o))
=(r@71)0(A®cany @ H)o((canodsoTa)® ((H®Ty)ody))
=70 (Ta ®11k)
=ea®em,

and with similar computations we obtain that (7o (T4 ® Tg)) *x 7! = 4 ® eg. As a consequence, 7 =
70(Ta®@Ty) =7"'o(A®Ty). Finally, by the definition of 771, it is obvious that 7710 (A®IlY) =4 Qep,
i= LK.

O

Remark 3.4 As a consequence of Propositions 3.2 and 3.3, we have that if the skew pairing 7 is invertible,

the equalities

Toma®@H)=cg=71""0(na®H), (21)

To(A®ny)=ea=7 "o (A®ng), (22)
hold.
In the Hopf algebra setting, (21) implies that 7 is convolution invertible with inverse 7! = 70 (T4 ® H),
and therefore it also implies (22), because by (al),

Tar =170 (i®@H)=T0o(ma®H)o(ca®H)=ca®cepy

and
T har=ro(lf®@H)=T0o(na®H)o(cAa®H)=cs@epy.

Note that the above proof does not work in the bialgebra with weak antipode setting because in this case
4 #naoeq # IE.
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Proposition 3.5 Let A and H be bialgebras with anti-comultiplicative weak antipodes T4 and Ty , respectively.

Moreover, assume that Ty is bijective. Let 7: A® H — K be a convolution invertible skew pairing. Then,
rl=10(ATY). (23)

As a consequence, for i = L, K,
oMMy @ H)=ca®eq. (24)
Proof Indeed,

a7t

= (T®T) o (A®CA,H ®H) o ((CA,A 0514) X (CH,H ] (H@TI;I) O(SH)) (by naturality)

To(A® (pgocupmo(H ®TP}1) 00p)) (by (a2"))

T O (A & (H% o TEI)) (Ty anti-comultiplicative)

=eA®epg (by 20),

and

T lyr

=(T®T)o(A®canm@H)o((cano0da)® (cu,u o(TEl ® H)ody))

7o (A® (urocun o (Ty' ® H)ody))

To(A® (IE ngl))
=eaQ€Epy.

Finally, by Proposition 3.2 we get that 771 o (Il}y ® H) =4 ®epy, i = L, K .
O

Proposition 3.6 Let A, H be bialgebras with anti-comultiplicative weak antipodes Ta and Ty , respectively.
Then A H = (A® H,nagH, lAasH,EAgH,0AgH) S a bialgebra with anti-comultiplicative weak antipode
Tagag =Ta®Ty .

Moreover, let T: A® H — K be a convolution invertible skew pairing. The morphism o = €4 ® (T o
cH,A) @ e is a normal 2-cocycle with convolution inverse ol =e4® (7'_1 och .A) ®ey and satisfies the
conditions (10) and (12).

Proof Straightforward. O

By [4], if A and H are bialgebras and 7: A® H — K is a convolution invertible skew pairing, we can
form a new bialgebra A <, H built on A ® H with tensor product coproduct and unit, and algebra structure

given by
fasa. it = (pa@pp)o(ATRAQHRT '@ H) o (ARaen @A H®@ H) o (A®Sagn @ H) o (A®cya® H).
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Moreover, if A and H are Hopf algebras with antipodes T4 and Ty, respectively, A <, H is a Hopf algebra
with antipode

Tapa.i = (7' @Ta®@Ty ®7) 0 (A® H®bagm) 0 dagm-

Following [4], the Hopf algebra A <, H can be explained as a deformation of A® H by the 2-cocycle associated
to a skew pairing. Now we extend this result to the bialgebra with weak antipode setting.

Proposition 3.7 Let A, H be bialgebras with anti-comultiplicative weak antipodes T4 and Ty , respectively.
Let 7: A® H — K be a convolution invertible skew pairing. Then

A [><]T H = (A ® H7 nA@Hu ,LLAN,-Ha 6A®I‘I7 6A®H7 TA[X]TH)
has a structure of bialgebra with anti-comultiplicative weak antipode.

Proof We only need to see that A <, H is a deformation of A® H by the 2-cocycle o defined in Proposition
3.6. Indeed,

H(A®H)"
=(ca®(Tocya)®eg @ pagr @ea® (77 ocga)Qen) o (AQH®A®H Q0aonpiom) © OAeHO A9 H
= (pa®@pun)o(ARTRAYHRT '@ H)o(A®aen ®ADH®H) 0 (A®aen ® H) o (A® cya® H)
= WAsa H

and

T agH)-
=(a®(rocgao(H®TA)® (egoTh)®Ta®Th

@(eaoTa)@ (17 ocgao(Ty @A) @en)o (bagay ® AR H®dagn) o (A® H® dagn) © bavn
=(17'@Ta@Ty ®7)0 (A® H ®dagH) ©dacH
= Te 1.

O

Remark 3.8 The Hopf algebra A <, H is a is a special case of the Majid—Radford double crossproduct
A1 H (see [13], [14]), one of whose most celebrated examples is the Drinfeld double [5] (roughly speaking,
a double crossproduct involving H and (H*)°P, where H* is the dual of H). In the Hopf algebra world, if
A = H*°P @ H , the Drinfeld double D(H) can be obtained as A%, where o is defined by

o((x@a),(y®b)) =z(1)y(a)e(b),

for z,y € H* and a,b € H. Taking this into account, by Theorem 1.10 of [8], if H is a finite bialgebra with
weak antipode so is its dual, it seems natural to ask if our result can be applied in order to describe the Drinfeld
double of a bialgebra with weak antipode. Unfortunately, as we will explain next, the answer is negative and

the description of the Drinfeld double of bialgebras with weak antipode in terms of 2-cocycles remains open.
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Indeed, assume that H is a finite bialgebra with weak antipode T'. Consider the evaluation map

b: H® H* — K. It is not difficult to see that b is a skew pairing and the associated 2-cocycle will be

o =cpg» ®b® ey. However, if we assume that b is convolution invertible, by Proposition 3.2 we have that

bo (I @ H*) = ey @ep- = bo (1T @ H*).

Then, by the suitable compositions, we get that 115 = ny ® ey = [I% and H is a classical Hopf algebra.
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