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Abstract: In a very recent work, Seker [Seker B. On a new subclass of bi-univalent functions defined by using
Salagean operator. Turkish Journal of Mathematics 2018; 42: 2891-2896] defined two subclasses of analytic bi-univalent
functions by means of Salagean differential operator and he obtained the initial Taylor—-Maclaurin coefficient estimates
for functions belonging to these classes. The main purpose of this paper is to improve the results obtained by Seker in

the aforementioned study. For this purpose, we define a general subclass of bi-univalent functions.

Key words: Analytic functions, univalent functions, bi-univalent functions, coefficient bounds, Saldgean differential
operator

1. Introduction

Let A be the family of analytic functions
f(z)=2+ Z anz" (1.1)
n=2

in the open unit disk U:={z€ C:|z| < 1}. Alsolet S:={f € A: f is univalent in U}.
For a function f € A defined by (1.1), the differential operator D™ (n € N = {1,2,...}) introduced by

Salagean [4] as follows:
Dof(z) = f(Z),

D' f(z) 2f'(z) = Df(2),
D" f(z) D(D"7'f(2))  (n€N).

So from the above equalities, we easily obtain that
D f(z) =2+ K'apz®  (neNg=NU{0}),
k=2

with D™ f(0) = 0.
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Theorem 1.1 [2] (Koebe One-Quarter Theorem) The range of every function of class S contains the disk of

radius {w: jw| < 1}.

Thus by Theorem 1.1, every function f € A has an inverse f~! defined by

FUUE =2 e md (@) =e (lul<n()in)z]).
For the inverse function f~!, we have:
g(w) = f7H (w) = w— asw® + (2a3 — a3) w* — (5a3 — Sasaz + as) Wt + - . (1.2)

Definition 1 (see [3]) If both the function f and its inverse function f=1 are univalent in U, then the function

f is called bi-univalent. We say that f is in the class X for such functions.

Very recently, Seker [5] introduced the two subclasses of the bi-univalent function class ¥ in Definitions 2
and 3 by using the Saldgean differential operator and obtained nonsharp bounds on |as| and |as| for functions

f € ¥ in each of these subclasses.
Definition 2 (see [5]) A function f(z) given by (1.1) is said to be in the class
He" () (m,neNg,m>n,0<a<l)

if the following conditions are satisfied:

fes  and  |arg <m>‘ < % (z € U) (1.3)
and
arg (lmﬂ < % (wel), (1.4)

where the function g is given by (1.2).

Theorem 1.2 (see [5]) Let the function f(z) given by (1.1) be in the class

He" () (m,ne€Ng,m>n,0<a<1).

Then
2a
lag| < (1.5)
\/2a (3m — 3n) 4 (2m — 2n)° — o (22m — 22n)
and
2a 402

< : 1.6
|ag| < 3m_3n+(2m_2n)2 (1.6)
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Definition 3 (see [5]) A function f(z) given by (1.1) is said to be in the class
He™ (B) (mn€eNg,m>n,0<8<1)
if the following conditions are satisfied:

fex and %<m>>ﬂ (z €U)

and
Dmg(ﬂf))
Rl ———| >0 w e U),
(Frate et
where the function g is given by (1.2).
Theorem 1.3 (see [5]) Let the function f(z) given by (1.1) be in the class

Hy" (B) (m,neNg,m>n, 0<<1).

Then

2(1—-5)
las| < \/(3m —3n) —2n(2m — 2n)

4(1-p)*  2(1-5)
(2m_2n)2 + 3m73n

and

las| <

Now we introduce the a new subclass of A which generalizes Definitions 2 and 3.

Definition 4 Let the functions h,p: U — C satisfy the conditions

min{R(h(z)), R(p ()} >0 (2€U) and h(0)=p(0)=1.

For a function f € A defined by (1.1), we say that
feBE™ (h,p)  (m,n €N, m>n,yeC\{0})

if the following conditions are satisfied:

1 /D™f(2)
and
1 (D"g(w) w
w3 (g ) 0@ weo,

where the function g is defined by (1.2).
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Remark 1 If we choose the functions h and p as

h@):(”z’)a and p(z)z(l_z)a O<a<l zel),

1—2z 1+2

then it is clear that the functions h and p satisfy the conditions in Definition 4. Therefore, we get a new

1+2\% /1-2\°
mn,y _ iy _
Be <(1—Z> ’<1+z) > B (@) 0<as<l zel)

consists of functions f € X satisfying

arg<1+i(lml>>‘<og 0<a<l zel)

subclass

and

arg(ur}y(ll);:j((ww))—1)>’<0‘27r (0<a<1 wel)

where the function g is defined by (1.2).

Remark 2 If we choose the functions h and p as

1+ (1-28)z
B 1—2

and p(z):M (0<B<1,2€0),

h(z) s

it is evident that the functions h and p satisfy the conditions in Definition 4. Therefore, we get a new subclass

By (H L-29): 1 (11+22W> =B (B (0<f<1,2€D)

consisting of functions f € X satisfying

%(1+i<m—l)>>ﬁ (0<p8<1,2zel)

and

§R(1+i(lm—l>)>ﬁ (0<B8<1l,wel),

where the function g is defined by (1.2).
Remark 3 For the special choices of the parameters m,n, and v in Remarks 1 and 2, we get the following
known classes:
(i) Letting v = 1, we get the classes
BE ™M () = HE " (o) and  BEN(B) = HE(B)

defined in Definitions 2 and 3, respectively.
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(ii) For m=1, n=0, and v =1, we get the class
Bi" (o) =S&[a]l  and  Bg™ (B) = 8% (B)

of strongly bi-starlike functions of order a (0 < a <1) and bi-starlike functions of order 8 (0< (8 <1),
respectively.

(iii) For m =2, n=1 and v =1, we get the class

Ba(8) = Cs (B)

of bi-convex functions of order B. The classes S5 [a], S5 (8), and Cx (B) are introduced and studied by Brannan
and Taha [1].

In the light of the work by Seker [5], we investigate the coefficient problem for functions f € A given by
(1.1) belonging to the bi-univalent function class Bs."™” (h,p) introduced in Definition 4 and give coefficient
bounds on |az| and |ag|. We obtain the improvements of results obtained by Seker [5] given in Theorems 1.2

and 1.3 as a result of our main theorem (Theorem 2.1).

2. Main theorem

Theorem 2.1 Let the function f(z) given by (1.1) be in the bi-univalent function class By, (h,p). Then

2 |W (0 \ + \p |h” 0)[ + [p” (0)]
laz| < min {\/|'y - \/| | 37) — 2 (2m — 21)] } (2.1)

and

< o OO e,

) G2 B O 2 -2l 0)])
N DI DEPICIErD) |

Proof Let us consider the functions h and p satisfying the conditions of Definition 4 and having the form
h(z) =1+hiz+hoz® +--- (2€0)

and
p(w) =1+ pw+pw’+--- (wel),

respectively. Since f € By (h,p), we can write the inequalities in (1.11) and (1.12) as

DG N
14> (an(z) 1>_h() (zeU), (2.3)
and
1 (D™g(w) . w
1t (Dng(w)—l)—pu (w e ) (2.4)
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respectively. By equating the coefficients in the equaitons (2.3) and (2.4), we get

(2™ —2") ag = vhy,

(37n _ 3n) as — on (2m _ 271) a% _ ,th,

— (2™ —2") ag = ypa,

and
— (3™ = 3" ag +[2(3" —3") — 2" (2" — 2")] a3 = p».

From (2.5) and (2.7), we obtain
hy = —p1

and
2(2" —2"% a3 =2 (h3 + p?) .

Also, from (2.6) and (2.8), we find that
2[(3™ = 3") —2" (2™ = 2")]a3 =y (ha + p2) -

Therefore, we find from the equations (2.10) and (2.11) that

2 [ (O)F + [p (0)/*

2
az|” <
ool < I P
and
2 |h" (0)[ + [p” (0)]
<
|CL2| — |’Y| 4 [(Bm _ 3n) _9n (2m _ 2n)]’

respectively. From the above equalities, we get the bounds on |ag| as asserted in (2.1).

(2.5)

(2.6)

(2.7)

(2.9)

(2.10)

(2.11)

Similarly, in order to find the bound on |as|, we subtract (2.8) from (2.6). Thus, we obtain the equality

2(3™ —3") a3 —2(3™ —3") a2 = (hy — p2).
Upon substituting the value of a3 from (2.10) into (2.12), it follows that

7V (hE+p1) | v (ha—p2)
2(2m —2n)*  2(3m —3")

az =

We thus find that
2 [ (0)]” + [p (0)°
2 (2m — 2n)?

R (O)] + " (0)]

|
+hl— B7 =37

|as| < ]
On the other hand, upon substituting the value of a3 from (2.11) into (2.12), it follows that

e — 7 (h2 + p2) n 7y (ha — p2)
ST 2[(Bm —3n) —2n (2m —27)] T 2(3m —37)

(2.12)

1335



BULUT/Turk J Math

or equivalently

[2(3™ — 3™) — 27 (2™ — 27)] yhy + 27 (2™ — 2) yp,

az = 2(3m — 3n) [(3m — 3n) — 2n (2™ — 2n)]
We thus obtain
|a | < | ‘ [2 (Sm — 3") —on (2m _ 2n)} |h// (0)‘ 4on (2m B 2n) ‘p// (())|
This evidently completes the proof of Theorem 2.1. ]

3. Corollaries of the main theorem

In Theorem 2.1, if we choose the functions h and p as asserted in Remark 1, then we obtain following result.

Corollary 3.1 Let the function f (z) given by (1.1) be in the bi-univalent function class By, (o) (0 < a < 1).

Then
2 2 2
o] < min d 2112 hla
aQm _ 9gn (3m _ 3n) —_9on (2m _ Qn)

| AlPe? 2]y]e? 2[y]a?
o < .
|a3| > min { (2m _ 2n)2 + 3m _ 3n’ (3m _ 3n) _9on (2m _ Qn)

and

Letting v =1 in Corollary 3.1, we obtain following consequence.

Corollary 3.2 Let the function f (z) given by (1.1) be in the bi-univalent function class Hy'" () (0 < a <1).
Then

% , 2 (3m _ Bn) S 22m _ 22n
lag| < .
\/(3m,3n)3§n(2m72n) 5 2 (Sm — 3") Z 22m _ 22n
and
40 20>
(2'"L_2n)2 + 3m_3n 5 6(m,7’l) S O
las| < ,
202

(3m—3n)—2n(2m—2n) 6(m,n) >0

where

§(m,n) = 2(3™ —3™)? —2n (2™ —2m)® — ontl (9m _ 9y (3™ — 3",

Remark 4 If we compare the coefficient bounds on |as| in Corollary 3.2 with Theorem 1.2, then after some

calculations we find that

2

o _ 200
2m —2n — \/2& (3m _ 3’ﬂ) =+ (2m — 2”)2 -« (22m - 22“)
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when 2 (3™ — 37) < 22m _ 220 gpq

\/ 202 20
(Sm - Sn) - 2n am — 277. \/20[ (2m _ 2n)2 —« (22m _ 22n)
when 2 (3™ — 3") > 22™ — 220 Similarly, if we compare the coefficient bounds on |as| in Corollary 3.2 with

Theorem 1.2, then we see that

402 202 200 402

<
(2m _ 2n)2 T 3m —3n — 3m — 3n (2m — 2")2’

and
202 < 20 N 402
(3m _ 3n) —9n (2m _ 2n) - 3m _—_3n (2m _ 2n)2

when 6(m,n) > 0. Therefore, we see that the coefficient bounds obtained in Corollary 3.2 is an improvent of

the estimates given in Theorem 1.2.

Letting m =1 and n =0 in Corollary 3.2, we have the following result.

Corollary 3.3 Let the function f(z) given by (1.1) be in the bi-univalent function class S o] (0 < a<1).
Then
|as| < V2a and las| < 202

Remark 5 Note that the coefficient estimates obtained in Corollary 3.3 is an improvement of the estimates
obtained by Brannan and Taha [1, Theorem 2.1].

In Theorem 2.1, if we choose the functions h and p as asserted in Remark 2, then we obtain following

result.

Corollary 3.4 Let the function f (z) given by (1.1) be in the bi-univalent function class By, (8) (0 < B < 1).

Then
)2y (A -8) 2|y|(1-B)
|as| Smln{ om _on \/(3m3n)2n(2m2n)}
and
- J4anPa-87*  2hla-5) 2y[(1—p)
|a3| < mm{ (2m _ 2n)2 + gm _gn (3m _ 3n) —_9n (2m _ 211) } ’

Letting v =1 in Corollary 3.4, we obtain following consequence.

Corollary 3.5 Let the function f (z) given by (1.1) be in the bi-univalent function class Hy" (8) (0 < B < 1).
Then

2(1-P) (2m—2m)2
| ‘ \/(3m_3n) 2n(2m 2n) 9 0 S ﬁ S 1 - 2[(3m_3n)_2n(2m_2n)]
as| <

2(1=p) (2m-2m)®
2m_—2n o 1= 2[(3m—3n)—2n(2m—2n)] <p<1
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and

2(1_5) 271(2771_271)3
(3m,_3n,)_2n(2m_2n) 9 0 S /3 S 1- 2(3771,_371,)[(3m_3n)_2n,(2m_2n)]

|as| <

4(1-p)? 4+ 20-58)

1 2n(2m_2n)3
(2m,2n)2 3m _3n ) -3

(3m,371)[(3m,3n),2n(2m,Qn)] g B < 1

Remark 6 It is evident that the coefficient bounds obtained in Corollary 3.5 is an improvent of the estimates
given in Theorem 1.3.

Letting m =1 and n =0 in Corollary 3.5, we have the following result.

Corollary 3.6 Let the function f(z) given by (1.1) be in the bi-univalent function class S¢ (8) (0< 5 < 1).
Then

las| <

and

las| <

Remark 7 Note that the estimates obtained in Corollary 3.6 is an improvement of the estimates obtained by
Brannan and Taha [1, Theorem 3.1].

Letting m =2 and n =1 in Corollary 3.5, we have the following result.

Corollary 3.7 Let the function f(z) given by (1.1) be in the bi-univalent function class Cx (8) (0 < < 1).
Then

lag] <17
and
s < 2, 1-8
- 1
(1-p8)"+ 3 , 3<pB<1

Remark 8 Note that the estimates obtained in Corollary 3.7 is an improvement of the estimates obtained by
Brannan and Taha [1, Theorem 4.1].
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