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Abstract: Stochastic integro-differential equations are obtained when we consider prices jump in financial modelling.
In this paper, these equations are solved numerically by applying the two-dimensional Tau method with ordinary bases.
Next, the numerical solutions of the equations above are investigated by the ordinary bases to the Hermitian one.

Moreover, we provide an error analysis for the Tau method with ordinary bases. Also, we will prove that the errors

of the approximate solutions decay exponentially in weighted L?-norm. At the end, we will provide some numerical

examples which show the efficiency and accuracy of the method.

Key words: Tau method, stochastic integro-differential Black-Scholes equation, European option pricing problem,
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1. Introduction

Actually, a call (put) option gives the owner the right, but not the obligation, to buy (sell) an underlying asset
at a specified strike price and on a specified date. The price indicated in the contract is called ”exercise price”
or "strike price” and the date is called "the maturity date of the option” or ”expiration date”.

There are two styles of options (call or put), i.e. European and American. The European option can be exercised

only at the expiration date while an American option can be exercised on or at any time before the expiration
date.
An option has different significances some of which are as follows:

1. With regard to a call option, there is a joint stock request with an investment which is less than what is
needed for the stock itself.

2. The maximum loss of a buyer is predetermined, i.e. it is the same as the option price.
3. An option offers financial leverage.

4. An option provides opportunities for investors and presents a combination of risk and return which would
otherwise be inaccessible.

5. Buying options are like buying insurance. The cost of the insurance is equal to the price of the put options.
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Fischer Black, Myron Scholes, and Robert Merton proposed the Black—Scholes model in 1970. This model was
revolutionary in its impact on pricing financial derivatives whose underlying asset was a stock. Then it was
possible to price financial derivatives by using the closed-form solution. This model had a great impact on the
pricing method and hedging option risk. Moreover, it played a significant role in achieving financial engineering

success in the 1980s and 1990s.
The assumptions of the model above are as follows:

S

1. The stock price satisfies % = pdt + odz, where z is a stochastic variable (Brownian motion). p and o

are constants. p is the expected return of the stock and o is the stock volatility.
2. Securities are sold in the short-term, and the revenue is completely gained.

3. No transaction costs.

4. No dividend paid.

5. There are no risk-free arbitrage opportunities.

6. The securities trading is continuous.

7. The risk-free interest rate r is constant, and it is the same for all maturities.

This model was formulated as follows:

2

L 9o
Vi + =0 X Vg + TxV, — 10 = 0, (1.1)

2
where v(x,t) is the option price with the underlying asset z in time ¢. T is the maturity date, r is the
rate of return and o is the underlying asset velocity. Empirical evidences show that the assumptions of the
Black—Scholes model are in contradiction with market realities. Therefore, the generalized model assumptions
have been used in many cases. In order to make the Black—Scholes model more suitable for the market, some
of its limitations have been omitted, and it was generalized. However, this model is nowadays only used as
the basic one to define other models. For example, the stochastic volatility model [1, 2] was formulated by
deleting the assumption (1), transaction cost model [3, 4] was formulated by deleting the assumption (3), the
stochastic interest rate model [5] was formulated by deleting the assumption (7), and fractional Black—Scholes
model [6-8] was formulated by substituting Brownian motion by fractional Brownian motion, and by deleting
the assumption (2). Moreover, considering prices jump in the market, Merton proposed the Black—Scholes
equation under jump-diffusion model [9]. Therefore, the differential equation (1.1) turned into the integro-
differential equation. Generally, obtaining the analytical solution of the required integro-differential equation
seems to be difficult or impossible, so different numerical approximations to the solution of such equations
have been proposed. For instance, Briani et al. [10] used the explicit finite difference method for the above-
mentioned Black-Scholes integro-differential equation. Cont and Voltchkova [11] proposed an explicit-implicit
finite difference method using the notion of viscosity solution. Matache et al. [12] used discontinuous Galerkin
method in time and discrete wavelet-Galerkin method in place. Furthermore, Matache et al. [13] solved a
partial integro-differential equation (PIDE) using 6-method in time and a discrete wavelet in place. Working
on numerical solutions of differential equations [14] and generalized Black—Scholes differential equations is still an

interesting area for researches. For example, Patel and Mehra [15] proposed a compact finite difference method
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for pricing European and American options under jump-diffusion models. Also, Rambeerich and Pantelous [16]

solved a system of PIDEs using Lagrange finite element techniques. For more information, we refer the reader

to [17-19].

In this paper, we have used the so-called Tau method to introduce a new method for solving a matrix

solution for the Black—Scholes equation with jump.
2. Black—Scholes equation with jump
We want to obtain a numerical solution for the following equation:

Vi + 50°8% Vs + (r = Ak)sVs — 'V + X [7° V(sn, 7)Ts(sn, 7)Ts(n)dn — V = 0,
V(s,0) = (s — k)T,

where
~ 1 1 logn . o
T = __
$(0) = msmern(—5 ().
and

With change of variables as follows:

1
5

1

r = =logs, =z 5logn, t=T-—r,

we define v(z,t) by V(s,7) = v(exp(xd), T — t). Hence, the equation (2.1) can be written as

{ vr = )6 vo 15 — o, — (o Ao+ A7 v(a + 2, Os()dz = 0,

If we define

102 (r—Xk) o2
a—i(siz, b—Tfﬁ, d—*('f"i’)\),

then we have

Vr = QUqgy + bUg + dv + A fooo v(z + 2,6)[(2)dz,
v(z,0) = (exp(xd) — kexp(—rT))*.

3. Tau method

In [20], it was proposed that the Tau method is based on three simple matrices:

0000 0100 01 0 0
1 000 0010 00 1/2 0
n=| 0200 Cu=|00 01 =00 0 s
0030 0000 00 0 0
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n

Lemma 3.1 If y,(v) = a, X with a, = (ag,a1,...,a,,0,0,...) and X = (1,z,2%,..., 2", ..

1 oy (2) = ann™ X;

)T, then

In [21], the two-dimensional linear Fredholm integral equations of the second kind by using the operational Tau

method is formulated as:

X =(1,z2%...,2",...)7,
T=1,tt...,t".. )7,
Coo Co1 Con
Cip €Ci1 -+  Cin
C= (Cij)nxn = : . . : )
Cno  Cni Cnn
and
n n
oz, t) = ZZcijxltJ = XfC’T.
i=0 j=0 -

Clearly, the partial integro-differential equation (2.7) has two variables, namely ¢ and z.

two-dimensional Tau method to determine v(x,t). The solution of (2.7) will be as follows:

n n

v(z,t) = ZZCijxitj = X_TCZ“.

i=0 j=0

Lemma 3.2 If v(z,t) = X_TCT where X, C, and T are as the above, then:
1. vg(z,t) = )_(nTCZ“;
2. vge(x,t) = {(nT2CT;
3. vz, t) = )ET]CT;
4. ffooo v(z + z,t)[s(2)dz = X;T NC T,

2T(k+1), i=2k,

. n &Ti 1 (oo i —1.2 —
where N =71  Sin' al_mf_oozexp(Qz)dZ—{O. o.w.

(3.1)

(3.2)

We will apply the
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Proof Proof is clear. O
Theorem 3.3 If we apply the Tau method on the Black—Scholes integro-differential equation, then we will

obtain the following Sylvester equation:

LC —Cy=G.

Proof By using (a), (b), (c), and (d) from Lemma 3.2 in (2.7), we obtain:
a Xy cr+0 Xyt CT+dXT T - XT OnT+AXT NCT =0, (3.4)

or
XT(an™ C +by"C +dC — Cyp+ ANC) T = 0.

Since X and T are bases, we have:

an™ C +yTC +dC — Cn+ ANC =0,

and
(an™ + oy + dI + AN)C — Cn = 0.
If
L= anTZ + T +dI + AN,
then
LC —-Cn=0. (3.5)
We define

9(x) = (exp(zd) — K)*.

Now, g(x) must be approximated by a polynomial of suitable degree. Therefore, we approximate g(x) by the

Taylor polynomial. Thus,

n

() . i
g(x) = Z g(O)! )xlv G = (9i)nx1, 9i="—"—,

1

=0

and
T = (1,7,7%.., 17" HT,

We define T5 and G2 matrices as follows:
T, =(0,0,0,...,71),

Gy = (0,0,0,...,G).

The initial value of v(z,0) = (exp(xd) — K)* is rewritten as CTy = G, so

CTy = Gs. (3.6)
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By combining (2.5) and (2.6), we obtain:

LC—C(T]_TQ) = Ga. (37)

We define 7 = n — T5; thus,
LC — C7j = Gy, (3-8)
and the proof is completed. O

By solving the Sylvester equation (3.8), we obtain v(z,t) from (2.4).
Then v(z,T) = X;T C'T; is the solution of (2.7).

4. Tau method with Hermite base

Since we are using the Gaussian random variable, according to [22], by using Hermite polynomials basis in the
Tau method, we obtain option pricing under jump-diffusion models.

Hermite polynomials of order n are defined by

exp(x—)%exp(—x), n=0,1,2,... (4.1)

These polynomials have many properties including;:

a. Hyy1(x) =2xH,(x) —2nH,_1(x), n>1;

n

b. H () =22H, 1(z), n>1;

"

c. H,(z)—2zH] (z)+ 2nH,(xz)=0;

n

d. exp(—2t2 4 2tx) = 300 Hy(x) &

nl’

e. [7° H,(x)Hy(x)exp(—2?)dz = 2"\/Tn!S0m.

Lemma 4.1 If H(x) = (Hy, Hy,...,H, )T, where H;, (i=1,2,---,n—1) are Hermite polynomials then

L. H'(x) = 20 H(2);

2. H"(z) =2(z — 1)217[_{(96).

Proof

a. Since H;(x), {i=0,1,--- n}, are Hermite polynomials, then from property (b) we have
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H/(J,‘) = (H(I)7H{a LR H’I{L—l)T

= (0,2Hy,4H,,6H>,...,2(n — 1)H,_5)T

0 0 0 O 0
1 0 0 0 Hy
_o| 0200 H
00 3 0 ;
Hn—l
= 2n H(x).
b. By using property (c), and similar to (a). O
Lemma 4.2 If X is an ordinary base, i.e. X = (1,z,2%,...,2™)T where H(x) is defined in the same way as

the lemma above, then there exists an invertible lower triangular matrix U so that H = U X, and elements of

U as the following:

Uiy = 2Ui,1’j,1 — 2(Z — Q)Uifg’j.

Proof By the property (a), the proof is clear. O

Lemma 4.3 If Uand n are defined as before, then Un = 2nU.

Proof We have

f{/(x) = (H(/J’Hi"'er/L—l)T:QnH(x) =U X, (4.2)

on the other hand,
H(z)=UX)=UX'=UnXx, (4.3)
by equating (4.2) and (4.3), we obtain 2nU = Un. O

Lemma 4.4 If v(z,t) = 327" >0 dijHi(z)Hj(t) = H(z)" D H(t) where D = (dij)nxn, then

1. vy(x,t) = H(x)T2nTD {{(t)§

2. vae(z,t) = H(z)T4n™" D H(b);

3. vz, t) = Ij(x)TDQU {I(tﬁ

4o [T v(@+ 2, t)Ts(2)dz = Ij(x)TWD H(t).
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where
AT — - (673 i
N=UTNU, N=3) —n",
i=0
L[> 1 28 =
Q= 7/ Zexp(—=2%)dz = rkts), i=2k
V2T J oo 2 0, o.w.
Proof By Lemmas 3.2 and 4.3, it is clear. O

By applying the Tau method with Hermite basis on the Black—Scholes integro-differential equation, we will

obtain the following Sylvester equation
LC —2C7 =G,
where
L= 4ar]T2 + 2bnT 4+ dI + AN.

5. Convergence analysis

In this section, we analyze the estimating error of the Tau method for the integro-differential equations. Let us

9%y
(0z)*F

first introduce some notations. We set A = R and 0Fv =

Suppose N,r be any positive and nonnegative integer, respectively.

N
PN = {Za]x” ap, a1, "+ ,aN € R}’
j=0
H],(A) = {v/ okveL2(N), 0<k< r},

where w(z) is a weight function and

Hy = span < Hyo(x), Hi(x), ..., Hy(z) > .

[lar ) = 1950l (a) and [|vllaza) = Cheo VIG- (A))% are the seminorm and the norm of H/ (A), respec-
tively. Also, (u,v) and (u,v), are the inner product of L?(A) and L”(A). We define the space H"(A) with
the norm |[v|[;m o = [[v[|Em(a) where m > 0 is any real number [23]. We first present some inequalities which

will be used later.

Lemma 5.1 [2/] For any ¢ € Py,
ohw < V2N[@llw.

Lemma 5.2 [2/] For any v € H2(A),

zvlle < flvfl1e-
Lemma 5.3 [24] For any ¢ € Hyx and nonnegative integer m,

1070l < (2N + 1) % [leo].

1087



RIVAZ et al./Turk J Math

The lemma above can be extended to noninteger cases, indeed:
Lemma 5.4 [24] For any ¢ € Hy and r > 0, we have:
el < eNz el

We are now in a position to introduce several orthogonal projection operators. The L?(A)-orthogonal projection

Py : L?(A) — Hy is a mapping such that for any v € L2(A),
(Pyv—wv,90) =0, Vo€ Hn,

or equivalently,
N

Pyo(z) =Y v(x)Hy(z).

k=0

In order to obtain an optimal error estimation in the Tau method, we need the H?2(A)-orthogonal projection

P3% : H2(A) — Py. That is, for any v € H2(A),
(92(v = P{v),03¢), =0, Vo € Py. (5.1)
Lemma 5.5 For any x,y,
(2,9) < ol + .

We can also easily prove the following lemma.

Lemma 5.6 If w= e~ then

1. (93¢, 0)w = —lollf o, +2llzelZ < llel? o5

2. (O, ) = 0;

3. el < vrllpllw-1;

4 Nlello < Vallell.
Theorem 5.7 [2/] For any v € H,(A) and r > 0,

lo = P{oll < eN = |[o]] -

We first consider an estimation error for the following equation [25].

{ v+ Nv=g(x), zeANER, (5.2)

lim, o v(x) =di, limg o v(x) = ds,

where d;,dy are constants. The Tau method with Hermite bases for (5.2) is to find vy € Py satisfying the

boundary conditions such that for any ¢ € Py_a,
—(0Zow,9) + X*(vn, ) = (g, 9)- (5.3)
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We next give an error estimate of the scheme (5.2). Assume that the exact solution v(z) is smooth enough.

Let n=v—v* and e = vy — v*, where v* = P%v. From (5.2) and (5.3), we have

—(D2e,0) + X2(e,0) = X (n, ). (5.4)

According to (5.1), we know (927,¢) =0 for all p € Py_o2.

We take ¢ = e, from the above lemma and theorem we get

)\ZCQN—I 5
(N2 —3-302N +1)) Iol2.0

lell? <

and
o — v llw <CN o

|2,o.)~

Now we want to analyze the estimating error for the follow integro-differential equations.

{ Vp — QUgy + DUy + cv + )\fooo v(x + z,)s(2)dz =0, (5.5)

v(x,0) = (%0 — ke "T)T.

Theorem 5.8 Let v and vy be the exact and approzimation solutions to (5.5), respectively. For all r > 2,

lellZ, < (CiN~" + CoaN*7")||v]] - (5.6)
Proof We have
(Oron, @) — (O%un, @) + b(Dun, ) — c(un, @) + )\(/ oy (x + z,6)Ts(2)ndz, @) = 0. (5.7)

Let n = v —0* and e = vy — v*, where v* = P3v.

From (5.5) and (5.7), for ¢ = e we conclude that

o

(9. €) + a8, €) + b(Om, €) + c(n, ) + Al / (n— e)Ts(=)dz,¢) — (Bre, e)

—0o0

+a(0%e,e) + b(0ze,e) + c(e,e) = 0.

By Lemma 5.6 (1,2), we have

o
(Ore,e) — a(D?e,e) — cle,e) + )\(/ el's(2)dz,e) = (O, e) + b(xm, e) + c(n, €)
- N (5.8)
([ arszdze).
By using Lemmas 5.1-5.6, we have
1d 3} 1 0 b
S el + allell . — 2alleel?, = cllel? < 1 3l + 3 hells + 61 2-nl + el .
5.9

c o0 A
el + el + 3 [ ars(esl? + 3 el
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and

1+b+c+A
—(——llell& — allel}

TUJ—

,w+ || [Ees Nl e 77H2

A / WL (2)dz2.

By integrating the inequalities, we find that

1 t t 3 t 3 t
glelz —a [ leludt—es [ elzar < e [l +en® [,
0 0

(5.10)
v [ gz [ wseae.
Now by applying the mean value theorem for integrals, we have
1 —Tr -
S llells = atlle(@,to)lI7., — estlle(w, to) [Sdt < er NTtlvl[2,, + caN*""tv]7,. (5.11)
Thus,
lell < (CINT" + CaN*7") o]l
O

By the above theorem, we conclude that for any fixed t, |le]| = 0 when N goes to infinity.

6. Numerical examples

The numerical experiments performed in this chapter are related to the option pricing problems described in
previous sections.

Example 6.1 Here we give an example to show the accuracy of the solutions obtained from our proposed method

for pricing European options under jump-diffusion models. We solve the following system of equation.

Vr = QUqgy + bvz +dv+ A fo r+ 2,t)Ts(2)dz, 6.1)
v(z,0) = (e% — ke T, ’

The experiments have been performed on an Intel Core 1.7 GHz i5 Computer. We use’lyap” function in
MATLAB for the numerical solution of Sylvester equations. We have used an example of [10]. Formula
parameters are given in Table 1. Figure 1a shows convergence of the Tau method for this example.

In Table 2, we mention solutions of the Tau method with an ordinary base for European call options with
Jump-diffusion process and corresponding computational CPU time in seconds. In Table 3, we have the results

for the Tau method with Hermite base. In [10], this example solved by an explicit finite difference method and
for n = 1024 they obtained call value = 13.2230.

Example 6.2 We present the following example from [22]. Parameters of the corresponding formula are given
in Table /. In Table 5, we have the results for the Tau method with an ordinary base. Figure 1b shows

convergence of the Tau method for this example.

Example 6.3 We also show the convergence behavior of equation (6.1) for the parameters of Tables 6 and 7

in the Figures 1c and 1d, respectively. We also have the call values associated with Table 6 in Table 8.
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Table 1. Parameters of the formula associated with Example 6.1.

Interest rate r 0.05
Volatility o 0.2
Intensity of jump A 0.1
Standard deviation of jump size | § 0.8
Expiration date T 1
Strike price E 100
Present asset price S(0) | 100
Expected return I 0

Table 2. Call values associated with Table 1 for ordinary base.

n 14 16 18 20 22
Call value | 12.5714 | 13.1634 | 13.1659 | 13.1901 | 13.2019
cpu(s) 0.8988 | 0.9207 | 0.9437 | 0.9797 | 0.9951

Table 3. Call values associated with Table 1 for Hermite base.

n 14 16 18 20 22
Call value | 12.6815 | 13.0695 | 13.1927 | 13.2094 | 13.2102
cpu(s) 0.96 0.98 0.999 1 1.025

Table 4. Parameters of the formula associated with Example 6.2.

Interest rate r 0.1
Volatility o v/0.05
Intensity of jump A 1
Standard deviation of jump size | § v/0.05
Expiration date T 1/2
Strike price E 35
Present asset price S(0) | 38
Expected return 7 —0.025

Table 5. Call values associated with Table 6.

n 14 16 20 Exact value
Call value | 6.8147 | 6.8146 | 6.8130 | 6.8066

cpu(sec) 0.8978 | 0.9295 | 0.9786
Error 0.0081 | 0.008 | 0.0064

7. Conclusion

In this paper, we proposed the two-dimensional Tau method with two bases (ordinary and Hermitian) for

the solution of Black—Scholes integro-differential equations. We proved the convergence of the method and
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Table 6. Parameters of the formula associated with Example 6.3.

Interest rate r 0.05
Volatility o 0.03
Intensity of jump A 1
Standard deviation of jump size | § 0.1
Expiration date T 0.5
Strike price E 40
Present asset price S(0) | 40
Expected return I 0.01

20

~100 . . . . . . .
2

20

(©)

Figure. a) Convergence of the Tau method for Example 6.1, b) Convergence of the Tau method for Example 6.2, ¢)
Convergence of the Tau method for equation (6.1) with parameters in Table 6, d) Convergence of the Tau method for

equation (6.1) with parameters in Table 7.

obtained the error estimates in weighted L? and uniform norms of the approximated solution. These results

were confirmed by some numerical examples. We compared our numerical results with exact values and showed
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Table 7. Parameters of the formula associated with Example 6.3.

Interest rate r 0.05
Volatility o 0.03
Intensity of jump A 1
Standard deviation of jump size | § 0.03
Expiration date T 2
Strike price E 15
Present asset price S(0) | 15
Expected return I 0.02

Table 8. Call values associated with Table 6.

n

8 9 10 11 12 13 14 15 16 17 18

Call value | 0.3206 | 1.1912 | 1.5508 | 1.6846 | 1.7298 | 1.7439 | 1.7479 | 1.7490 | 1.7492 | 1.7493 | 1.7493

that the Tau method is efficient in both accuracy and CPU time. Also, we can apply the method used in this

paper to various problems arising in finance.
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