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Abstract: In this paper, we study J-primary and 2-absorbing J-primary hyperideals which are the extended classes of
prime and 2-absorbing hyperideals, respectively. Assume that R is a commutative multiplicative hyperring with nonzero
identity. We call I € Z (R) a §-primary hyperideal if a,b € R and aob C I imply either a € I or b € §(I) and
also, I is called 2-absorbing d-primary hyperideal if a,b,c € R and aoboc C I imply aob C I or boc C §(I) or
aoc C §(I). Moreover, we give the basic properties of these new types of hyperideals and investigate the relations
among these structures. Then a number of main results and examples are given to explain the general framework of

these structures.
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1. Introduction

In 1934, Marty defined hypergroups as a generalization of groups and so he firstly studied the theory of algebraic
hyperstructures. Hyperstructures take an important place in both pure and applied mathematics. Afterwards,
many authors have studied the theory of hyperstructures which has a pivotal role on applications to other
areas such as geometry, lattices, automata, cryptography, coding theory, artificial intelligence, and probabilities
[1-3, 8.

In this paper, we dwell on hyperrings which have an important role in the theory of algebraic hyper-
structures. Various types of hyperrings have been introduced and studied by many authors (e.g., Krasner,
Davvaz, Ameri and Norouzi) in [2, 9, 12]. Let R be a hyperring. By P*(R), we mean the set of all non empty
subset of R. Let o be a hyperoperation from R x R to P*(R). Krasner said that the structure (R, +,0) is a
hyperring if it satisfies the following properties: (i) (R, +) is a canonical hypergroup, (ii) (R, o) is a semigroup
and (iii) ‘o’ has the property of distributive over addition (see [9]). Then, it is known as Krasner hyperring.
In [13], Rota presented a different type of hyperring. According to him, (R, +,0) is a multiplicative hyperring
if it has the following properties: (i) (R,+) is an abelian group whose identity element 0p has the absorbing
property in (R,+,0) (i.e. {Or} =0gox = x00g for every z € R.), (ii) (R,0) is a hypersemigroup, (iii)
ro(r'+s)Cror’'+rosand (r+r)osCros+ros, (iv) ro(—r') = (=r)or’ = —(ror’) for all r,7',s € R.
By this definition, it can be obtained that 7o (1" 0 s) = U,c(10s) (r0t) = Upe(rory (ko s) = (ror’)os for all
elements r,7',s of R. A multiplicative hyperring R is said to be commutative if r o7’ =7’ or for all r,7’ € R.

An element e € R is called identity if {r} =eor =roe forall r € R.
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Let R be a commutative multiplicative hyperring with nonzero identity. A hyperoperation o holds
UoV =U,cvvev(uov) and Uox = Uo{z} for every two nonempty subsets U,V of R and = € R [9]. Recall
from [8] that a nonempty subset I of R is a hyperideal if it has the following: (i) I —I C I, thatis, z—y el
for each z,y € I and (ii) rox C I for each r € R,x € I. Let the subset {rjo...or,|r; € R for some n € N}
of P*(R) be denoted by C'. From [8], I is known as a C-hyperideal of R if for each A € C, ANTI # () implies
A C 1. As well, a proper hyperideal I is known as prime (primary) if for any z,y € R, x oy C I implies
x€loryel (zelory™CI for some positive integer n where y™ denotes yoyo...oy, n times). rad(l)
denotes the radical of a hyperideal I of R, defined by rad(I) = (\;cp P where P’s are prime hyperideals
of R. By Proposition 3.2 in [8], we have D(I) = {r € R| ™ C I for some n € N} C rad(I) and also we
get D(I) = rad(I) where I is a C-hyperideal in R. For some hyperideals I and J of R, (I : J) is the set
{s € R|soJ CI}. Let (R,+,0) and (S,+,0) be two hyperrings and f: R — S be a map. Then f is called a
homomorphism if it satisfies these properties: f(a+b) = f(a)+ f(b) and f(aobd) C f(a)o f(b) for all a,b € R.
In particular, f is called a good homomorphism if f(aob) = f(a) o f(b) for all a,b € R. Furthermore, the
kernel of a homomorphism is defined by ker(f) = f~'(< 0 >) = {r € R|f(r) €< 0 >} and note that f(r)
may not be a zero element. Let I be a hyperideal of R. The quotient abelian group R/I = {a+ I|la € R} isa
hyperring with the multiplication (a+ I)o (b4 I) = {r + I|r € aob}. Then R/I is called quotient hyperring.
It can be easily proved that all hyperideals of R/I is of the form J/I, where J is a hyperideal of R containing
I. The natural homomorphism 7 : R — R/I is defined by n(r) = r + I. Note that it is a good epimorphism.

Badawi presented the notions of 2-absorbing ideals and 2-absorbing primary ideals in commutative ring
theory and then, he extensively give the basic properties of these concepts in [6, 7]. The notions of 2-absorbing
and 2-absorbing primary hyperideals in multiplicative hyperrings have been introduced as the generalizations
of prime and primary hyperideal in [3]. The author defined a 2-absorbing (primary) hyperideal I as follows:
for all z,y,z2 € R, xoyoz C I implies oy C T oryozCJloraxozCI (zoyC1ToryozCrad(l) or
x oz Crad(l)), respectively.

Let R be a multiplicative hyperring. By Z(R) and Z x (R), we mean all hyperideals of R and all proper
hyperideals of R, respectively. A function § from Z(R) to Z(R) is said to be an expansion function of Z(R) if
it satisfies the next two conditions: (i) I C §(I), (ii) If I C J, then ¢ (I) C ¢ (J) for any hyperideals I,J of R.
In [10], Zhao introduced a new concept which is called §-primary ideals in commutative rings. This concept is
considered to unify prime and primary ideals. The author defined I as a §-primary ideal if whenever xy € I
for each z,y € R implies © € I or y € 0 (I). Then defining 2-absorbing §-primary ideals in commutative rings,
Zhao brought the theory of algebraic in a new concept which unifies 2-absorbing ideals and 2-absorbing primary
ideals [11]. According to the author, a proper ideal I is defined as a 2-absorbing d-primary provided that
xyz € I for each z,y,2 € R implies xy € I or yz € § (I) or xz € 6 (I). Later, Yesilot introduced the concept
of §-primary hyperideal on Krasner hyperrings in [5]. He called I a §-primary hyperideal of R if zy € T and
x ¢ I for some x,y € R imply y € § ().

In this paper, first we study §-primary hyperideal of commutative multiplicative hyperring as an expan-
sion of prime hyperideals and primary hyperideals. In Section 2, we obtain that I is J-primary hyperideal
when §(I) is prime. Then we determine that Lo K C I for some I,L,K € Z(R) implies L C I or K C §(I)
if and only if I is a J-primary hyperideal of R. A hyperring homomorphism is shown to preserve the concept

of §-primary hyperideal under the special conditions. In Section 3, we present the new notion of 2-absorbing
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d-primary hyperideals, which is an expansion of 2-absorbing hyperideals and 2-absorbing primary hyperideals.
We give explanatory specific examples and results of this concept in a similar manner of Section 2. It is shown
that I is a § o~y-primary hyperideal of R if v(I) is a §-primary hyperideal for expansion functions § and v of
Z(R). It is defined a strongly 2-absorbing ¢-primary hyperideal I of R in such a way that: if Iy, I, I5 € Z(R)
and Iyolpols C T imply I1oly C I or Ipols C (1) or Iyols C 6(I). We obtain that I € Z(R) is 2-absorbing
d-primary if and only if it is strongly 2-absorbing J-primary. Notice that R = R; X Ry is a multiplicative
hyperring where R; is a multiplicative hyperring with nonzero identity for each ¢ € {1,2} [4]. Let J; be an
expansion function of hyperideals of R; for every i € {1,2}. We define dg by 0g(I1 X Iz) = 61(11) X d2(I2) for
all hyperideals I; of R; for every i € {1,2}. It can be easily seen to be an expansion function of hyperideals
of R. Finally, we give a characterization dg-primary hyperideals and 2-absorbing dg-primary hyperideals of
Ry X Rs.

Throughout this paper, we suppose that every hyperring is commutative multiplicative with nonzero
identity.

2. On expansion of prime hyperideals
Definition 2.1 [5] A function 6 : Z(R) — Z(R) is said to be an expansion function of Z(R) if it satisfies the
following two conditions: (1) I Co6(I), (2) If I CJ, then 6 (I) C§(J) for all hyperideals I,J of R.

In the following examples, we explain the definition of expansion function over multiplicative hyperrings.

Example 2.1 1. The function &y is an expansion function of Z(R) with 0o(I) = I for every hyperideal
Ie€Z(R).

2. The function §1 is an expansion function of Z(R) with 61(I) = D(I) for every hyperideal I € Z(R).
3. The function 02 is an expansion function of Z(R) with d2(I) = rad(I) for every hyperideal I € Z(R).

4. The function 0, is an expansion function of hyperideals of R with 6,.(I) = R for every hyperideal
Ie€Z(R).

5. Let 6; and &; be expansion functions of hyperideals of R. 0 is defined by 6(I) = 6;(1) Nd;(I) for each
hyperideal I of R. Notice that § is an expansion function of Z(R).

6. Let dzry be defined by drr)(J)={I € Z(R)|J C I}. Then, dzr) is an expansion function of
hyperideals of R.

7. The compound function 6 o~y of two expansion functions § and v of Z(R) is an expansion of T(R) with
dovy(I)=0(y(I)) for each I € Z(R).

8. Let 61 be defined by 6. (1) =1+ J for every hyperideal I of R where J is a hyperideal of R. It can be

easily seen that §4 is an expansion function of T(R).

Definition 2.2 Let § be an expansion function of Z(R). I € Tx*(R) is called a §-primary hyperideal if
a,b€ R and aob C I imply either a € I or b e §(I).

We give the following examples to better explain the structure of §-primary hyperideal.
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Example 2.2 Assume that (Z,+,-) is the ring of integers. Let (Z,4+,0) be a multiplicative hyperring with a
hyperoperation x oy. Consider the expansion function 64 of Z(Z) with 6+(I) = I + qZ where q is a prime
integer. Then I = pZ is a 04 -primary hyperideal of Z(Z) where p is a prime integer with p # q since
04+ (pZ) = PZ) + (9Z) = 2.

Example 2.3 Consider the expansion function 6, of R (See Example 2.1(4)). Then every proper hyperideal
of R is a &, -primary hyperideal.

Example 2.4 1. It is clear that a hyperideal is &g -primary if and only if it is a prime.
2. If a hyperideal of R is 61 -primary, then it is primary. The converse holds if D(I) = rad(I).

8. Let every hyperideal of R be a C-hyperideal. Then, a hyperideal of R is do -primary if and only if it is a
primary.

Proposition 2.1 Let §, v be expansion functions of Z(R) and §(I) C vy(I) for each hyperideal I of R. Every
0 -primary hyperideal of R is a y-primary hyperideal. Thus, we conclude that a prime hyperideal is a § -primary
hyperideal for each expansion function § of Z(R).

Let (R,+,.) be a ring and A € P*(R)(|A| > 2). There exists a multiplicative hyperring (R4, +,0), where
Ry=Rand zoy={zr-a-yla € A} for each z,y € R4.

In Proposition 2.1, we know that a prime hyperideal is a §-primary hyperideal for each expansion function
¢ of a multiplicative hyperring. However, the next example shows that the inverse of Proposition 2.1 is not

true, in general.

Example 2.5 Let Z be the ring of integers and A be the set of all positive even integers of Z. Consider the
multiplicative hyperring Z. Then, the set € of all even integers of Z is a 01 -primary hyperideal of Z, but
it is not a prime hyperideal of Z4 (See [8, Example 3.5]).

In the following theorem, it is stated the relationship between primary hyperideals and J-primary

hyperideals.

Theorem 2.1 If I is a primary hyperideal of R and rad(6(I)) = 6(I), then I is a §-primary hyperideal of
R.

Proof We assume a,b € R with aob C I. By our assumption, a € I or b € D(I) C rad(I) C rad(6(I)), and
so a €l or be§(I) since rad(6(I)) = 6(I). Hence, I is a d-primary hyperideal of R. O

Lemma 2.1 Let I € Zx(R). Then I of R is a 0-primary if and only if Lo K C I for each L,K € Z(R)
implies L C I or K C4(1).

Proof (=) : Suppose that Lo K C I, L € I and K ¢ 6(I) for some L, K € Z(R). We have a,b € R
satisfied a € L—T and b€ K —§(I). Then aobC Lo K C I, yielding a contradiction.

(<) : We assume a,b € R with aob C I. By [8, Proposition 2.15], it is obtained that < a > o < b >C<
aob>C I. Consequently, <a>C I or <b>C §(I) by our assumption. O
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Theorem 2.2 Let I be a §-primary hyperideal of R.

1. (I:K)=1I for each hyperideal K of Z(R) with K ¢ 6(I).

2. (I:H) isa d-primary hyperideal of R for each subset H of R.
Proof

1. Clearly, roK C I for every r € I. Thus, I C (I : K). Conversely, consider (I : K)oK. Then (I : K)oK
=Urer.r)wer (rox) C1. Weobtain (I: K) C I as I isa d-primary hyperideal and K & 6(I).

2. Let aobC (I: H) and a ¢ (I : H) for some elements a,b € R. It is clear that aobo H C I. Take
an element h € H with aoh € I. Thus, aoboh =aohob C I and aoh € I, that is, we get
<aoh>o0<b>C1TJand <aoh >Z I. Hence, we obtain < b >C §(I) C 6(I : H). Consequently,
bed(l:H).

O

Theorem 2.3 If I is a 6-primary C -hyperideal of R with rad(6(I)) C é(rad(l)), then rad(l) is a 0 -primary
C -hyperideal of R.

Proof Take a,b € R with aob C rad(l) and a ¢ rad(I). Then a™ o™ C I for some positive integer n and
ak ¢ I for each positive integer k. By our assumption and a*" o b C I, we obtain b*" C §(I). It means
b e rad(d(I)) C dé(rad(l)), we are done. O

Definition 2.3 If § holds 6(INJ) = 6(I)Nd(J) for each I,J € I(R), it has the property of intersection

preserving.

We denote the property of intersection preserving with *. Notice that the expansion functions ¢; and dy of

hyperideals of a multiplicative hyperring are examples which hold the property of intersection preserving.

Theorem 2.4 Let & has the property *. If I, is a §-primary hyperideals of R and 6(I;) = P for all
i€{1,2,...,n}. Then I =}, I; is so.

Proof Let zoy C I and x ¢ I for some z,y € R. Then x ¢ I; for some j € {1,2,...,n}. Thus, y € §(I;) = P
and 6(I) = 6(Ni_y Li) = 6(I1) N ---6(I,) = P. By the assumption, we get y € §(1). O

Definition 2.4 Let f: R — S be a good hyperring homomorphism, expansion functions 6 and v of Z(R) and

Z(8S), respectively. Then f is called a &y -homomorphism if §(f~1(J)) = f=*(y(J)) for each hyperideals J of
S.

Consider the expansion functions 77 of Z(S) and é; of Z(R) defined in a similar manner of Example
2.1 (2). It is seen that each homomorphism from R to S is an example of &;7;-homomorphism. If every
hyperideal of R is a C-hyperideal, any homomorphism from R to S is a d372-homomorphism where the
radical operations yo of Z(S) and d2 of Z(R) (See Example 2.1 (3)). Also, note that v(f(I)) = f(6(I)) where
f is a dy-epimorphism and I € Z(R) with ker(f) C I.
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Theorem 2.5 Let f: R — S be dy-homomorphism. Then:
1. Let J be a ~-primary hyperideal of S. f~(J) is a §-primary hyperideal of R.

2. Let f be epimorphism and I € Z(R) with ker(f) CI. f(I) is v-primary if and only if I is a § -primary
hyperideal.

Proof

1. It is well known that f~!(J) is a proper hyperideal of R. Let aob C f~!(J) for each a,b € R. We
get f(aob) = f(a)o f(b) C J. Since J is y-primary, we obtain that f(a) € J or f(b) € v(J). Hence,
a€ f~YJ) or be f~1(y(J)), that is, a € f~1(J) or b € §(f~1(J)).

2. Clearly, f(I) is a proper hyperideal of S. Let aob C f(I) for each a,b € S. As f is an epimorphism, we
take o/, b’ € R with f(a') = a, f(b') = b and so we obtain f(a’)o f(b') = f(a’ob') C f(I). Let k € a’ol¥'.
There is a y € a’ o b’ such that f(y) = = for every z € f(a’ o b'). Then f(k) =z for any = € f(a' o ¥/).
Additionally, there is a y’ € I such that f(y') = x for every x € f(a’ ob') since f(a' ob') C f(I).
Thus, f(k—y) = f(k) — f(y') = 0 €< 0 > since f(k) = f(y'). Since f is an epimorphism, then
k—1y € f7! <0 >= ker(f) C I. Thus, we conclude that k € I, that is, a’ o b’ C I. In that case,
a' o’ C I. Therefore, ' € I or V/ € §(I) and we obtain f(a') € f(I) or f(V') € f(6(I)). We obtain
a € f(I) or b e f(6(I)) =~v(f(I)) by our assumption. Consequently, f(I) is vy-primary. The converse

part is quite clear from (1).

O
Let ¢ be an expansion function of Z(R) and I € Z(R). Let the function 6, : R/I — R/I be defined by

0qg(K/I)=06(K)/I for all hyperideals K (2 I) of R. Note that ¢, is an expansion function of Z(R/Z).

Corollary 2.1 Let I and K be hyperideals of R hold I C K. Then K is a §-primary hyperideal if and only
if K/I is a 64-primary hyperideal of the quotient hyperring R/I.

Proof The claim is verified from Theorem 2.5. O

Definition 2.5 We let (R,+,0) is a multiplicative hyperring.
1. An element r € R is defined as zero divisor if there is an element 0 # r' € R such that {0} =ror'.

2. An element r € R is a § -nilpotent if r € §(0).

Theorem 2.6 A hyperideal I of R is a d-primary if and only if every zero divisor of R/I is a §,-nilpotent.

Proof (=) : Assume that I € Z(R) is d-primary. We denote r + I with 7. Take a zero divisor element 7
of R/I. Then there is an element [ # ' =7/ + I with [ = (r+1I)o (7' +1). As theresult of [ =ror' +1,
we have ror’ C I. Thus, r € §(I) as ror’ C I and ' ¢ I. Consider the expansion function 6, of Z(R)
and the natural homomorphism 7 : R — R/I. We obtain that = is a 6J,-epimorphism. Thus, we have
6(I) = 6(m 1 (0gyr)) = 7= 1(04(I)). Note that 7 =r+1 € 6(I)/I =n(6(I)) = d4(0r/r). Hence, 7 € 54(0r/1).

(<) : Let every zero divisor of R/I be a d4-nilpotent. Let 7o’ C I and r ¢ I for each r,r" € R. Then '+ I
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is a zero divisor element in R/I as ror' + 1= (r+1)o(r'+ 1) =1 and r 4+ I # I. By assumption, we get
'+ 1€ 6,0r/r)=0(I)/I. Consequently, r' € d(I). O

Theorem 2.7 Let I1,....,I, € Zx(R) and I a §-primary hyperideal of R with (\;_, I; € I. Then, I; C §(I)
for some i € {1,..,n}. If Ni—, L = I and 8(6(J)) = 6(J) for each J € I(R), then 6(1;) = 6(I) for some
ie{l,..,n}.

Proof = We suppose I; ¢ §(I) for every i € {1,..,n}. Then there exist elements z1,...,z, of R with
x; € I; — 6(I). We get z10...0x, C I, for every ¢« and so z1 0...0x, C ﬂ;;l I;. Since I is §-primary
and z1,...,x, ¢ 6(I), then z; € I C §(I) for each ¢ € {1,...,n}, contradiction. Let (_,;I; = I. Then
0(I;) = 6(I) since I C I; and 6(1) C o(1;). O

3. On expansion of 2-absorbing hyperideal

Definition 3.1 Let § be an expansion function of Z(R) and I € T (R). I refers to a 2-absorbing 0 -primary
hyperideal if a,b,c € R and aoboc C I imply aobC I orbocCd(I) or aocCo(I).

We start with the following examples to explaining this structure.

Example 3.1 Consider the ring of integers (Z,+,-). Then we have (Z,+,0) is a multiplicative hyperring with
the hyperoperation x oy = {x - y}. Then the hyperideal 67 = {6k|k € Z} is clearly a 2-absorbing 62 -primary
hyperideal.

Example 3.2 Let (Z,+,0) be defined as in Example 2.2. Consider the expansion function 64 of Z(Z) with
0+ (I) = I+ (q) where q is a prime integer. Then I = (p) is a 2-absorbing 64 -primary hyperideal of Z(Z)
where p is a prime integer with p # q since 54 (p) = (p) + (¢) = Z.

Example 3.3 Consider the expansion function 6, of R (See Example 2.1(4)). Then every proper hyperideal
of R is a 2-absorbing 0, -primary hyperideal.

Remark 3.1 1. Every §-primary element of Z(R) is a 2-absorbing & -primary hyperideal.
2. I is a 2-absorbing &g -primary hyperideal if and only if 1 is a 2-absorbing hyperideal.
8. I is a 2-absorbing 0z -primary hyperideal if and only if I is a 2-absorbing primary hyperideal.

The converse of Remark 3.1 (1) may not be always true as it is shown in the following example.

Example 3.4 Consider the multiplicative hyperring (Z,4,0) in Example 3.1. Then the hyperideal 6Z is clearly
a 2-absorbing 62 -primary hyperideal but it is not §-primary since 203 C 6Z, 2,3 ¢ 6Z, and 2,3 ¢ 55(6Z).

Theorem 3.1 The following hold:

1. Let v be expansion function of Z(R) satisfied §(I) C ~v(I) for each I € I(R). Then every 2-absorbing
6 -primary hyperideal of R is 2-absorbing ~y-primary. Additionaly, every 2-absorbing hyperideal is a
2-absorbing § -primary since I C §(I) for each expansion function & of Z(R).
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2. Let I € Z(R) be 2-absorbing primary and 6(I) be a radical hyperideal (i.e rad(6(I)) = 6(I)). Then, I is

2-absorbing 0 -primary.
Proof

1. The claim is clear by the assumption.

2. We suppose a,b,c € R and aoboc C I. It means aob C T or boc C rad(I) or aoc C rad(I) by our
assumption. We have rad(I) C rad(6(I)) since I C §(I). Thus, we obtain aob C I or boc C rad(d(I))
or aoc Crad(§(I)). Consequently, aob C I or boc C §(I) or aoc C §(I).

The following example shows that the converse part of Theorem 3.1(1) may not be true, in general.

Example 3.5 Consider the hyperring Z where A = {3,4}. 1t is easily seen that the principal hyperideal
< 8> of Zy is 2-absorbing 09 -primary hyperideal. However, it is not a 2-absorbing hyperideal as the fact that
20202C< 8> but 202={12,16} Z< 8 >.

Theorem 3.2 Let 6(I) be a prime hyperideal of R. Then I is a 2-absorbing ¢ -primary of R.

Proof Take a,b,c € R with aoboc C I and aob Z I. Let us consider two situations. Firstly, let aob € §(I).
Then we obtain ¢ € §(I) by our assumption. Thus, we get aoc C §(I) and boc C §(I). Secondary, take
aobCd(I). By our assumption, we get a € §(I) or b € §(I). Hence, aoc C §(I) or boec C(I). O

The next example is given to explain that the converse of Theorem 3.2 may not be always true.

Example 3.6 Note that the hyperring in Example 3.4. There, we show that 6Z is 2-absorbing do -primary
hyperideal of (Z,+,0). Consider d3(6Z). We have that it is not a prime since 203 C 62(6Z) but 2,3 ¢ 52(6Z).

Theorem 3.3 Let I be a 2-absorbing § -primary C -hyperideal of R with rad(§(I)) C §(rad(I)). Then rad(I)
s a 2-absorbing § -primary C -hyperideal of R.

Proof It can be proved in a similar manner to Theorem 2.3. O
Theorem 3.4 Let I, K, and L be proper hyperideals of R with L C K C I. If I is a é-primary hyperideal
where 6(I) = §(L), then K is a 2-absorbing 0 -primary hyperideal.

Proof Suppose a,b,c € R with aoboc C K and aob € K. We get two cases as K C I. The first case: Let
aob  I. Then c € 6(I) = (L) C 0(K) with our assumption. Thus, we get aoc C §(K) and boc C §(K). The
second case: Let aob C JT. It means a € I C §(K) or b€ §(I) =0(L) C 6(K) by assumption. Consequently,
we get aoc CO(K) or boc C0(K). In the both cases, we obtain that K is 2-absorbing J-primary. O

Corollary 3.1 Let a hyperideal I of R be 6 -primary and K € T(R) with K C I and §(I) =6(K). Then K

is 2-absorbing & -primary.

Proof The claim is verified by Theorem 3.4. O
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Theorem 3.5 Let 6 and n be two expansion functions of Z(R) and I € Z(R). If n(I) is a prime hyperideal,
I is a 2-absorbing d o n-primary.

Proof Take a,b,c € R with aoboc C I and aob ¢ I. Thus, it means aob ¢ n(I) or aob C n(I). Let
aob g n(I). Then ¢ € n(I) C §(n(I)) by Definition ??. Thus, we acquire aoc C don(I) and boc C don(I). Let
aob Cn(l). By our assumption, we get a € n(I) or b € n(I). Then aoc Cn(I) C §(n(I)) or boc C d(n(I)).
O

Theorem 3.6 Let § be an expansion function of Z(R) and I,J §-primary hyperideals of R with 6(INJ) =
0(I)Né(J). Then INJ is a 2-absorbing 0 -primary hyperideal of R.

Proof Let aobocCINJ and aob ¢ INJ where a,b,c € R. It is deduced from either aob & I or aob ¢ J.
Thus, we consider the following cases.

Case 1: Let aobC I and aob Q J. Since aob Q J, there exists an element r € a o b such that r ¢ J.
Since roc¢ C J and r ¢ J, then ¢ € §(J). Also, a € I C §(I) or b € 6(I) as aob C I. Hence, we get
aocCo(I) or bocCH(I). Then we obtain aoc CHI)N(J) =8I NJ) or bocCHI)N(J)=5INJ).

Case 2: If we assume aob ¢ I and aob C J, in that case we get aoc C §(I) or boc C §(I) by a similar
way to the proof of Case 1.

Case 3: Let aob @ I and aob ¢ J. We have elements 7,5 € aob with ¢ I and s ¢ J. Thus, we have
rocC I and soc C J. Hence, ¢ € 6(I) and ¢ € §(J) by our assumption. Consequently, a oc C 6(I) and
bocCo(I). O

Theorem 3.7 Let § have the property * and K = I N J for some 0 -primary hyperideals I and J of R. K
is a 2-absorbing § -primary hyperideal.

Proof It is clear by previous Theorem. O

Proposition 3.1 Let (R,+,0) be a multiplicative hyperring and I,J, K € T+ (R). If I CJUK, then I CJ
or I CK.

Proof Let I C JUK, I ¢ J and I ¢ K. There are a,b € R so that a € I —J and b € I — K. Then
a—bel. Thus, ae€ J or b€ K since I C JU K, yielding a contradiction.

Theorem 3.8 Let I € Tx(R). Then we have the following equivalent statements:
1. I is a 2-absorbing 6 -primary hyperideal.
2. (I:aob)C(06(I):a)JI:b) if aobZ o(I) for some a,b € R.
3. (I:aob)C(6(I):a) or I:aob)=(I:b) if aobZ 6(I) for some a,b € R.

Proof (1) = (2): We suppose a,b € R with aob Z §(I) and take z € (I : aob). Then, we have aobox C I.
Thus, boax C I or aox C d(I) by our assumption. Consequently, € (I : b) or x € (§(I) : a), that is,

ze (5(I):a)Jd :b).
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(2) < (1): We assume aobox C I, aob §(I) and box Z I for each a,b,z € R. Then we have x € (I : aob).
By our assumption, x € (6(I) : a) J({ : b). Since boax I, then we obtain a oz C §(I).
(2) < (3): It is clear from Proposition 3.1 and (I : b) C (I : aob). O

Theorem 3.9 Let f: R— S be §y-homomorphism. Then:
1. Let J € Z(S) be a 2-absorbing ~v-primary. f~1(J) is a 2-absorbing & -primary hyperideal of R.

2. Let f be an epimorphism and I € T(R) with ker(f) C I. f(I) is a 2-absorbing ~-primary in I(S) if
and only if I is 2-absorbing & -primary in Z(R).

Proof

1. It can be easily seen that f~!(J) is a proper hyperideal. We assume a,b,c € R with aoboc C f~1(J).
Clearly, f(aoboc) = f(a)o f(b)o f(c) C J. As J is 2-absorbing ~-primary hyperideal, we obtain
F(a)o f(b) = f(aob) € J or f(B)o f(e) = F(boe) C () or f(a)o f(e) = faoc) C(J). Tn that case,
aobC f71(J) or boec C f~(y(J)) or aoec C f1(J), that is, aob C f~1(J) or boc C 6(f~1(J)) or
aocCo(f~1(J))

2. Note that f(I) is a proper hyperideal. Suppose a, b, c € S with acboc C f(I). By our assumption, we have
a',b',d € R with f(a') =a, f(') =b and f(¢) = c¢. Thus, it has been obtained f(a’)o f(b') o f(¢') =
fl@ ot od) C f(I). Let k € a’ ob oc. There is a y € a’ o o such that f(y) = x for every
x € f(a'ob/oc). Then f(k) =z for any = € f(a’ob oc’). Moreover, there is a 3y’ € I such that f(y') ==
for every z € f(a' o/ o) since f(a’ob oc’) C f(I) and so we get f(k—y') = f(k)— f(y)=0€e<0>
since f(k) = f(y'). Since f is epimorphism, then k —y' € f=! < 0 >= ker(f) C I andso k € I,
that is, a’ o b’ o ¢ C I. Therefore, this indicates a’ o' C I or b’ o’ C 6(I) or o’ o C 4(I), that is,
Fa o) = F(@)o SH) C F(I) or f(Hoc) = f()o f(¢) € F(5(D)) or f(a'oc) = f(a)o f() C F3(I)).
Clearly, aob C f(I) or boc C f(6(I)) =~(f(I)) or acc C f(6(I)) =~v(f(I)). Consequently, f(I) is a
2-absorbing 7y-primary. The converse part is verified from (1).

O

Corollary 3.2 Let I, K € T (R) with I C K. K is 2-absorbing ¢ -primary if and only if K/I is a 2-absorbing
dq -primary hyperideal of the quotient hyperring R/I.

Proof The claim is verified by Theorem 3.9. O

Definition 3.2 Given expansion function 6 of Z(R), I € T (R) is called a strongly 2-absorbing § -primary
hyperideal if Iy o Is o I3 C I for some hyperideals I, Is,I3 of R implies Iy oIy C I or Iyo I3 C §(I) or
Iiol3 Co(I).

Lemma 3.1 Let a hyperideal T of R be a 2-absorbing é-primary. Then for each a,b € R and J € Z(R),
aoboJ CI and aobZ I tmply aoJ Co(I) orboJ C4(I).
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Proof We suppose a,b € R and J € Z(R) with aoboJ C I and aob Z I. Assume aoJ = J; . a0j; € 4(I)
and bo J = J; ¢ 00 € 6(I). Then there are ji,j> € J such that aoji € 6(I) and boj» £ 6(I). Since
aoboj; CI,aobg I and aoj; € 6(I), then boj; C 6(I). In a similar way, we get a o jo C 6(I) since
aobojo CI,aob® I and bojo € §(I). We have aobo (j1 +j2) C I as aoboj; +aoboj, CI. Then
aobo(ji+j2) €T and aob € I imply ao (j1 + j2) C §(I) or bo (1 + j2) € 6(I). If ao (§1 + ja) C 6(1),
then aoj; = ao (j1 +j2—J2) Cao(j1+j2) —aojo C () since aojo C §(I). In a similar manner, if
bo (j1+j2) € 6(I), then bojs =bo (j1+j2 —j1) S bo(j1+j2) — (boji) € 6(I) as boj; C 6(I). Thus,
we obtain a o j; C 6(I) or bo jy C §(I), yielding a contradiction. Consequently, we conclude a o J C §(I) or
boJ Co(I). O

Theorem 3.10 A hyperideal I of R is 2-absorbing d-primary if and only if it is a strongly 2-absorbing
0 -primary hyperideal of R.

Proof («): It is trivial by the definition.

(=) : We suppose Iyoly0l3 C T and I10ls € I for every hyperideals I, I, Is of R. We show that Izol3 C (1)
or Iy oI35 C §(I). For this case, we assume Iy o0 I3 € 6(I) and Iy o Is € 6(I). Then there are ¢1 € I1,q2 € I
with ¢1 0I5 € 6(I) and ga 0I5 € 6(I). Since I; o Iy Z I, then there are a € I;,b € Iy with aob € I. Then we
deduce ao I3 C6(I) or bol3 CH(I) as aobol3 C T and aob € I by Lemma 2.1. We get the following cases:

Case 1: Assume that aol3 C6(I) and bol3 L §(I). As quobol3 C I, bols L 6(I) and q1o0l3 £ §(I),
then ¢ ob C I by Lemma 2.1. As aols C §(I) and ¢1 o Is  0(I), it means that (a + ¢1) o Is Z o(I).
Indeed, if (a + q1) o Is C 6(I), then we get (a + g1) ox C &(I) for every x € I3 and so it is obtained
g1ox=(a+q —a)ox C (a+q)ox—aox C 4(I), a contradiction. By Lemma 2.1, we obtain (a+¢1)ob C I as
(a+q1)obol3 C I, (a+qi)ols € (1) and bols € 6(I). Then aob= (a+¢1—q1)ob C (a+q1)ob—(qrob) C I,
that is, we get a o b C I, yielding a contradiction.

Case 2: Let aol3 € 6(I) and bolI3 C 6(I). As aogyols C 6(I), aols € §(I) and ga 0 I3 £ 6(1),
then ao g C I by Lemma 2.1. As bol3 C §(I) and gz 0I5 € 6(I), we get (b+ g2) oI35 € 6(I).
Indeed if (b + g2) o Is C 6(I), then we get (b + q2) ox C 0(I) for every x € I3 and then we conclude
gox = (b+ga—a)ox C (b+qz)ox—box C4(I), a contradiction. By Lemma 2.1, we obtain ao(b+q¢2) C I as
ao(b+qz)ols C1I, (b+ge)ols £ 6(I) and aols € §(I). Then aob= (b+g2—¢q2)oa C (b+q2)oa—(g20a) C T,
that is, we get aob C I, yielding a contradiction.

Case 3: Let aols C 0(I) and bolIs C 6(I). Since bo I3 C §(I) and ¢o 0 Is € 6(I), it is obtained
b+ q2)ols € 6(I). If (b+ g2) oIz C 6(I), then we get (b + g2) ox C 6(I) for every x € Is. Then
geox=(b+qga—b)ox C (b+q2)ox—box C(I), a contradiction. By Lemma 2.1, we obtain ¢; o (b+¢2) C T
as quo(b+q)ols C I, (b+qa)ols € 6(I) and ¢y o I3 € 6(I). By Lemma 2.1, we have g1 o ga C I
since qgoguoly C I, ggols & §(I) and g2 0o Is Z §(I). Also, it is obtained (a + q1) o Is € §(I) as
aols C 6(I) and ¢ o I3 € 6(I) by a similar way to the explain in above. By Lemma 2.1, we obtain
(a+q)og CTas (a+q)ogols CI, (a+q)ols € 6(I) and go o I3 € 6(I). Then it is clear that
(a+q1)o(b+qz) C1 since (a+q1)o(b+g)ols CI, (a+q1)ol3s € 6(I) and (b+ g2) o I3 € 6(I). Thus,
aocb=(a+qg—-q)o(b+q—q¢)C(ea+tq)od+q)—(a+q)og—qo(b+qg)—qoqg C I since
(a+q)ob+q) CI, (a+q1)oqgCI,go(b+qge) CI and ¢ ogs CI. Hence, aob C I, a contradiction.
Consequently, it must be Ip 0 I3 C (1) or I; o I3 C 6(1). O
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4. Generalization of hyperideals of product of multiplicative hyperrings

Let (Ri,+1,01) and (Rg,+2,02) be two multiplicative hyperrings with nonzero identity. Recall (R = R; X
Rs,+,0) is a multiplicative hyperring with the operation + and the hyperoperation o are defined respectively
as (z,y)+(z,t) = (x+1y, 2+2t) and (z,y)o(z,t) = {(a,b) € Rla € zo12,b € yogt} forall (z,y),(z,t) € R (for
more information, see [4]). Note that each hyperideal of R is the cartesian product of hyperideals of R; and
R, respectively. Suppose that J; and o are expansion functions of hyperideals of R; and R, respectively.
Let 0g be a function of hyperideals of R with dr(l; x I3) = §1(I1) X 02(I2) for every hyperideals I; of R;
for i € {1,2}. It is seen that the function dg is expansion function of hyperideals of R. In this section, it is

characterized the structure of (2-absorbing) dg-primary hyperideals of R.

Theorem 4.1 Let (R1,+1,01) and (Rg,+2,02) be two multiplicative hyperrings with nonzero identity and
01 and 3 be expansion functions of hyperideals of Ry and Ra, respectively. Let Iy € T x (Ry) and (R =
Ry X Ro,+,0). I is a 61 -primary hyperideal of Ry if and only if I1 X R is a dg-primary hyperideal of R.

Proof (=): We presume (z,y),(z,t) € R with (z,y) o (2,t) C I; X Ry. By the above definition, we deduce
x o1z CI. Hence, we have x € I; or z € 61(I1) and so (z,y) € Iy X Rs or (z,t) € dr(I1 X Ra).

(=) : Let I; be not a d;-primary hyperideal of R;. We have z,z € Ry with zo12 C I, ¢ I; and z ¢ 01(11).
Note that (x,1g,)o (2,1g,) C I; X Re. By assumption, (z,1g,) € Iy X Ry or (z,1g,) € dr(I1 X Rz). It means

x €I, or z € 6(11), a contradiction. Thus, I; is d;-primary. O

Theorem 4.2 Let (Ry,+1,01) and (Ra,+2,02) be two multiplicative hyperring with nonzero identity, §, and
0o be expansion functions of hyperideals of Ry and R, respectively. Let I = Iy x Iy be a proper hyperideals of
R for some hyperideals I, and Iy of Ry and R, respectively. Then the following are equivalent:

1. I =11 x Iy is a §g-primary hyperideal of R.
2. I = Ry and I3 is a 05 -primary hyperideal of Ry or Is = Ry and Iy is a 01 -primary hyperideal of R;.

Proof (1) = (2): Let Iy = Ry (I = R2). Then I, is a dy-primary hyperideal of Ro( I is a 0;-primary
hyperideal of R;) by Theorem 4.1.

(2) = (1) : It is obvious by Theorem 4.1. O
As a result of Theorem 4.1 and Theorem 4.2, we have that if I; and I, are J;-primary and ds-primary

hyperideal of Ry and Rs, respectively, then Iy x Iy may not be a dg-primary hyperideal of R = Ry X Ry. For

this case, we give the next example.

Example 4.1 Assume that (Z,+,-) is the ring of integers. Then (Z,4+,01) and (Z,+,02) are two multiplicative
hyperring with a hyperoperation x oy y = {xy,3zy} and x oay = {wxy,2zy}, respectively. Consider (R =
Z X Z,+,0) is a multiplicative hyperring with a hyperoperation (x,y) o (z,t) = {(a,b)|la € x oy z,b € yog t}.
Note that 37 = {3k|k € Z} is a 0g-primary hyperideal of (Z,4+,01) and 27 = {2k|k € Z} is a o -primary
hyperideal of (Z,4,02). But 3Z X 2Z is not a dr = &g X do-primary hyperideal since (2,0) o (0,3) € 3Z x 2Z
but (2,0),(0,3) ¢ 3Z x 2Z and (2,0), (0,3) ¢ Sr(3Z x 2Z) = 3Z x 2.

Theorem 4.3 Let (Ry,+1,01) and (Ra,+2,02) be two multiplicative hyperring with nonzero identity, §, and
02 be expansion functions of hyperideals of Ry and Ry, respectively. Let Iy € Tx(R1) and (R = Ry X Ra,+,0).
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1, is a 2-absorbing &1 -primary hyperideal of Ry if and only if I1 X Ry is a 2-absorbing dr -primary hyperideal
of R.

Proof (=): Let (z,¥),(2,1), (u,v) € R with (z,y) o (2,t) o (u,v) C I} X Ry. Then z o; z0y u C I; by the
previous definition. Hence, we have xzo12 € I} or zoju € 61(I1) or zoju € §1(I1) and so (x,y)o(z,t) C I X Ry
or (z,t) o (u,v) CIr(l1 X Ra) or (z,y) o (u,v) CIr(l1 X Ra).

(=) : Let I € Z % (Ry) be not 2-absorbing ¢d;-primary. We have z,z,u € Ry with z o1 20y u C Iy,
zorz ¢ I, zoyu g §1(Ih) and zoyu ¢ 61(I1). Note that (z,1g,)o (z,1g,)o (u,v) C I x Ry. By assumption,
(x,1g,) 0 (2,1gr,) CI1 X Ry or (z,1gr,) 0 (u,1g,) C0r(l1 X Re) or (z,1r,)o (u,1r,) C 0r(l1 X Rg). It means

xo12CI or zoguC (1) or xoguC (1), a contradiction. Therefore, I; is 2-absorbing d; -primary. O

Theorem 4.4 Let (Ry,+1,01) and (Ra,+32,02) be two multiplicative hyperring with nonzero identity, 01,02 be
expansion functions of hyperideals of R1, Ro, respectively. Let I = Iy x Is be a proper hyperideals of R = R1 X Ro
for some hyperideals I, Is of R1, Ro, respectively, with for every i € {1,2}. If I; is a proper with 6;(I;) # R;

for each i € {1,2}, then we have the following equivalent statements:
1. I =1 x Iy is a 2-absorbing dr -primary hyperideal of R.

2. I; is a §;-primary hyperideal of R; for every i € {1,2} or Iy = Ry and Iy is a o -primary hyperideal of
Ry or Iy = Ry and I is a 61 -primary hyperideal of Ry .

Proof (1) = (2): When I; = Ry (I = Ry), then Iy is a 2-absorbing d,-primary hyperideal of Ro( I is
a 01-primary hyperideal of R;) by Theorem 4.3. Let I; € Z x (R;) for every ¢ € {1,2}. Assume that I is
not a d&p-primary hyperideal of R;. Then there are z,y € Ry with 2y € I, x ¢ I} and y ¢ 61([1). Then
(z,1r,) o (1r,,0r,) 0 (y,1r,) € I. By our assumption, (z,1g,)o (1g,,0r,) €I or (1g,,0r,)o (y,1r,) C Ir(I)
or (z,1r,) o (y,1r,) C dr(I), a contradiction. Hence, I is a d;-primary hyperideal of R;. In a similar way,
it is seen that Iy is a dg-primary hyperideal of R5.

(2) = (1) : Let I; be a 2-absorbing §;-primary of R;. Thus, I = I} X Ry is clearly a 2-absorbing dg-primary
by Theorem 4.3. Also, I = Ry x I is so where I is 2-absorbing ds-primary of Ro by Theorem 4.3. Let Iy
be a §;-primary hyperideal of Ry and I be a dp-primary hyperideal of Ry. Then we get J = I; X Ry and
K = Ry x Iy are 2-absorbing dg-primary hyperideals of R. Thus, J N K = I; x Iy is 2-absorbing dg-primary
by Theorem 3.6 and Theorem 4.2. O
As a result of Theorems 4.3 and 4.4, we have that if [; and I are 2-absorbing d;-primary and 2-absorbing
do-primary hyperideal of R; and R, respectively, then I; X I may not be a 2-absorbing g -primary hyperideal
of R = R; x Rsy. For this case, see the next example.

Example 4.2 Assume that (Z,+,-) is the ring of integers. Then (Z,4+,01) is a multiplicative hyperring with
a hyperoperation x o1y = {2zy,3zy}. Let (R=7Z X Z,+,0) is a multiplicative hyperring with a hyperoperation
(z,y) o (2,t) = {(a,b)la € o1 2,b € yoy t}. Note that 6Z = {6k|k € Z} and 12Z = {12k|k € Z} are
two s -primary hyperideal of (Z,4+,01). However, 6Z x 127 is not a 2-absorbing g = 02 X 02 -primary
hyperideal since (2,1) o (1,3)0(3,4) € 6Z x 12Z but (2,1) o (1,3),(2,1) 0 (3,4),(1,3) 0 (3,4) € 6Z x 12Z and
(2,1) 0 (1,3),(2,1) 0 (3,4),(1,3) 0 (3,4) € 0r(6Z x 12Z).
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5. Conclusion
In this paper, our purpose is to introduce the concepts é-primary and 2-absorbing J§-primary hyperideal over
multiplicative hyperrings. These structures are the unify prime and primary, 2-absorbing and 2-absorbing
primary hyperideals, respectively. We obtain many specific results explaining the structures. For instance, we
indicate that a hyperideal I of R is d-primary if and only if Lo K C I for some L,K € Z(R) implies L C I
or K C §(I). Then we also showed that a similar result is satisfied for 2-absorbing d¢-primary hyperideals of
R. We characterize §-primary hyperideals and also 2-absorbing J-primary hyperideals of cartesian product
of multiplicaitve hyperrings. This paper makes a great contribution to classify hyperideals of multiplicative
hyperrings.

As a new research subject, we suggest the concept of n-absorbing d-primary hyperideals of multiplicative

hyperrings.

References
[1] Ameri R, Kordi A, Hoskova-Mayerov S. Multiplicative hyperring of fractions and coprime hyperideals. Analele
Stiintifice ale Universitatii Ovidius Constanta 2017; 25(1): 5-23.

[2] Ameri R, Norouzi M. On commutative hyperring. International Journal of Algebraic Hyperstructures and Its
Applications 2014; 1(1):45-48.

[3] Anbarloei M. On 2-absorbing and 2-absorbing primary hyperideals of a multiplicative hyperrings. Cogent Mathe-
matics 2017; (4): 1-8.

[4] Ardekani LK, Davvaz B. Differential multiplicative hyperrings. Journal of Algebraic Systems 2014; 2(1): 21-35.

[5] Ay EO, Yesilot G, Sonmez D. §-Primary Hyperideals on Commutative Hyperrings. International Journal of Math-
ematics and Mathematical Sciences 2017; Volume 2017: Article ID 5428160, 4 pages.

[6] Badawi A. On 2-absorbing ideals of commutative rings. Bulletin of the Australian Mathematical Society 2007; 3(75):
417-429.

[7] Badawi A, Tekir U, Yetkin E. On 2-absorbing primary ideals in commutative rings. Bulletin of the Korean
Mathematical Society 2014; 1(4): 1163-1173.

[8] Dasgupta U. On prime and primary hyperideals of a multiplicative hyperring. Annals of the Alexandru Ioan Cuza
University-Mathematics 2012; Volume LVIII (1): 19-36.

[9] Davvaz B, Leoreanu-Fotea V. Hyperring theory and applications. International Academic Press, USA, 2007.
[10] Dongsheng Z. §-primary ideals of commutative rings. Kyungpook Mathematical Journal 2001; 41: 17-22.

[11] Fahid B, Dongsheng Z. 2-Absorbing §-primary ideals of commutative rings. Kyungpook Mathematical Journal
2017; (57):193-198.

[12] Krasner M. A class of hyperrings and hyperfields. International Journal of Mathematics and Mathematical Sciences
1983; 6(2): 307-311.

[13] Procesi R, Rota R. On some classes of hyperstructures. Discrete Mathematics 1999; (208):485-497.

1517



	Introduction
	On expansion of prime hyperideals
	On expansion of 2-absorbing hyperideal
	Generalization of hyperideals of product of multiplicative hyperrings
	Conclusion

